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Preface

In this monograph, we will present a basis for the Realization Theory of
Discrete-time Dynamical Systems. From the view of input/output data in
the discrete-time case, mathematical models will be constructed. We will
propose for the first time some dynamical systems, which are General Dy-
namical Systems, Linear Representation Systems, Affine Dynamical Sys-
tems, Pseudo Linear Systems, Almost Linear Systems and So-called Linear
Systems for discrete-time. We will also solve realization problems for the
systems. This monograph includes new results and constructs a new and
very wide inclusion relation for various non-linear dynamical systems. The
relation is displayed in the enclosed figure where our systems are written in
italic fonts.

In the case of continuous-time, General Dynamical Systems, Linear Rep-
resentation Systems and Affine Dynamical Systems are discussed in Realiza-
tion Theory of Continuous-time Dynamical Systems by T. Matsuo, Lecture
Notes in Control and Information Science, Vol. 32, Springer, 1981.

Regarding the dynamical systems discussed in the book, after estab-
lishing some special features in discrete-time, this monograph will present
new results, which have not previously been obtained. It will also show
more concrete and practical results. Hence, this monograph is an expansion
on discrete-time and a new development. Moreover, it will newly propose
Pseudo Linear Systems, Almost Linear Systems and So-called Linear Sys-
tems. Therefore, this monograph will be a trial for the organization of various
dynamical systems.

Realization problems can be roughly stated as follows:

A. Finding a mathematical model (equivalently, dynamical system) from an
input/output relation of a given black-box.

B. If possible, clarifying when the mathematical model can be actually em-
bodied. Specifically, investigating when the mathematical model can be finite
dimensional.

C. Seeking out the mathematical model from finite input/output data of the
black-box. This problem may be called a partial realization problem.



VI Preface

The definition of the General Dynamical Systems was proposed in 1960,
while the dynamical system theory was neatly established in 1969 by R.
E. Kalman, only for discrete-time linear systems in the sense of algebraic
system theory. Based on this, T. Matsuo established the realization theory
of general dynamical systems for continuous-time.

On the other hand, automata’s theory has been independently developed
since about 1959. It was recognized that there was a close relationship be-
tween it and the realization theory; however, no clear relationship between
them could be found. We will show that an automaton is a special feature
of our discrete-time general dynamical systems.

We will introduce General Dynamical Systems, Linear Representation
Systems, Affine Dynamical Systems, Pseudo Linear Systems, Almost Linear
Systems and So-called Linear Systems for discrete-time and demonstrate the
relationship between them and the other dynamical systems.

The monograph is intended for graduate students and researchers who
study or research on the control theory (or simulation).

Professor Matsuo, who is one of the authors, died in April, 1993. With
suggestions from Professor R. E. Kalman, he had been mainly studying the
realization theory against the circumstance where science seems hardly to
grow. This monograph is a part of his works.

I thank Professor R. E. Kalman who gave me stimuli to research these
realization problems.

I very much thank Ms. Yoko Sugiyama and Ms. Helen Kyle who un-
derstood our scientific contents as much as possible, and made the first
manuscript, which had many errors in English, into a very readable manu-
script.
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1 Introduction

The realization problem that we will state here can be divided into the fol-
lowing three problems A, B and C. Where I/O is the set of input/output
maps that may be the input/output relation of a given black-box. CD is the
category of dynamical systems which may have the same behavior (equiva-
lently, input/output relation) as the black-box.

A. The existence and uniqueness in algebraic sense.
For any input/output map a ∈ I/O, find out at least one dynamical sys-

tem σ ∈ CD such that the behavior of it is a. Also prove that any two
dynamical systems that have the same behavior a are isomorphic in the
sense of the category CD.

B. The finite dimensionality of the dynamical systems.
Clarify when a dynamical system σ ∈ CD is finite dimensional. Because

finite dimensional dynamical systems are actually appearing by linear (or
non-linear) circuits or computer programs, it is very important that these
conditions become clear.

C. Deriving the dynamical systems from finite data.
Partial realization problems are to find the minimal dynamical system fit

to a given finite input/output’s data and to clarify when the minimal dy-
namical systems are isomorphic.

This realization problem was presented by R. E. Kalman in about 1960,
and the realization problem for the linear system was neatly established by
him in algebraic sense. Based on this idea, T. Matsuo established a basis of
realization problem of non-linear system for continuous-time case. On the
basis of these ideas, we present a basis of non-linear dynamical systems for
discrete-time case.

The discrete-time dynamical systems become more important because
of computer developments and mathematical programming. In this sense,
discrete-time linear systems have many fruitful achievements. Discrete-time
non-linear dynamical systems will try to have the same achievements. R.
E. Kalman developed the linear system theory by using algebraic theory.
Therefore, the algebraic theory will present much materials for non-linear
dynamical system’s developments.

Our mathematical models for a given black-box are said to be dynamical
systems. In the other field, the word “dynamical system” is used. See Birkhoff
[1927] and Hirsch and Smale [1974]. The “dynamical system” comes from
classic astronomy. “Dynamical system” is a study of the topological prop-

T. Matsuo, Y. Hasegawa: Realization Theory of Discrete-Time Dynamical Systems, LNCIS 296, pp. 1--8, 2003.
Springer-Verlag Berlin Heidelberg 2003



2 1 Introduction

erties of free motions in non-linear systems without input and output mech-
anisms. Many researchers are working on the field.

On the other hand, R. E. Kalman first defined dynamical systems that
have input and output mechanisms in 1963. Kalman claimed that his def-
inition is “modern” and “dynamical system” is “classic”. It may depend
on that the dynamical systems present new notions and they include the
“dynamical systems” without input and output mechanisms.

There are similarities between realization problem and physics. Check-
ing if a physical model that represents a given physical phenomenon fits to
Newton’s, Einstein’s, Kirchhoff’s, Maxwell’s or Schrodinger’s law, a physicist
wants to obtain the model without affecting input and output mechanisms.
If the physical model fits to none of them, then the physicist insists that the
model is wrong. He always checks that the model is consistent with one of
these laws. The dynamical systems are only intended to satisfy the causal-
ity condition. From this point of view, the dynamical system may be more
“modern” than the “dynamical system”.

Our realization theory will present a basis of discrete-time dynamical sys-
tems; therefore, a style of this monograph may be unified. This monograph
contains six chapters, except Chapters 1 and 2, which contain different dy-
namical systems. The composition of the chapters contains mainly three
parts, except Chapter 3 and Chapter 5.

The first part contains the existence and uniqueness of the dynamical sys-
tem to be considered.
The second part contains its finite dimensionality.
The third part contains its partial realization problem.
Finally, every chapter contains an Appendix that is prepared for proofs of the
results listed before. Especially, for special dynamical systems discussed in
Chapter 6 and 7, the fourth part may contain the real-time partial realization
problem (equivalently, partial realization problem by single-experiment).

Our realization theory presents various dynamical systems, which are Gen-
eral Dynamical Systems, Linear Representation Systems, Affine Dynamical
Systems, Pseudo Linear Systems, Almost Linear Systems and So-called Lin-
ear Systems (equivalently, linear systems with a non-zero initial state). We
will also present a system of many dynamical systems in Figure 1.1. The
presented dynamical systems are written in italic fonts in the figure.

Sontag [1979a b] presented a realization theorem for wide dynamical sys-
tems to be said to be state-affine systems, which contain linear, multi-linear,
homogeneous and inhomogeneous bilinear systems, etc. However, he did not
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give an initial object of the category. Then he concretely investigated the
polynomial systems.

Contents of this monograph can be concretely stated as follows:
In Chapter 2 we present a set of experiments that can be allowed to a

black box. The set that satisfies an axiom is said to be a concatenation
monoid. Introducing an axiom of discrete-time which relax the axiom of
continuous-time, we will show that the concatenation monoid is unique.
Note that there exist some concatenation monoids in continuous-time case.
Next, we present the Representation Theorem (2.6) for any input/output
map with causality. The theorem is rewritten for discrete-time case by using
the one of continuous-time. The theorem says that any input/output map
can be characterized by an input response map.

In Chapter 3 let the set of output values Y be any set. Then we present
General Dynamical Systems that are mathematical models for any input re-
sponse map. Let I/O be the set of any input response maps and CD be the
category of canonical (reachable and distinguishable) General Dynamical
Systems. Then we obtain the existence and uniqueness theorem. Moreover,
we discuss the finiteness of the General Dynamical Systems. We give a cri-
terion for finiteness of the system. We give a procedure to obtain the system
from a given input response map.

In Chapter 4 let the set of output values Y be any linear space over the
field K. And let I/O be the set of any input response map and CD be the
category of canonical (quasi-reachable and distinguishable) Linear Repre-
sentation Systems. Then we obtain the existence and uniqueness theorem.

Moreover, we investigate details of finite dimensional Linear Representa-
tion Systems. We give a criterion for the canonicality of finite dimensional
Linear Representation Systems. In the isomorphic classes of finite dimen-
sional canonical Linear Representation Systems, there exists a unique quasi-
reachable standard system and a unique distinguishable standard system. It
is also shown that the following three conditions are equivalent:
1) An input response map is the behavior (input/output relation) of a finite
dimensional Linear Representation System.
2) The rank of infinite Hankel matrix is finite.
3) An input response map is rational.

Also a procedure to obtain the quasi-reachable standard system from an
input response map is given.
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Moreover, the partial realization problem for the dynamical systems is dis-
cussed by multi-experiment. For a partial input response map, there exists a
minimum Linear Representation System with the same behavior. Generally,
the minimum partial realizations are not unique up to isomorphism. To solve
the uniqueness problem for a partial realization problem, we introduce the
notion of natural partial realization. Then the following results are obtained:
1) A criterion for the existence of the natural partial realizations is given by
the rank condition of finite Hankel matrix.
2) The existence condition of the natural partial realizations is equivalent
to the uniqueness condition of minimum partial realizations modulo isomor-
phism.
3) An algorithm to obtain a natural partial realization from a given partial
input response map is given.

In Chapter 5 let the set of output values Y be any linear space over the
field K. And let I/O be the set of any input response map and CD be the
category of canonical (quasi-reachable and distinguishable) Affine Dynami-
cal Systems. Then we obtain the existence and uniqueness theorem.
We investigate details of finite dimensional Affine Dynamical Systems and
we obtain the same results as in Linear Representation Systems. We list the
results as follows. A criterion for canonicality of finite dimensional Affine
Dynamical Systems is given. In the isomorphic classes of finite dimensional
canonical Affine Dynamical Systems, there exists a unique quasi-reachable
standard system and a unique distinguishable standard system. It is also
showed that the following two conditions are equivalent:
1) An input response map is the behavior (input/output relation) of a finite
dimensional Linear Representation System.
2) The rank of infinite Hankel matrix is finite.

A procedure to obtain the quasi-reachable standard system from an input
response map is given.

In Chapter 6 let the set of output values Y be any linear space over the field
K. And let I/O be the set of any time-invariant input response map (equiv-
alently, any input/output map with causality and time-invariance) and CD
be the category of canonical (quasi-reachable and observable) Pseudo Lin-
ear Systems. We give a representation theorem of the time-invariant input
response map, which says that any time-invariant input response map can
be characterized by a modified impulse response. It is also shown that any
input/output relations with causality and time-invariance can be expressed
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as a convolution of inputs and the modified impulse responses. This implies
that the modified impulse response is an extension of the impulse response
in linear systems.

Also we obtain the existence and uniqueness theorem. The Pseudo Linear
Systems are very important dynamical systems because there are non-linear
circuits with FET transistor as an example of them.

Moreover, we investigate details of finite dimensional Pseudo Linear Sys-
tems. A criterion for the canonicality of finite dimensional Pseudo Linear
Systems is given. In the isomorphic classes of finite dimensional canonical
Pseudo Linear Systems, there exists a unique quasi-reachable standard sys-
tem and a unique observable standard system. It is also shown that the
following two conditions are equivalent:
1) A time-invariant input response map is the behavior (input/output rela-
tion) of a finite dimensional Pseudo Linear System.
2) The rank of infinite Input/Output Matrix is finite.
A procedure to obtain the quasi-reachable standard system from a time-
invariant input response map is given.

Moreover, the partial realization problem for the dynamical systems is dis-
cussed by multi-experiment. For a partial input response map, there exists
a minimum Pseudo Linear System with the same behavior. Generally, the
minimum partial realizations are not unique up to isomorphism. To solve the
uniqueness problem for partial realization problem, we introduce the notion
of natural partial realization. Then the following results are obtained:
1) A criterion for the existence of the natural partial realizations is given by
the rank condition of finite Input/Output Matrix.
2) The existence condition of the natural partial realization is equivalent to
the uniqueness condition of minimum partial realizations modulo isomor-
phism.
3) An algorithm to obtain a natural partial realization from a partial time-
invariant input response map is given.

For the Pseudo Linear Systems, we can easily discuss a real time par-
tial realization problem. The reason comes from the time-invariance of in-
put/output relation. If we know that a physical object to be considered is
finite dimensional Pseudo Linear System and less than L dimensional, we
give an algorithm to obtain a quasi-reachable standard system from real
time partial data (real time data).
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In Chapter 7 let the set of output values Y be any linear space over the
field K. And let I/O be the set of any time-invariant, affine input response
map (equivalently, any input/output map with causality, time-invariance
and affinity) and CD be the category of canonical (quasi-reachable and
observable) Almost Linear Systems. We give a representation theorem of
the time-invariant, affine input response map, which says that any time-
invariant, affine input response map can be characterized by a modified
impulse response. It is also shown that any input/output relations with
causality and time-invariance and affinity can be expressed as a convolution
of inputs and the modified impulse responses. This implies that the modified
impulse response is an extension of the impulse response in linear systems.
This is the same result as in Pseudo Linear Systems.

We obtain the existence and uniqueness theorem. The Almost Linear Sys-
tems are very important dynamical systems because there are So-called Lin-
ear Systems as an example of them. The So-called Linear Systems are linear
systems with a non-zero initial state. We can also show an Almost Linear
System which is not a linear system with a non-zero initial state.

Moreover, we investigate details of finite dimensional Almost Linear Sys-
tems. A criterion for the canonicality of finite dimensional Almost Linear
Systems is given. In the isomorphic classes of finite dimensional canonical
Almost Linear Systems, there exists a unique quasi-reachable standard sys-
tem and a unique observable standard system. It is also shown that the
following two conditions are equivalent:
1) A time-invariant, affine input response map is the behavior (input/output
relation) of a finite dimensional Almost Linear System.
2) The rank of infinite Input/Output Matrix is finite.

A procedure to obtain the quasi-reachable standard system from a time-
invariant, affine input response map is given.

Moreover, the partial realization problem for the dynamical systems is
discussed by multi-experiment. For a partial time-invariant, affine input re-
sponse map, there exists a minimum Almost Linear System with the same
behavior. Generally, the minimum partial realizations are not unique up to
isomorphism. To solve the uniqueness problem for the partial realization
problem, we introduce the notion of natural partial realization. Then the
following results are obtained:
1) A necessary and sufficient condition for the existence of the natural partial
realizations is given by the rank condition of finite Input/Output Matrix.
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2) The existence condition of the natural partial realization is equivalent to
the uniqueness condition of minimum partial realizations modulo isomor-
phism.
3) An algorithm to obtain a natural partial realization from a partial time-
invariant, affine input response map is given.

For the Almost Linear Systems, we can discuss real time partial realization
problem. The reason comes from the time-invariance of the input/output
relation. If we know that a physical object to be considered is finite dimen-
sional Almost Linear System and less than L dimensional, we can give an
algorithm to obtain a quasi-reachable standard system from real time partial
data (real time data). By applying this to So-called Linear Systems, both
the partial realization problem of the linear systems and state estimation
problem will be solved simultaneously.

In Chapter 8 let the set of output values Y be any linear space over the field
K. And let I/O be the set of special time-invariant, affine input response map
(equivalently, any input/output map with causality, time-invariance and spe-
cial affinity) and CD be the category of canonical (reachable and observable)
So-called Linear Systems(equivalently, linear systems with a non-zero initial
state). Discussing the relations between So-called Linear Systems and Al-
most Linear Systems, we make the relation clear. Then we clarify when a
time-invariant, affine input response map is a behaviour of So-called Linear
Systems.

Moreover, we investigate details of finite dimensional So-called Linear
Systems and discuss a partial realization problem and real time partial real-
ization problem for So-called Linear Systems. For these problems, we obtain
the same results as in Almost Linear Systems.

[Notations]
N: the set of non-negative integers.
K: a field. x ∈ X: an element x belongs to a set X.
F (X1, X2): the set of any function from a set X1 to a set X2.
F (X): the set of any function from a set X to a set X.
L(X1, X2): the set of any linear operator from a linear space X1 to a linear
space X2. L(X) := L(X, X).
Kn: an n-dimensional coordinate space over the field K.
dom f : a domain of an operator f . im f : an image of an operator f .
ker f :={x ∈ dom f ; f(x) = 0 }



2 Input/Output Maps

2.1 Concatenation Monoid: Set of Experiments

We define the set of all input sequences that can be applied to system after
the present time (zero-time). We consider the set as a concatenation monoid.
The concatenation monoid for continuous-time has been introduced in Mat-
suo [1981]. It is the set of experiments with the operation of concatenation
which make two experiments in succession. In continuous-time case, there
existed such sets, but we will show that there exists uniquely such a set in
discrete-time case.

Let U be a set of input values and let Fs(N+, U): ={ω; function ω :
(0, n] → U for some n ∈ N}. We assume that 1 (the function defined on
empty set (0,0]) belongs to Fs(N+, U). Then we can consider Fs(N+, U)
as the set of words for the set U of an alphabet. Fs(N+, U) becomes the
free monoid over U . Let |ω| := n denotes the length of an input sequence
ω := ω(n)ω(n − 1) · · ·ω(2)ω(1) ∈ Fs(N+, U). We assume that |1 |=0 for the
empty word 1 . Now we define the following operation of concatenation:

(2.1) Definition
Fs(N+, U) × Fs(N+, U) → Fs(N+, U) ; (ω2, ω1) .→ ω2|ω1,

(ω2|ω1)(n) :=

{
ω1 0 ≤ n ≤ |ω1|
ω2(n − |ω1|) |ω1| < n ≤ |ω1| + |ω2|

Then Fs(N+, U) becomes a monoid with a unit element 1 under the con-
catenation’s operation.

(2.2) Definition
If a subset Ω of Fs(N+, U) satisfies the following conditions, then Ω is said
to be a concatenation monoid.
(1) Ω is closed under the following operators C(n) and Sl(n) for n ∈ N .
Where C(n) and Sl(n) are said to be cutting’s operator and left-shift’s op-
erator respectively.
a). C(n) : Ω → Ω ;ω .→ C(n)ω .
Where (C(n)ω)(m) = ω(m) for 0 < m ≤ min (n, |ω|), and |C(n)ω| = min(
n, |ω|). C(0)ω = 1 .
b). Sl(n) : Ω → Ω ; ω .→ Sl(n) ω.
Where (Sl(n) ω)(m)= ω(n + m) for 0 < m ≤ |ω| − n. |Sl (n)ω| = max(|ω| −
n, 0).

T. Matsuo, Y. Hasegawa: Realization Theory of Discrete-Time Dynamical Systems, LNCIS 296, pp. 9--14, 2003.
Springer-Verlag Berlin Heidelberg 2003
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(2) There exist n ∈ N and ω ∈ Ω such that ω(n) = u for any u ∈ U .

Then we obtain the following proposition:

(2.3) Proposition
There exists uniquely the concatenation monoid Ω, and it is Fs(N+, U); it
is also the free-monoid U∗ over U .

[proof] There exists Ω such that Ω is a concatenation monoid because
Fs(N+, U) is a concatenation monoid evidently.
Next we show the uniqueness of it. Let ω ∈ Fs(N+, U), then the definition
of the concatenation monoid implies that there exist n ∈ N and ω′ ∈ Ω such
that ω′(n)= ω(m) for any m ∈ dom ω. Since Ω is closed under cutting’s
operator and left-shift’s operator, ω(m) = C(1)(Sl(n − 1)ω′) ∈ Ω holds.
Moreover, ω = ω(|ω|) · · ·ω(2)ω(1) ∈ Ω holds and Ω is a sub-monoid of
Fs(N+, U), it follows that ω ∈ Ω. Therefore, Ω = Fs(N+, U) holds.

(2.4) Example
Let U be a set of finite elements. For convenience, Let U = {α, β}.
Then Ω is the set of words generated by letters α and β. In Ω, there is
1 as word of length 0, and there are α, β as words of length 1. There
are α|α, β|α, α|βandβ|β as words of length 2, and so on. This Ω can be
expressed by the following Figure 2.1.

2.2 Input Response Maps
(Input/Output Maps with Causality)

We will consider an expression’s method for input/output relations of an
object to be observed or controlled. It is a black-box to which any element
of the concatenation monoid U* can be applied and whose output values are
in a set of output values. For the continuous-time case, the representation
theorem for any input/output map with causality had been given by Mat-
suo [1977] and [1981]. This theorem can be easily rewritten into the case of
discrete-time.

Any element of the concatenation monoid can be fed into a system that is
an object. Where the output value γ(n) of it at time n belongs to the output
set Y. Then input/output relation of it can be expressed by a map A# :Ω
→ Fs(N, Y ). Where Fs(N, Y ) :={ a function γ : [ 0, n ] → Y ; for some n
∈ N} and dom A#(ω) = [0,|ω|] for ω ∈ Ω.
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1

α β

α|α β|α α|β β|β

α|α|α β|α|α α|β|α β|β|α α|α|β β|α|β α|β|β β|β|β

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fig. 2.1. The table of concatenation monoid Ω over the input set U = {α, β}
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(2.5) Definition
If A#(ω2|ω1)(n) = A#(ω3|ω1)(n), 0 ≤ n ≤ |ω1| for any ω1, ω2 and ω3 ∈ Ω.
Then the map A# is said to be the input/output map with causality.
Let Fc(Ω, Fs(N, Y )) be a set of the input/output maps with causality and
F (Ω, Y ) be a set of any function : Ω → Y .

(2.6) Theorem
A map α : Fc(Ω, Fs(N, Y )) → F (Ω, Y ) is bijective. Where αA#(ω) =
A#(ω)(|ω|) for A# ∈ Fc(Ω, Fs(N, Y )) and ω ∈ Ω.

[proof] This theorem can be proved the same as Theorem (3.2) in Mat-
suo [1981]. Also see Matsuo [1987].

(2.7) Definition
An element a of F (Ω, Y ) introduced in Theorem (2.6) is said to be an input
response map.

Remark 1: Theorem (2.6) implies that an input/output map with causal-
ity is characterized by an input response map with the following equation
γ(|ω|) = a(ω). Where γ(|ω|) denotes an output value at the time |ω| for an
input ω to have been ended to apply.
Remark 2: Based on the result that is similar to Theorem (2.6), Sontag
[1979a] and [1979b] solved the discrete-time nonlinear realization problem
of dynamical systems that are different from our dynamical systems.

Note that Sontag and Rouchaleau [1976] discussed nonlinear systems
without referring kinds of input/output relations.

(2.8) Example
We will consider the case U = {α, β} considered in Example (2.4) and let
a be an input response map, i.e. a ∈ F (Ω, Y ). There is an a(1 ) as output
for an input of length 0, and there are a(α), a(β) as outputs for inputs of
length 1. There are a(α|α), a(β|α), a(α|β) and a(β|β) as outputs for inputs
of length 2, and so on. This input response map a can be expressed as the
following Figure 2.2.
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a(1 )

a(α) a(β)

a(α|α) a(β|α) a(α|β) a(β|β)

a(α|α|α) a(β|α|α) a(α|β|α) a(β|β|α) a(α|α|β) a(β|α|β) a(α|β|β)
a(β|β|β)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fig. 2.2. The table of an input response map a ∈ F (Ω, Y ), where U = {α, β}
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2.3 Historical Notes and Concluding Remarks

The concatenation monoid in discrete-time is a rewritten one of continuous-
time. It is a special feature of the discrete-time that there exists a unique
concatenation monoid, namely, free monoid U∗ of the set of input val-
ues. Note that there are several concatenation monoids in continuous-time.
The uniqueness may produce fruitful results [see the relation between U -
morphism and Ω-morphism in Chapter 3]. The concatenation monoid is the
set of experimental means that can be applied to the black-box. Therefore,
there is a close relation between it and classes of admissible controls intro-
duced by Pontryagin [1963].

The Representation Theorem (2.6) for any input/output map with causal-
ity is the only discrete-time version of the theorem in continuous-time. In
the same way as continuous-time, we probably can develop the realization
theories of discrete-time dynamical systems owing to it.



3 General Dynamical Systems

Here we introduce General Dynamical Systems as suitable models for any
input/output relation with causality (equivalently, any input response map).
And we show that the systems are general systems.

Let the set of output values Y be any set through this chapter. The real-
ization problem for General Dynamical Systems can be stated as follows:

[For a given input response map, there exist at least two General Dynami-
cal Systems which realize (faithfully describe) it. Let σ1 and σ2 be General
Dynamical Systems that have the same behavior, then σ1 is isomorphic to
σ2 in the sense of General Dynamical System.]

Owing to by-products of this realization theory, we have the following. An
automaton is a special General Dynamical System. The condition of min-
imal control system that includes the minimal automaton is equivalent to
the condition of possibility for multiple experiment.

3.1 Realization Theory of General Dynamical Systems

Dynamical systems that have structures of state, input and output have
been advocated by R. E. Kalman. Based on this idea, T. Matsuo had estab-
lished the General Dynamical System of continuous-time (Matsuo [1981]).

In this section, we introduce the General Dynamical Systems of discrete-
time. Firstly, we introduce the notion of canonical General Dynamical Sys-
tems. Then the solution of the realization problem for any non-linear sys-
tem (equivalently, any input response map) will be given. Next, we discuss
General Dynamical Systems with finite state structure. A criterion for the
behavior of the canonical General Dynamical System is given. We give the
procedure to obtain the canonical General Dynamical System from a given
input response map. Also, we give a condition that canonical General Dy-
namical System is equivalent to an automaton.

In Appendix 3.5, we show how the General Dynamical Systems of discrete-
time system are rewritten from ones of continuous-time system established
by Matsuo.

T. Matsuo, Y. Hasegawa: Realization Theory of Discrete-Time Dynamical Systems, LNCIS 296, pp. 15--37, 2003.
Springer-Verlag Berlin Heidelberg 2003
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(3.1) Definition
A system given by the following equations is written as a collection σ =
((X, F ), x0, h), and it is said to be a General Dynamical System.

x(t + 1) = F (ω(t + 1))x(t)
x(0) = x0

γ(t) = hx(t)

for any t ∈ N , where x(t) ∈ X and γ(t) ∈ Y . Where X is a set that may
be called a state set, F is an operator: U → F (X); u .→ F (u), x0 ∈ X and
h : X → Y is an operator.

The equation x(t+1) = F (ω(t+1)x(t) in the General Dynamical System
may be said to be a U -action and may be written by (X, F ), and x0 is called
an initial state.
The input response map aσ : Ω → Y ;ω .→ hφF (ω)x0 is said to be the
behavior of σ. For an input response map a ∈ F (Ω, Y ), σ that satisfies aσ

= a is called a realization of a.
Where φF (ω) = F (ω(|ω|))F (ω(|ω| − 1)) · · ·F (ω(1)).

A General Dynamical System σ is called reachable if the reachable set
{φF (ω)x0; ω ∈ Ω} is equal to X and a General Dynamical System σ is called
distinguishable if hφF (ω)x0

1=hφF (ω)x0
2 for any ω ∈ Ω implies x1 = x2.

A General Dynamical System σ is called canonical if σ is reachable and
distinguishable.

Remark 1: The x(t) in the system equation of σ is the state that produces
output values of aσ at the time t, namely the state x(t) and an operator
h : X → Y generates the output value aσ(ω) at the time t by aσ(ω) = hx(t),
where t=|ω|.
Remark 2: It is meant for σ to be a faithful model for the input response
map a such that σ realizes a.
Remark 3: Notice that a canonical General Dynamical System σ =
((X, F ), x0, h) is a system which has the most reduced state set X among sys-
tems that have the behavior a (see Definition (3-B.3), Proposition (3-B.5),
Definition (3-C.1), Proposition (3-C.4), Definition (3-D.1), Proposition (3-
D.7) in Appendix 3).

(3.2) Example
(Ω, ∗|) is a U -action by u| : Ω → Ω; ω .→ u|ω. Let a unit element 1 in Ω
be an initial state and a ∈ F (Ω, Y ) be any response map. Then a collection
σ = ((Ω, ∗|), 1 , a) is a reachable General Dynamical System that realizes a.
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(3.3) Example
Let a ∈ F (Ω, Y ) be any input response map and Sl be defined by Sl (u)a
:Ω → Y ; ω .→ a(ω|u). Then Sl ∈ F (F (Ω, Y )) for any u ∈ U . Hence the pair
(F (Ω, Y ), Sl ) is a U-action. Let the input response map a ∈ F (Ω, Y ) be an
initial state and 1 be a map: F (Ω, Y ) → Y ; a .→ a(1 ), then a collection
σ = ((F (Ω, Y ), Sitl), a, 1 ) is a distinguishable General Dynamical System
which realizes a.

Remark: Examples (3.2) and (3.3) imply that there exist many General Dy-
namical Systems that realize a given input response. However, there is no
relation between them. Therefore, we introduce the canonical General Dy-
namical Systems, and we will make the relation between them clear.

(3.4) Theorem
For any input response a ∈ F (Ω, Y ), there exist the following two canonical
General Dynamical Systems that realize it:
1) σ = ((Ω/a, |̃), [1 ], ai).
Where Ω/a is a quotient set derived by equivalence class ω = ω′ ↔ a(ω̂|ω) =
a(ω̂|ω′) for any ω̂ ∈ Ω. |̃ : U × Ω/a → Ω/a; (u, [ω]) .→ [u|ω]. (Ω/a, |̃) is a
U -action. [ω] denotes a set {ω′ ∈ Ω; a(ω̂|ω) = a(ω̂|ω′) for any ω̂ ∈ Ω}. ai is
an injection accompanied with a.
2) σ = ((Sl (Ω)a, Sl ), a, 1 ). Where Sl (Ω)a = {Sl (ω)a; ω ∈ Ω}.

[proof] This can be easily obtained by Corollary (3-B.4), Proposition (3-
D.2) and Theorem (3-D.8).

We conclude that there exist the canonical General Dynamical Systems
that realize any input response map in Theorem (3.4).
Next, we will insist the uniqueness of the systems that realize the same be-
havior.

(3.5) Definition
Let σ1 = ((X1, F1), x0

1, h1) and σ2 = ((X2, F2), x0
2, h2) be General Dynamical

Systems. If a map T : X1 → X2 satisfies TF1(u) = F2(u)T for any u ∈ U ,
Tx0

1 = x0
2 and h1 = h2T , then T is said to be a dynamical system morphism

T : σ1 → σ2.
If the T is bijective then T is said to be an isomorphism.
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(3.6) Realization Theorem
For any input response a ∈ F (Ω, Y ), there exist at least two canonical Gen-
eral Dynamical Systems that realize it.
Let σ1 = ((X1, F1), x0

1, h1) and σ2 = ((X2, F2), x0
2, h2) be Dynamical Sys-

tems that realize an input response a ∈ F (Ω, Y ), then there exists uniquely
an isomorphism T : σ1 → σ2.

[proof] The first part is equal to Theorem (3.4). The latter part is ob-
tained by Remark of Theorem (3-D.14).

3.2 Finite General Dynamical Systems

Next we will discuss about the General Dynamical System σ = ((X, F ),
x0, h) with a finite state set X.

First we discuss the relation between the General Dynamical Systems and
the complete automata.

(3.7) Example
Let the input value’s set U be finite and a state set X be finite. Let the
output set Y be {0, 1} and h be a function h : X → Y .
Here we will consider a General Dynamical System σ = ((X, F ), x0, h). We
will show that this σ is a complete automaton defined by Eilenberg.
Eilenberg has defined an automaton A = (X, x0, T ) which satisfies the fol-
lowing five conditions:
1) U is a finite alphabet.
2) X is a finite state set.
3) x0 ∈ X is an initial state.
4) A composition : U × X → X ; (u, x) .→ x.u is a function.
5) T ⊆ X is a target set. And the behavior of the automaton A is defined
to be |A| := {s ∈ U∗; s is a successful path}.
The condition 4) is equivalent to a U -action in our General Dynamical Sys-
tem. The conditions 1) to 3) are equivalent to the U-action with an initial
state ((X, F ), x0).
Let the set T correspond to a characteristic function χT : X → {0, 1} ( if
χT (x) = 1 for x ∈ T and χT (x) = 0 for x 1∈ T ), then this correspondence:
X̂ → {0, 1}X is bijective.
Where X̂ is the power set of X. X̂ can be considered as the set of tar-
get. Moreover, {0, 1}X can be considered as the set of any output map
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h : X → Y . If the automaton A = (X, x0, T ) be corresponded to a Gen-
eral Dynamical System σ = ((X, F ), x0, χT ), this correspondence is bijec-
tive. The ionverse correspondence of σ = ((X, F ), x0, h) is an automaton
A = (X, x0, h−1(1)). For the behavior |A| of the automaton A and the be-
havior aσ : U∗ → {0, 1}, there is a relation a−1(1) = |A|. Therefore, we
conclude that the complete automaton is a special system of the General
Dynamical System.

(3.8) Definition
For an input response a ∈ F (Ω, Y ), if there exists a General Dynamical
System σ with a finite set X which realizes it, then a is said to be finite
form.

(3.9) Proposition
For an input response a ∈ F (Ω, Y ), the following conditions are equivalent:
1) a is a finite form.
2) The set Ω/a of the quotient realization ((Ω/a, |̃), [1 ], ai) is finite.
3) The set Sl (Ω)a of the image realization ((Sl (Ω)a, Sl ), a, 1 ) is finite.

[proof] This is trivial by Theorem (3.4).

(3.10) Example
We will consider the canonical General Dynamical System over U = {α, β}.
For an input response a ∈ F (Ω, Y ), the subset canonical General Dynam-
ical System is ((Sl (Ω)a, Sl ), a, 1 ). An input response map, when an input
with length 0 has been fed is a. Input response maps when an input with
length 1 have been fed are Sl (α)a and Sl (β)a. Input response maps when
an input with length 2 have been fed are Sl (α|α)a, Sl (β|α)a, Sl (α|β)a and
Sl (β|β)a. Input response maps when an input with length 3 have been fed
are Sl (α|α|α)a, Sl (β|α|α)a, · · ·, and Sl (β|β|β)a, and so on. Hence the U-
action (Sl (Ω)a, Sl ) can represented in Figure 3.1.

(3.11) Theorem
Let the input value’s set U be finite. To be simple, let U = {α, β}. Let
an input response a ∈ F (Ω, Y ) satisfy Proposition (3.9), and let n := the
number of independent elements in Sl (Ω)a. Then the procedure to obtain
σ = ((X, F ), x0, h) with the behavior a is given by the following:
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a

Sl(α)a Sl(β)a

Sl(α|α)a Sl(β|α)a Sl(α|β)a Sl(β|β)a

Sl(α|α|α)a Sl(β|α|α)a Sl(α|β|α)a Sl(β|β|α)a Sl(α|α|β)a Sl(β|α|β)a Sl(α|β|β)a Sl(β|β|β)a

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fig. 3.1. The U-action (Sl)(Ω)a, Sl) in Example (3.10)
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1) Arrange a set Sl (Ω)a in the following order.
Arrange a, Sl (α)a, Sl (β)a, and from left to right in the 3d row, i.e. Sl (α|α)a,
Sl (β|α)a, Sl (α|β)a and Sl (β|β)a.
Next, arrange from left to right in the fourth row, and so on.
Pull out n different elements in this order. Let them be a1, a2, · · ·, an−1 and
an. Where a1 := a. (There always exist n different elements until the n-th
row.)
2) Let a state set X be {1, 2, · · · , n} and an initial state x0 be 1.
3) Let an output h : X → Y be h(i) = ai(1) for i(1 ≤ i ≤ n).
4) Let a map F : U → X be (F (β))(i) = j. Where Sl (β)ai = aj and
i(1 ≤ i ≤ n).
5) Let a map F : U → X be (F (s))(i) = k. Where Sl (β)ai = ak and
i(1 ≤ i ≤ n).

[proof] See (3-D.15) in Appendix.

(3.12) Example
Let U := {−1, 0} and Y := R. And let a considered black-box a be given by
the following equation:
γ(t + 1) = γ2(t) + ω(t + 1), t ∈ N , γ(0) = 0.
Where ω(t) ∈ U and γ(t) ∈ Y .

If we express an input response map a of this input/output relation in
the same manner as Figure 2.2 in Example (2.8), we obtain the following
Figure 3.2.
By applying Theorem (3.11), we obtain a canonical finite dynamical system
σ = ((X, F ), x0, h) which realizes a in the following manner:
1) Different elements in a set Sl (Ω)a are obviously a1 := a, a2 := Sl (−1)a
and a3 := Sl (0| − 1)a.
2) Let a state set X be {1, 2, 3} and an initial state x0 be 1.
3) Let an output map h : X → Y be h(1) := a1(1) = 0, h(2) = a2(1) = −1
and h(3) = a3(1) = 1.
4) Since Sl (−1)a1 = a2, Sl (−1)a2 = a1 and Sl (−1)a3 = a1, F (−1) is given
by (F (−1))(1) = 2, (F (−1))(2) = 1 and (F (−1))(3) = 1.
5) Since Sl (0)a1 = a1, Sl (0)a2 = a3 and Sl (0)a3 = a3, F (0) is given by
(F (0))(1) = 1, (F (0))(2) = 3 and (F (0))(3) = 3.
The General Dynamical System that realizes the black-box can be expressed
by the Figure 3.3.
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0

−1 0

0) 1 −1 0

−1 0 0 1 0 1 −1 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fig. 3.2. The table of an input response map a ∈ F (Ω, Y ), where U = {α, β}
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Fig. 3.3. A canonical General Dynamical System of Example (3.12)
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Fig. 3.4. A hysteresis characteristics of Example (3.13)

(3.13) Example
Let’s consider a hysteresis characteristic (Figure 3.4), which is given by the
following relation.

γ(t) :=


0 u < − δu

2
1 δu

2 < u

γ(t − 1) − δu
2 ≤ u ≤ δu

2

Applying Theorem (3.11), we can obtain the General Dynamical System
in Figure 3.5 that realizes the characteristics.
Where u1 > δu

2 , − δu
2 ≤ u2 ≤ δu

2 and u3 < − δu
2 .

3.3 Control Systems and Multi-experiments

Here we introduce a control system with an input mechanism and state
structures for discrete-time systems, and we define its controllability and
minimum control systems. The existence and uniqueness theorem for the
minimum control is obtained. The control systems can be considered as
automata with infinite state set, and these theorems will be applied to real-
ization problems for dynamical systems. Lastly, as an application of control
theory, a condition for a given black-box to be obtained by a single experi-
ment is given.
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Fig. 3.5. A canonical General Dynamical System of Example (3.13)

(3.14) Definition
Let (X, F ) be a U -action, T be a subset of X, then a triple ((X, F ), T ) is said
to be a U -action with target. If there exists ω ∈ Ω such that φF (ω)x ∈ T for
any x ∈ X, then a U -action with target ((X, F ), T ) is said to be controllable.

(3.15) Definition
Let ((X, F ), x0) be a U -action with an initial state and ((X, F ), T ) be a U -
action with target. Then C = ((X, F ), x0, T ) is said to be a control system.
If C = ((X, F ), x0, T ) is reachable and controllable, it is said to be trim.
Let |C| := {ω ∈ Ω; φF (ω)x0 ∈ T}, it is called a set of solutions.

Remark 1: If the set U of input values and the state set X is finite, then the
control system C = ((X, F ), x0, T ) is the only automaton.
Remark 2: By correspondence given by Example (3.7), the control system
C = ((X, F ), x0, T ) can be considered as the General Dynamical System
((X, F ), x0, χT ). Moreover, a−1(1 ) = |C| holds.

(3.16) Definition
Let C1 = ((X1, F1), x0

1, T1) and C2 = ((X2, F2), x0
2, T2) be control systems,

if a map T : X1 → X2 satisfies Tx0
1 = x0

2 and T−1(T2) = T1, T is said to be
a control system morphism T : C1 → C2.
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Remark: The definition of the control system morphism is equal to the dy-
namical system morphism corresponding to it.

(3.17) Proposition
Let C1 = ((X1, F1), x0

1, T1) and C2 = ((X2, F2), x0
2, T2) be control systems

and T : C1 → C2 be the control system morphism, then |C1| = |C2| holds.

[proof] Let ω ∈ |C1|, i.e. φF1(ω)x0
1 ∈ T1. TφF1(ω)x0

1 = φF2(ω)Tx0
1 =

φF2(ω)x0
2 ∈ T (T1) ⊆ T2, hence ω ∈ |C2| holds. Conversely, let ω ∈ |C2| ,

φF2(ω)x0
2 = φF2(ω)Tx0

1 = TφF1(ω)x0
1 ∈ T2. Hence φF1(ω)x0

1 ∈ T−1(T2) =
T1.

(3.18) Proposition
Let ((X1, F1), T1) and ((X2, F2), T2) be U -actions with target, T : (X1, F1)
→ (X2, F2) be U -morphism and T−1(T2) = T1. If ((X2, F2), T2) is control-
lable, then ((X1, F1), T1) is so. Conversely, if ((X1, F1), T1) is controllable
and T is surjective, then ((X2, F2), T2) is controllable.

[proof] The first half: Let x ∈ X1 be any element, then the assump-
tion implies that there exist x′ ∈ X2 and ω ∈ Ω such that Tx = x′ and
φF2(ω)x′ ∈ T2. φF2(ω)x′ = φF2(ω)Tx = TφF1(ω)x holds. Hence, we obtain
that T −1TφF1(ω)x = φF1(ω)x ∈ T1. Secondly, we note the later half. There
exist x1 ∈ X1 and ω̄ ∈ |omega such that Tx1 = x2 and φF1(ω̄)x1 ∈ T1.
φF2(ω̄)x2 ∈ T2 holds because TT1 2 TφF1(ω̄)x1 = φF2(ω̄)Tx1 = φF2(ω̄)x2.

Let C = ((X, F ), x0, T ) be a control system, we can consider U -morphism
G : (Ω, |) → (X, F ) by G(u) = F (u)x0u ∈ U . Then ((Ω, |), 1, G−1(T )) is said
to be the input-control system.

By Proposition (3.18), we can obtain the following proposition easily:

(3.19) Proposition
A criterion for being trim of a control system is that the input-control sys-
tem ((Ω, |), 1, G−1(T )) is controllable.

(3.20) Definition
Let C = ((X, F ), x0, T ) be a control system. If the General Dynamical Sys-
tem σ = ((X, F ), x0, χT ) corresponding to C is distinguishable, then σ is
called a minimum control system.
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Remark: If then set U of input values and a state set X are finite, the min-
imum control system C is a minimum automaton.
Hence, the minimum control system is an extension of automaton.
For a control system C = ((X, F ), x0, T ), |C| = G−1(T ) holds. Where G is
an input map : (Ω, |) → (X, F ) corresponding to the initial state x0. Because
of this and Proposition (3.19), we can obtain the following theorem easily.

(3.21) Theorem
Let A ⊆ Ω. There exists a control system C = ((X, F ), x0, T ) which satisfies
|C| = A if and only if the input control system ((Ω, |), 1 , A) is controllable.

(3.22) Theorem
Let C1 = ((X1, F1), x0

1, T1) and C2 = ((X2, F2), x0
2, T2) be minimum control

systems with the same set of solutions. Then there exists a unique isomor-
phism T : C1 → C2.

At the last of this chapter we discuss possibilities of multi-experiment
as a control theory’s application.
To determine an input response map that is a black-box B , we must measure
the output by adding all input ω ∈ Ω to the black-box B . However if we add
an input ω ∈ Ω into the input response map a (equivalently, B) then the
black-box has changed into Sl (ω)a. Therefore, infinite black-boxes B must
be needed so as to determine a. This implies multi-experiment. A condition
for the input response a to be determined with only one black-box is equal to
the condition for the changed input response map Sl (ω)a to recover, namely
it is equivalent to the controllable condition of ((Sl (Ω)a, Sl ), a, {a}).

(3.23) Proposition
A given input response map a can be determined by experiment if and only
if there exists ω̄ ∈ Ω such that Sl (ω̄|ω)a = a for any ω ∈ Ω.

3.4 Historical Notes and Concluding Remarks

For General Dynamical Systems, Kalman defined more general and more
complicated dynamical systems that include time-varying systems, but it is
difficult to treat these dynamical systems mathematically.
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Our General Dynamical Systems may be adequate because we obtained
Realization Theorem (3.6). We have established a basis of the general realiza-
tion theory and the control theory for all systems which include non-linear,
time-varying and infinite dimensional systems. By using the uniqueness of
the concatenation monoid, we have shown that state structures of our state
space become simple, namely Ω-module can be completely characterized by
U -action (see Appendix 3.5.A). This means that a state transition equation
is described by a difference equation. These are the same as the automata’s
theory of Eilenberg.

In Theorem (3.4), we gave two canonical realizations for an arbitrary in-
put response map. The quotient set of them may be derived from Nerode
equivalence [1958], and the set may be closed to right congruence in Eilen-
berg [1974]. Note that Nerode proposed the so-called nerode equivalence
for automata with linear input/output maps. This concept was used in the
finite dimensional linear systems by Kalman [1965] and in the infinite di-
mensional linear systems by Balarkrishnan [1965], [1967] and Matsuo [1968],
[1969]. The image set of the canonical General Dynamical System 2) in The-
orem (3.4) may have close relations to the reduced form in automata to be
derived from subset construction, which is related to F (Ω, Y ). For example,
see Eilenberg [1974]. This concept was used in the reachable set of K[[z−1]]
by Kalman, Falb and Arbib [1969].

Zeiger [1967] proved the uniqueness theorem for discrete-time finite di-
mensional linear systems. On the other hand, for automata theory, Eilenberg
[1974] discussed the morphism of state transitions by using Tmax

12 used in Ap-
pendix 3.5.D. Matsuo [1975] proved the uniqueness theorem for continuous-
time infinite dimensional linear systems by introducing also Tmin

12 used in
Appendix 3.5.D. By extending the idea, Matsuo [1981] obtained the unique-
ness theorem for continuous-time General Dynamical Systems. Isidori [1975]
obtained the uniqueness theorem for finite dimensional inhomogeneous bi-
linear systems by using Zeiger’s Lemma.

In this chapter we have obtained the uniqueness theorem by using Mat-
suo’s idea. We have shown that an automaton is a special dynamical system
of our General Dynamical Systems. We have introduced the minimal control
systems which are extensions of minimal automaton, and we have obtained
the existence theorem and uniqueness theorem for them. Also we have given
the condition for a given black-box to be obtained by multi-experiment,
which is an application of the minimal control systems.
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3.5 Appendix

Matsuo solved the realization problem of any input/output map of contin-
uous-time system by introducing the General Dynamical System of contin-
uous-time system. We also solved the realization problem of any input/
output map of discrete-time system by Realization Theorem (3.6). We will
discuss relations between ones of continuous-time system and ones of dis-
crete-time system. Then we will clarify the special features of discrete-time
system by rewriting in the suitable form of discrete-time. These in discrete-
time system will arise from the uniqueness of the concatenation monoid and
a fact that it is a free monoid over the input set U .

3.5.A U-Action

Here we introduce the Ω-module introduced by Matsuo [1981].

(3-A.1) Definition
Let X be any set and φ be a monoid morphism: Ω → F (X). Where
φ(ω2|ω1) = φ(ω2)φ(ω1) and φ(1 ) = I (Identity map on X) hold for ω2, ω1 ∈
Ω. Then a pair (X, φ) is said to be a Ω-module, X is called a state set and
φ is called a transition map.

Remark: Let (X, φ) be a Ω-module. φ(ω) : X → X can be considered as
a transformation from a state x(0) at time 0 to a state x(n) at time n for
n := |ω| and ω ∈ Ω. Hence the Ω-module (X, φ) implies the transition equa-
tion x(n) = φ(ω)x(0) and the equation satisfies the following two properties.
1: consistency; φ(1 )x = x for any x ∈ X.
2: composition property; φ(ω2|ω1)x = ω(ω2)ω(ω1)x for any ω2, ω1 and x ∈
X. Therefore, (X, φ) can express a general transition equation by Matsuo
[1981].

Next, we show the following lemma needed later.

(3-A.2) Lemma
Let M be any monoid and a map i be i: U → Ω; u .→ u, then there exists
uniquely a monoid morphism f̂ : Ω → M such that f = f̂ · i for any map
f : Ω → M . This correspondence is bijective.

[proof] See Chevalley [1956].
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(3-A.3) Proposition
Let X be a set and Mor(U, F (X)) be a set of any transition map from U
to F (X). Let F (Ω, F (X)) be a set of any function from Ω to F (X). Then
Mor(U, F (X)) = F (Ω, F (X)) holds.

[proof] Let M in Lemma (3-A.2) be F (X). Then this proposition can be
obtained.

Remark: Let X be a state set and F ∈ F (U, F (X)). Then note that a pair
(X, F ) is a U -action (see Definition (3.1)). The proposition insists that there
exists a bijective correspondence between a U -action and an Ω-module. Let
(X, φ) be Ω-module corresponding to (X, F ), then (X, φ) may be written by
(X, F ). Note that the U -action (X, F ) implies the following state difference
equation x(n+1) = F (u)x(n) for any n ∈ N . This is the first special feature
of discrete-time system.

(3-A.4) Example
(Ω, |) is an Ω-module by ω| : Ω → Ω; ω̄ .→ ω|ω̄.
The concatenation | which is the monoid morphism :Ω → F (Ω) shall be
regarded as a map | : U → F (Ω), hence (Ω, |) will be a U -action.

(3-A.5) Example
Let a ∈ F (Ω, Y ) be any input response map and let Sl be defined by Sl (ω)a
: Ω → Y ; ω̄ .→ a(ω̄|ω). Then Sl (ω) is a monoid morphism : Ω → F (Ω, Y ).
Hence, the pair (F (Ω, Y ), Sl ) is an Ω-module. Note that Sl of Ω-module
(F (Ω, Y ), Sl ) is used in the same way as Sl of U -action (F (Ω, Y ), Sl ) in Ex-
ample (3.3).

In Matsuo [1981], the Ω-morphism T : (X1, φ1) → (X2, φ2) has been de-
fined by a map T : X1 → X2 such that Tφ1(ω) = φ2(ω)T for any ω ∈ Ω.

Here we will define the following:

(3-A.6) Definition
Let (X1, F1) and (X2, F2) be U -actions. A map T : X1 → X2 defined by
TF1(u) = F2(u)T for any u ∈ U is said to be a U -morphism T : (X1, F1) →
(X2, F2).
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(3-A.7) Proposition
Let (X1, φ1) and (X2, φ2) be Ω-modules. And let (X1, F1) and (X2, F2) be
U -actions which correspond to them respectively.
Then a map T is the Ω-morphism T : (X1, φ1) → (X2, φ2) if and only if T
is the U-morphism T : (X1, F1) → (X2, F2).

[proof] Necessity: Let Tφ1(ω) = φ2(ω)T for any ω ∈ Ω. Since u ∈ U
implies u ∈ Ω, TF1(u) = Tφ1(u) = φ2(u)T = F2(u)T hold.
Sufficiency: There exist ui ∈ U (1 ≤ i ≤ n) such that ω = un|un−1| · · · |u1
for any ω ∈ Ω. Then Tφ1(ω) = TF1(un)F1(un−1) · · ·F1(u1) =
F2(un)TF1(un−1) · · ·F1(u1) = · · · = F2(un)F2(un−1)F2(u1)T = φ2(ω)T
hold.

Remark: The U -morphism T : (X1, F1) → (X2, F2) means that the state-
difference equation in X1 is preserved into the state-difference equation in
X2. Proposition (3.5) insists that Ω-morphism (equivalently, preservation of
state-transition equation) is completely equivalent to U -morphism (preser-
vation of state-difference equation). This is the second special feature in
discrete-time case.

3.5.B Pointed U-Actions

Here, we will introduce a U -action that has a structure of input.

(3-B.1) Definition
Let (X, F ) be a U -action and an initial state x0 ∈ X. Then a triple
((X, F ), x0) is said to be a pointed U -action. A pointed U-action ((X, F ), x0)
means the following equations:{

x(t + 1) = F (ω(t + 1))x(t)
x(0) = x0

for any t ∈ N , where x(t) ∈ X.
Let (X, φF ) be the Ω-module corresponding to the U -action (X, F ). If
((X, φF ), x0) is reachable, namely there exists ω ∈ Ω such that x = φF (ω)x0

for any x ∈ X, then ((X, F ), x0) is said to be a reachable pointed U -action.

(3-B.2) Example
Let (Ω, ∗|) be the U -action discussed in Example (3.3) and a unit element
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1 be an initial state. Then ((Ω, ∗|), 1 ) is a reachable pointed U -action. Let
(F (Ω, Y ), Sl ) be the U -action discussed in Example (3.2) and an input re-
sponse map a ∈ F (Ω, Y ) be an initial state. Then ((F (Ω, Y ), Sl ), a) is a
pointed U -action.

Let (X, F ) be a U -action and G be U -morphism : (Ω, ∗|) → (X, F ), then
G : (Ω, ∗|) → (X, F ) is said to be an input map and ((X, F ), G) is said to
be a U -action with an input map. We assume that UMor(Ω, X) is a set of
any input map G : (Ω, ∗|) → (X, F ).

(3-B.3) Proposition
Let (X, F ) be a U -action. A map 1 : UMor(Ω, X) → X; G .→ G(1 ) is a
bijection. Namely, there is a bijective correspondence between the U -action
with an input map ((X, F ), G) and the pointed U -action ((X, F ), x0).
Where G(1 ) = x0 and G(u) = F (u)x0 hold.

[proof] See Matsuo [1977] or [1981].

(3-B.4) Corollary
For any input response map a ∈ F (Ω, Y ), there exists a uniquely determined
U -morphism A : (Ω, ∗|) → (F (Ω, Y ), Sl ) such that A(1 ) = a.
This correspondence is bijective.
Where A(ω(n)|ω(n − 1)| · · · |ω(1)) = Sl (ω(n))Sl (ω(n − 1))| · · · |Sl (ω(1))a.

[proof] Let (X, F ) in Proposition (3-B.3) be (F (Ω, Y ), Sl ) in Example
(3.2). Then this corollary is easily obtained.

Corollary (3-B.4) implies that an input response map a ∈ F (Ω, Y ) can be
expressed by the U -morphism A : (Ω, ∗|) → (F (Ω, Y ), Sl ).
This A is said to be a (sophisticated) input/output map.

(3-B.5) Proposition
A pointed U -action ((X, F ), x0) is reachable if and only if G in the U -action
with an input map ((X, F ), G) corresponding to it is surjective.

[proof] This is obtained by definition of reachability.
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3.5.C U-Actions with a Readout Map

Here, we will introduce U-actions with a structure of output, which are said
to be U -actions with a readout map.

(3-C.1) Definition
Let (X, F ) be a U -action and h be any map : X → Y . Then a triple
((X, F ), h) is said to be a U-action with a readout map. Let (X, φ) be the
Ω-module corresponding to the U -action (X, F ).
If ((X, F ), h) is distinguishable, namely hφF (ω)x1 = hφF (ω)x2 for any
ω ∈ Ω implies x1 = x2, then ((X, F ), h) is said to be a distinguishable
U -action with a readout map.

(3-C.2) Example
Let a be an input response map. Then ((Ω, ∗|), a) is a U -action with a read-
out map. Moreover, for a map 1 : F (Ω, Y ) → Y ; a .→ a(1 ), ((F (Ω, Y ), Sl ), 1)
is a distinguishable U-action with a readout map.

Let (X, F ) be a U -action and H be U -morphism : (X, F ) → (F (Ω, Y ), Sl ).
then H : (X, F ) → (F (Ω, Y ), Sl ) is said to be an observation map and
((X, F ), H) is said to be a U -action with an observation map. We assume
that UMor(X, F (Ω, Y )) is a set of any observation maps H : (X, F ) →
(F (Ω, Y ), Sl ).

(3-C.3) Proposition
Let (X, F ) be a U -action. A map 1 : UMor(X, F (Ω, Y )) → F (X, Y ); H .→
1 ·H := h is a bijection. Namely, there is a bijective correspondence between
the U -action with an observation map ((X, F ), H) and the U -action with a
readout map ((X, F ), h), where Hx(ω) = h ·φF (ω)x hold for any ω ∈ Ω and
x ∈ X.

[proof] See Matsuo [1977] or [1981].

Remark: Let (X, F ) in Proposition (3-C.3) be (Ω, ∗|), then there uniquely
corresponds the observation map A : (Ω, ∗|) → (F (Ω, Y ), Sl ) (note that it
is a sophisticated input/output map) to an output map a ∈ F (Ω, Y ) (note
that it is an input response map) by A(ω)(ω̄) = a(ω̄|ω) for any ω̄, ω ∈ Ω.
(See also Corollary (3-B.4).)
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(3-C.4) Proposition
A U -action with a readout map ((X, F ), h) is distinguishable if and only if
H in the U -action with an observation map ((X, F ), H) corresponding to it
is injective.

[proof] This is obtained by definition of distinguishable.

3.5.D General Dynamical Systems

General Dynamical Systems are composed of a pointed U -action and a
U -action with a readout map. Therefore, based on the results of sections
3-B and 3-C, we will discuss details of General Dynamical Systems.

(3-D.1) Definition
Let ((X, F ), x0) be a pointed U -action and ((X, F ), h) be a U -action with
a readout map. Then a collection σ = ((X, F ), x0, h) is said to be a (naive)
General Dynamical System.
Let ((X, F ), G) be a U -action with an input map and ((X, F ), H) be a
U -action with an observation map, then Σ = ((X, F ), G, H) is said to be
a sophisticated General Dynamical System. For a naive General Dynami-
cal System σ = ((X, F ), x0, h), an input response map aσ : Ω → Y ; ω .→
h · F (ω(|ω|))F (ω(|ω| − 1)) · · ·F (ω(1))x0 is said to be the behaviour of σ.

For a sophisticated General Dynamical System Σ = ((X, F ), G, H), an in-
put/output map A = H ·G : (Ω, ∗|) → (F (Ω, Y ), Sl ) is said to be a behavior
of Σ. A naive General Dynamical System σ = ((X, F ), x0, h) [A sophisti-
cated General Dynamical System Σ = ((X, F ), G, H)] is called canonical if
((X, F ), x0) is reachable [G is surjective] and ((X, F ), h) is distinguishable
[H is injective].

(3-D.2) Proposition
Let N.G.D.S. be a category of naive General Dynamical Systems, and
S.G.D.S. be a category of sophisticated General Dynamical Systems. Then
N.G.D.S. = S.G.D.S. holds.

[proof] This can be obtained easily by Propositions (3-B.3) and (3-C.3).

Remark: Let σ = ((X, F ), x0, h) be a naive General Dynamical System and
Σ = ((X, F ), G, H) be a sophisticated General Dynamical System corre-
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sponding to σ [see Propositions (3-B.3) and (3-C.3)], then the following
relation holds.
(AΣ(1 ))(ω) = (H · G(1 ))(ω) = (H · x0)(ω) = hφF (ω)x0 = aσ(ω), any ω ∈ Ω
between aσ and AΣ. Namely AΣ is the input/output map corresponding to
the input response map aσ. And the converse relation holds.

Let σ1 = ((X1, F1), x0
1, h1) [Σ1 = ((X1, F1), G1, H1) ] and σ2

= ((X2, F2), x0
2, h2) [Σ2 = ((X2, F2), G2, H2)] be General Dynamical Sys-

tems. If a map T : X1 → X2 satisfies Tx0
1 = x0

2 [TG1 = G2] and h1 = h2T
[H1 = H2T ], then T is said to be a dynamical system morphism T : σ1 → σ2
[T : Σ1 → Σ2]. If the T is bijective then T is said to be isomorphism.

(3-D.3) Lemma
Let σ1 = ((X1, F1), x0

1, h1) and σ2 = ((X2, F2), x0
2, h2) be General Dynam-

ical Systems, and T be a dynamical system morphism T : σ1 → σ2. Then
aσ1 = aσ2 holds.

[proof] Let φF1 and φF2 be transition morphism corresponding to F1 and
F2 respectively. Then aσ1(ω) = h1φF1(ω)x0

1 = h2TφF1(ω)x0
1 = h2φF2(ω)Tx0

1
= h2φF2(ω)x0

2 = aσ2(ω) holds.

(3-D.4) Example
For any input response a, the reachable General Dynamical System ((Ω, ∗|),
1 , a) and the distinguishable General Dynamical System ((F (Ω, Y ), Sl ), a, 1)
are ones that realize a. ( See Examples (3.2) and (3.3))
For A ∈ UMor(Ω, F (Ω, Y )), the reachable sophisticated General Dynamical
System Σ = ((Ω, ∗|), I, A) and distinguishable General Dynamical System
Σ = ((F (Ω, Y ), Sl ), A, I) are ones which realize A.
Where I are the Identity map on Ω and F (Ω, Y ) respectively.

(3-D.5) Sub U-actions
Let (X, F ) be a U -action and Z ⊆ X be an invariant sub set under F ,
i.e., any z ∈ Z implies F (u)z ∈ Z for u ∈ U . Setting FZ(u) := F (u)|Z (
restriction of F (u) to Z), (Z, FZ) is a U -action, it is said to be a sub U -action.

(3-D.6) Quotient U-actions
Let (X, F ) be a U -action and an equivalence relation R in X ( x1Rx2 ⇐⇒
h(x1) = h(x2) by a map h : X → Y ) consists with F , i.e., x1Rx2 implies
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F (u)x1RF (u)x2 for any u ∈ U . Then we can introduce a map F̂ (u) : X/R →
X/R; [x] .→ [F (u)x], we obtain a quotient U -action (X/R, F̂ ).

The realization problem of General Dynamical Systems stated before was
the following: For any input response map a ∈ F (Ω, Y ), find a General Dy-
namical System σ that satisfies aσ = a in the category of General Dynamical
Systems. This problem can be rewritten equivalently as the following prob-
lem by Proposition (3-D.2).

Realization problem in sophisticated sense:
[ For any input/output map A : (Ω, ∗|) → (F (Ω, Y ), Sl ), find a sophisticated
General Dynamical System Σ = ((X, F ), G, H) which satisfies AΣ = A
within the category of sophisticated General Dynamical Systems.]

In order to solve the realization problem, we discuss the problem for so-
phisticated General Dynamical Systems subsequently. According to Exam-
ple (3-D.4), there exist many General Dynamical Systems that realize an
input/output map A : (Ω, ∗|) → (F (Ω, Y ), Sl ), but there is no relation be-
tween them. Therefore, we consider only the canonical General Dynamical
Systems that realize A, then we insist that there exist always the canonical
General Dynamical Systems that realize it, and they are isomorphic.

(3-D.7) Proposition
A U -morphism T : (X1, F1) → (X2, F2) can be naturally decomposed into
the following:

X1
π→ X1/T

T b→ im T
j→ X2

Where X1/T is the quotient set induced by the map T , π is the natural sur-
jection, T b is the bijection associated with T and j is the natural injection.
Moreover, they are also U -morphisms respectively.

(3-D.8) Theorem
For any input/output map A : (Ω, ∗|) → (F (Ω, Y ), Sl ), there exist the two
following canonical General Dynamical Systems that realize it.
1) Σq = ((Ω/A, ∗̂|), π, Ai)
Where π is the natural surjection : Ω → Ω/A, Ai is given by Ai = j · Ab for
natural bijection Ab associated with A and the natural injection j : ImA →
F (Ω, Y ).
2) Σs = ((ImA, Sl ), A, I)
Where Ab = As · π.
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To obtain the uniqueness part of realization theorem, we will introduce
a morphism from Σ1 = ((X1, F1), G1, H1) to Σ2 = ((X2, F2), G2, H2) as the
following:
Mor(Σ1, Σ2) := {a relation T12 : X1 → X2; GrTmin

12 ⊆ GrT12 ⊆ GrTmax
12 }.

Where GrTmin
12 is the graph of the relation Tmin

12 := G2 · G−1
1 , GrT12 is the

graph of T12 and GrTmax
12 is the graph of Tmax

12 := H−1
2 ·H1. Then we can ob-

tain the following lemmas in the same manner as in reference Matsuo [1981].

(3-D.9) Lemma
AΣ1 = AΣ2 holds if and only if Mor(Σ1, Σ2) 11= φ.

(3-D.10) Lemma
Let AΣ1 = AΣ2 hold.
1) If G1 in Σ1 is surjective then dom Tmin

12 = X1 holds.
Where dom Tmin

12 is the domain of Tmin
12 .

2) If H2 in Σ2 is injective then Tmax
12 is a partial function: X1 → X2.

(3-D.11) Product U -actions
Let (X1, F1) and (X2, F2) be U -actions. If we introduce a map F1 × F2:
U → F (X1 × X2); u .→ [; (x1, x2) .→ (F1(u)x1, F2(u)x2)] on a product set
X1 × X2, then (X1 × X2, F1 × F2) is a U -action. It is said to be a product
U -action.

(3-D.12) Lemma
Let AΣ1 = AΣ2 hold. Then Gr Tmax

12 is a sub product U -action of (X1, F1)
and (X2, F2).

(3-D.13) Lemma
Let AΣ1 = AΣ2 hold, G1 in Σ1 be surjective and H2 in Σ2 be injective,
then Tmin

12 = Tmax
12 holds. Let T12 := Tmin

12 , then T12 is a system mor-
phism : Σ1 → Σ2 , i.e., T12 is a U -morphism : (X1, F1) → (X2, F2) satisfies
T12 · G1 = G2 and H1 = H2 · T12.

(3-D.14) Theorem
Let Σ1 = ((X1, F1), G1, H1) and Σ2 = ((X2, F2), G2, H2) be canonical re-
alizations of an input/output map A : (Ω, ∗|) → (F (Ω, Y ), Sl ), then there
exists a uniquely isomorphic system morphism T12 : Σ1 → Σ2.
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Remark: This theorem and Proposition (3-D.2) say that the uniqueness part
of Theorem (3.6) is proved.

(3-D.15) Proof of Theorem (3.11)
Let a map T : Sl (Ω)a → X be ; ai .→ i. By step 3), 1 = h · T holds. By step
4) and 5), T · Sl = FT holds. Therefore, T is a dynamical system morphism
: ((Sl (Ω)a, Sl ), a, 1) → ((X, F ), 1, h) and a bijective map : Sl (Ω)a → X.
By Lemma (3-D.3), the behavior of ((Sl (Ω)a, Sl ), a, 1) is equal to one of
((X, F ), 1, h).
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Let the set of output’s values Y be a linear space over the field K. Linear
Representation Systems are presented with the following main theorem. The
main theorem says that for any causal input/output map (equivalently, any
input response map), there exist at least two canonical (quasi-reachable and
distinguishable) Linear Representation Systems which realize (faithfully de-
scribe) it and any two canonical Linear Representation Systems with the
same behavior are isomorphic.

Firstly, their realization theory is stated.
Secondly, details of finite dimensional Linear Representation Systems are

investigated. We give a criterion for the canonicality of finite dimensional
Linear Representation Systems. We give representation theorems of isomor-
phic classes for canonical Linear Representation Systems. We give criterions
for the behavior of finite dimensional Linear Representation Systems. In
adition, a procedure to obtain a canonical Linear Representation System is
given.

Thirdly, their partial realization is discussed according to the above re-
sults. Existence of minimum partial realization is trivially presented. It
rarely happens for minimum partial realizations to be unique up to iso-
morphism. To solve the uniqueness problem, we introduce the notion of
natural partial realizations. The main results for the partial realization are
the following:
1) A necessary and sufficient condition for the existence of the natural par-
tial realizations is given by the rank condition of finite sized Hankel matrix.
2) The existence condition of natural partial realization is equivalent to the
uniqueness condition of minimum partial realizations.
3) An algorithm to obtain a natural partial realization from a given partial
input response map is given.
We can easily understand that the above results of our systems are the same
as ones obtained in linear system theory.

4.1! Realization!Theory!of!Linear!Representation!Systems

(4.1)!Definition
A!system!given!by! the!following!equations! is!written!as!a!collection!σ !=
((X,!F ),!x0,!h)!and!it!is!said!to!be!a!Linear!Representation!System.

T. Matsuo, Y. Hasegawa: Realization Theory of Discrete-Time Dynamical Systems, LNCIS 296, pp. 38--78, 2003.
Springer-Verlag Berlin Heidelberg 2003
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
x(t + 1) = F ((t + 1))x(t)
x(0) = x0

γ(t) = hx(t)

for any t ∈ N , x(t) ∈ X, γ(t) ∈ Y .
Where X is a linear space over the field K, F is a linear operator on X, a
initial state x0 ∈ X and h : X → Y is a linear operator.
The input response map aσ : Ω → Y ; ω 2→ hφF (ω)x0 is said to be the behav-
ior of σ. For an input response map a ∈ F (Ω, Y ), σ which satisfies aσ = a
is called a realization of a.
A Linear Representation System σ is said to be quasi-reachable if the linear
hull of the reachable set {φF (ω)x0; ω ∈ Ω} is equal to X and a Linear Rep-
resentation System σ is called distinguishable if hφF (ω)x1 = hφF (ω)x2 for
any ω ∈ Ω implies x1 = x2.
A Linear Representation System σ is called canonical if σ is quasi-reachable
and distinguishable.

Remark 1: The x(t) in the system equation of σ is the state that produces
output values of aσ at the time t, namely the state x(t) and linear operator
h : X → Y generate the output value aσ(t) at the time t.
Remark 2: It is meant for σ to be a faithful model for the input response
map a that σ realizes a.
Remark 3: Notice that a canonical Linear Representation System
σ = ((X, F ), x0, h) is a system that has the most reduced state space X
among systems that have the behavior aσ (see Definition (4-A.23), Proposi-
tion (4-A.27), (4-A.28), Definition (4-A.29), Propositions (4-A.32), (4-A.33),
Definition (4-A.34), Proposition (4-A.36) and Corollary (4-A.20) in Ap-
pendix 4.5.)

(4.2) Example
A(Ω) := {λ =

∑
ω

λ(ω)eω (finite sum) }.

Where ω = ω̄ implies eω(ω̄) = 1, and ω 5= ω̄ implies eω(ω̄) = 0. Let Sr be a
map : U → L(A(Ω)); u 2→ Sr(u)[λ 2→ ∑

ω
λ(ω)eu|ω, an initial state be e1 and

a linear output map be a : A(Ω) → Y ; λ 2→ a(λ) =
∑

ωλ(ω)a(ω). Then a
collection ((A(Ω), Sr), e1 , a) is a quasi-reachable Linear Representation Sys-
tem that realizes a. (For a linear map : A(Ω) → Y , see Proposition (4-A.22))
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Let F (Ω, Y ) be a set of any input response maps, let Sl : U → L(A(Ω)); u
2→ Sl (u)[a 2→ [ω 2→ a(ω|u)]]. Let a linear output map be 1 : F (Ω, Y ) →
Y ; a 2→ a(1 ). Then a collection (F (Ω, Y ), Sl ), a, 1) is a distinguishable Lin-
ear Representation System that realizes a.

Remark: Note that the linear output map a : A(Ω) → Y is introduced by
the fact F (Ω, Y ) = L(A(Ω), Y ) (See Proposition (4-A.22)).

(4.3) Theorem
The following two Linear Representation Systems are canonical realizations
of any input response map a ∈ F (Ω, Y ).

1) ((A(Ω)/a, Ŝr), [e1 ], â).
Where A(Ω)/a is a quotient space obtained by equivalence relation∑
ω

λ(ω)eω=
∑̄
ω

λ(ω̄)eω̄ ⇐⇒ ∑
ω

λ(ω)a(ω) =
∑̄
ω

λ(ω̄)a(ω̄). Ŝr is given by a map

: U → L(A(Ω)/a); u 2→ Ŝr(u)[λ 2→ ∑
ω

λ(ω)[eu|ω], and â is given by â

: A(Ω)/a → Y ; [λ] 2→ â([λ]) =
∑
ω

λ(ω)a(ω)] .

2) ((1 Sl (Ω)a -), Sl ), a, 1).
Where 1 Sl (Ω)a - is the smallest linear space which contains Sl (Ω)a :=
{Sl (ω)a; ω ∈ Ω}.

[proof] See Remark 2 in Proposition (4-A.27) (or (4-A.32)). Also see
Propositions (4-A.28), (4-A.33), (4-A.36) and Corollary (4-A.38).

(4.4) Definition
Let σ1 = ((X1, F1), x0

1, h1) and σ2 = ((X2, F2), x0
2, h2) be Linear Representa-

tion Systems, then a linear operator T : X1 → X2 is said to be a Linear Rep-
resentation System morphism T : σ1 → σ2 if T satisfies TF1(u) = F2(u)T
for any u ∈ U , Tx0

1 = x0
2 and h1 = h2T . If T : X1 → X2 is bijective, then

T : σ1 → σ2 is said to be an isomorphism.

(4.5) Realization Theorem of Linear Representation Systems
For any input response map a ∈ F (Ω, Y ), there exist at least two canonical
Linear Representation Systems which realize a. (Existence part).
Let σ1 and σ2 be any two canonical Linear Representation Systems that real-
ize a ∈ F (Ω, Y ), then there exists an isomorphism T : σ1 → σ2. (Uniqueness
part).
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[proof] The former part is the same as Theorem (4.3). The latter part is
obtained by Remark of Lemma (4-A.42) in Appendix 4.5.

4.2 Finite Dimensional Linear Representation Systems

Based on the realization theory (4.5), we study structures of finite-dimensional
Linear Representation Systems in this section. To obtain concrete and mean-
ingful results, we assume that the set U of input values is finite; i.e., U :=
{ui; 1 ≤ i ≤ m for some m ∈ N}. This assumption implies that the dif-
ference morphism F of a Linear Representation System σ = ((X, F, x0, h)
is completely determined by the finite matrices {F (ui); 1 ≤ i ≤ m}. But it
will be presented that the assumption is not so special. Main results can be
stated in the following four steps:

Firstly, we present conditions when finite dimensional Linear Representa-
tion System is canonical.

Secondly, we obtain the representation theorem for finite dimensional
canonical Linear Representation Systems, namely, we show two standard
systems as a representative in their equivalence classes. One is the quasi-
reachable standard system, and the other is the distinguishable standard
system.

Thirdly, we give two criterions for the behavior of finite dimensional Lin-
ear Representation Systems. One is the rank condition of infinite Hankel
matrix, and the other is the application of Kleene’s Theorem obtained in
automata theory.

Lastly, we give a procedure to obtain the quasi-reachable standard system
which realizes a given input response map.

We will prove the above matters in Appendix 4.5.B.

(4.6) Corollary
Let T be a Linear Representation System morphism T : σ1 → σ2, then
aσ1 = aσ2 holds.

[proof] This is a direct calculation by the definition of the behavior and
Linear Representation System morphism.

There is a fact about finite dimensional linear spaces that an n-dimensional
linear space over the field K is isomorphic to Kn and L(Kn, Km) is iso-
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morphic to Km×n (See Halmos [1958]). Therefore, without loss of gen-
erality, we can consider n-dimensional Linear Representation System as
σ = ((Kn, F ), x0, h), where F is a map : U → Kn×n, x0 ∈ Kn and h ∈ Kp×n.
Now we will show that the assumption of finiteness for input value’s set U
is not so special.

(4.7) U = {u1, u2}
In this case, a Linear Representation System σ = ((Kn, F ), x0, h) can be
completely determined by {F (ui); ui ∈ U for i = 1, 2}.
If on-off inputs are applied to a black-box, any non-linear system can be
treated in this case.
Moreover, if an optimal solution is a bang-bang control, when a controlled
object is in the optimal controlled condition, then it can be treated in this
case.

(4.8) Cases where U is a convex set in Rm

Let the set U be a convex set in Rm and a set V of the extreme points be
a finite set {uj ; 1 ≤ j ≤ m}. Let F in σ = ((Kn, F ), x0, h) be a linear op-
erator : U → Kn×n, i.e. F (

∑m
i=1 αiei) =

∑m
i=1 αiF (ui),

∑m
i=1 αi = 1. Then

the Linear Representation System σ = ((Kn, F ), x0, h) can be rewritten as
a Linear Representation System σ̃ = ((Kn, F̃ ), x0, h).
Where F̃ : V → Kn×n is given by F̃ (ui) = F (ui) for any ui ∈ V .
Note that the quasi-reachability of σ is equivalent to the quasi-reachability
of σ̃.

(4.9) U = Rm

Let K = R and V = {0, e1, e2, · · · , em} for basis ei in Rm(1 ≤ i ≤ m).
Let F in σ = ((Rn, F ), x0, h) be an affine operator : U → Rn×n, i.e.
F (
∑m

i=1 αiei) = A + (
∑m

i=1 αiÑi), A, Ñi ∈ Rn×n, i ∈ N . Then the Lin-
ear Representation System σ = ((Rn, F ), x0, h) can be rewritten as a Linear
Representation System σ̃ = ((Rn, F̃ ), x0, h). Where F̃ : V → Kn×n is given
by F (0) = A, F (ei) = A + Ñi for any i(1 ≤ j ≤ m). Note that this σ̃ is a
homogeneous bilinear system investigated by Tarn & Nonoyama [1976].
Note that the quasi-reachability of σ is equivalent to the quasi-reachability
of σ̃.

(4.10) K − U -Automata
Extending an automaton, Eilenberg defined K − U -automaton
A = (Q, E, x0, h) which is a sort of deterministic automaton by the
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following four conditions. Though Eilenberg discussed in the case where K
is a semi-ring, here let K be the field.
1) U is an alphabet of finite elements (m elements).
2) Q is a state set of finite elements (n elements).
3) x0 and h are functions from Q into K.
4) E is a function from Q × Q × U into K.
There we will show that K − U -automaton A = (Q, E, x0, h) become a
n-dimensional Linear Representation System σ = ((Kn, F ), x0, h).
Let x0 := [x1, x2, · · · , xn]T for the function x0 : Q → K; qi 2→ xi(1 ≤ i ≤ n).
Then x0 may be in Kn. Let h := [h1, h2, · · · , hn] for the function
h : Q → K; qi 2→ hi(1 ≤ i ≤ n), then h may be in K1×n.
For the function E : Q × Q × U → K, let a map F : U → Kn×n saisfy the
following equations:
Fi,j(u) := E(qi, qj , u) for 1 ≤ i ≤ n, 1 ≤ j ≤ n. Where u ∈ U, qi, qj ∈ Q
and Fi,j(u) denote the element of i-th row and j-th column of matrix
F (u). Then F may be the same as E. Therefore, the K − U -automaton
A = (Q, E, x0, h) may be the same as the Linear Representation System
σ = ((Kn, F ), x0, h).
Eilenberg had defined the behavior |A|(ω) = hE∗(ω)x0 for any ω ∈ Ω and
E∗ = I + E + E2 + · · · + En + · · ·. There, we have |A|(ω) = aσ(ω) for any
ω ∈ Ω. Namely, the behavior of A is the same as one of σ. By the above
discussion, a K − U -automaton can be considered as a finite dimensional
Linear Representation System.

(4.11) Theorem
A Linear Representation System σ = ((Kn, F ), x0, h) is canonical if and
only if the following conditions 1) and 2) hold.
1) rank [x0, F (u1)x0, · · · , F (um)x0, · · · , F (u1)2x0, F (u1)F (u2)x0,
· · · , F (u1)F (um)x0, · · · , F (um)2x0, · · · , F (u1)n−1x0, F (u2)F (u1)n−2x0, · · · ,
F (um)n−1x0] = n.
2) rank [hT , (hF (u1))T , · · · , (hF (um))T , (hF (u1)2)T , · · · , (hF (u1)F (um))T ,
· · · , (hF (u1)n−1)T , (hF (u1)n−2F (um))T , · · · , (hF (um)n−1)T ] = n.

[proof] See Propositions (4-B.6) and (4-B.13) in Appendix 4.5.

(4.12) Definition
Let the input value’s set U be U := {ui; 1 ≤ i ≤ m} and let a map
‖ ‖ : U → N be ui 2→ ‖ui‖ = i. And let a numerical value ‖|ω‖| of an
input ω ∈ Ω be ‖|ω‖| = ‖ω(|ω|)‖ + ‖ω(|ω| − 1)‖ × m + · · · + ‖ω(1)‖ × m|ω|−1

and ‖|1‖| = 0.
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And we define totally ordered relation by this numerical value in Ω.
Namely, ω1 ≤ ω2 ⇐⇒ ‖|ω1‖| ≤ ‖|ω2‖|.

(4.13) Definition
A canonical Linear Representation System σ = ((Kn, Fs), e1, hs) is said to
be a quasi-reachable standard system if input sequences {ωi; 1 ≤ i ≤ n}
given by ei = φFs(ωi)e1 satisfy the following conditions:

1) 1 = ω1 < ω2 < · · · < ωn and |ωi| ≤ i − 1 for i(1 ≤ i ≤ n) hold.

2) φFs(ω)e1 =
∑j

i=1 ej holds for any input sequence such that ωj < ω <
ωj+1(1 ≤ i ≤ n − 1), ω ∈ Ω.

(4.14) Representation Theorem for equivalence classes
For any finite dimensional canonical Linear Representation System, there
exists a uniquely determined isomorphic quasi-reachable standard system.

[proof] See (4-B.16) in Appendix 4.5.B.

(4.15) Definition
Let Y be a field K for convenience. A canonical Linear Representation Sys-
tem σd = ((Kn, Fd), x0

d, hd) is said to be a distinguishable standard system
if input sequences {ωi; 1 ≤ i ≤ n} given by e1

T = hde1
T φFd

(ωi) satisfy the
following conditions:
1) 1 = ω1 < ω2 < · · · < ωn and |ωi| ≤ i − 1 for i(1 ≤ i ≤ n) hold.
2) e1

T φFd
(ω) =

∑j
i=1 αie1

T holds for any input sequence ω such that
ωj < ω < ωj+1(1 ≤ i ≤ n − 1).

(4.16) Representation Theorem for equivalence classes
For any finite dimensional canonical Linear Representation System, there
exists a uniquely determined isomorphic distinguishable standard system.

[Proof] See (4-B.17) in Appendix 4.5.B.

(4.17) Definition
For any input response map a ∈ F (Ω, Y ), the corresponding linear in-
put/output map A : (A(Ω), Sr) → (F (Ω, Y ), Sl ) satisfies A(eω)(ω̄) = a(ω̄|ω)
for ω, ω̄ ∈ Ω.
Hence, A can be represented by the next infinite matrix HL

a . This HL
a is

said to be a Hankel matrix of a.
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

...

...
H L

a =
...

−
ω · · · · · · a(

−
ω |)



See Remark 2 of Proposition (4-A.27) about the corresponding linear in-
put/output map A.

(4.18) Theorem for existence criterions
For an input response map a ∈ F (Ω, Y ), the following conditions are equiv-
alent:
1) The input response map a ∈ F (Ω, Y ) has the behavior of n-dimensional
canonical Linear Representation System.
2) There exist n linearly independent vectors and no more than n linearly
independent vectors in a set {Sl (ω)a; |ω| ≤ n − 1 for ω ∈ Ω}.
3) The rank of the Hankel matrix HL

a of a is n.

[proof] See (4-B.18) in Appendix 4.5.B.

Remark: Fliess [1974] has introduced the Hankel matrix of the non-commutative
formal power series and shown that the recognizability of the formal power
series is equal to the finite rank of its Hankel matrix.
Let A(Ω) have the following operation ×.
× : A(Ω)×A(Ω) → A(Ω); (

∑
ω λ(ω)eω,

∑
ω̄ λ(ω̄)eω̄) 2→ (

∑
ω λ(ω)eω)× (

∑
ω̄ λ(ω̄)eω̄)

=
∑

ω′(
∑

ω|ω̄=ω′ λ(ω)λ(ω̄)eω′)
Then A(Ω) is an algebra over K, and is a free algebra over K.
As a ∈ F (Ω, K) can be expressed as a formal power series a =

∑
ω a(ω)eω,

it can be considered that F (Ω, K) contains A(Ω). Here, we introduce an
operation ∗ : F (Ω, K) × F (Ω, K); a 2→ a∗ =

∑∞
j=1(a − a(1 ))j .

(4.19) Definition
A smallest subset which is a sub algebra of F (Ω, K) which contains A(Ω)
and is closed under the operation ∗ is said to be a rational set Rat(Ω). And
a ∈ Rat(Ω) is said to be to be rational.



46 4 Linear Representation Systems

(4.20) Theorem
An input response function a ∈ F (Ω, K) is the behavior of a finite dimen-
sional Linear Representation System if and only if the formal power series
a is rational.

[proof] See K − U -automata (4.10) and Eilenberg [1974].

Remark 1: The equivalent condition for the commutative formal power se-
ries of one-variable to be rational has been obtained. See Gantmacher [1959]
and Kalman, Falb and Arbib [1969]. Also see Matsuo and Hasegawa [1982]
for two variables.
Remark 2: Fliess [1970],[1974] has pointed out that the recognizability of
the three-variable commutative formal power series can be characterized by
the same form as the rational function in Theorem (4.7).

(4.21) Theorem for a realization procedure
Let an input response a ∈ F (Ω, Y ) satisfy the condition of Theorem (4.18),
then the quasi-reachable standard system σs = ((Kn, Fs), e1, hs) which re-
alizes the input response map a can be obtained by the following procedure:
1) Select the linearly independent vectors {Sl (ωi)a; 1 ≤ i ≤ n} of the set
{Sl (ω)a; |ω| ≤ n − 1, ω ∈ Ω} in order of the index value.
2) Let the state space be Kn, the initial state be e1.
3) Let the output map hs = [a(ω1), a(ω2), a(ω3), · · · , a(ωn)].
4) Let ifj ∈ Kn in Fs(ui) := [if1 if2 · · · ifn ] be ifj := [ifj,1 ifj,2 · · · ifj,n]T ,
where Sl (ui)Sl (ωj)a =

∑j
k=1 if1,k Sl (ωk)a, ifj,k ∈ K and

e1 = [100 · · · 00]T ∈ Kn.

[proof] See (4-B.19) in Appendix 4.5.

(4.22) Example
Now we consider again the black-box discussed in Example (3.12). Here
we treat it as Linear Representation Systems. We recall the black-box. Let
U := {−1, 0} and Y := R. The black-box may be given by the following
equation:

γ(t + 1) = γ2(t) + ω(t + 1), t ∈ N , γ(0) = 0.
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Where ω(t) ∈ U and γ(t) ∈ Y .

Let a be the input/output relation of it. Based on Theorem (4.21), we ob-
tain a canonical Linear Representation System σ = ((X, Fs), e1, hs) which
realizes a in the following manner:
1) Linearly independent vectors in a set Sl (Ω)a are obviously a1 := a,
a2 := Sl (−1)a and a3 := Sl (0| − 1)a.
2) Let a state set X be R3 and an initial state x0 be e1.
3) Let an output map hs : R3 → Y be hs =

[
0 −1 1

]
.

4) Since Sl (−1)a1 = a2, Sl (−1)a2 = a1 and Sl (−1)a3 = a1, Fs(−1) can
be given by the following. And since Sl (0)a1 = a1, Sl (0)a2 = a3 and
Sl (0)a3 = a3, Fs(0) is given by the following.

Fs(−1) =

 0 1 1
1 0 0
0 0 0

 , Fs(0) =

 1 0 0
0 0 0
0 1 1

 .

(4.23) Example
Now we consider again the example discussed in Example (3.13). Here we
treat it as Linear Representation Systems. Let’s consider a hysteresis char-
acteristic (Figure 3.4 in Example (3.13) of Chapter 3), which is given by the
following relation:

γ(t) :=


0 u < − δu

2
1 δu

2 < u

γ(t − 1) − δu
2 ≤ u ≤ δu

2

Where u ∈ U, γ(t) ∈ Y = R.
Let a be the input response map of the hysteresis characteristic. Applying

Theorem (4.21), we can obtain the canonical Linear Representation System
σ = ((X, Fs), x0, hs) which realizes a in the following manner.
Let U := {u1, u2, u3}. Where −∆u

2 ≤ u2 ≤ ∆u
2 , ∆u

2 < u1 and u3 < −∆u
2 .

1) Linearly independent vectors in a set Sl (Ω)a are obviously a1 := a and
a2 := Sl (u1)a.
2) Let a state set X be R2 and an initial state x0 be e1.
3) Let an output map hs : R2 → Y be hs =

[
0 b

]
.

4) Since Sl (u1)a1 = a2 and Sl (u1)a2 = a2, Fs(u1) can be given by the
following. Since Sl (u2)a1 = a1 and Sl (u2)a2 = a2, Fs(u2) can be given by
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the following. And since Sl (u3)a1 = a1 and Sl (u3)a2 = a1, Fs(u3) can be
given by the following.

Fs(u1) =

(
0 1
1 1

)
, Fs(u2) =

(
1 0
0 1

)
. Fs(u3) =

(
1 1
0 0

)
.

4.3 Partial Realization Theory of Linear
Representation Systems

Here we consider a partial realization problem by multi-experiment. Let
a be an N sized input response map(∈ F (ΩN , Y )), where N ∈ N and
ΩN := {ω ∈ Ω; |ω| ≤ N}. The a is said to be a partial input response map.
A finite dimensional Linear Representation System σ = ((X, F ), x0, h) is
called a partial realization of a if hφF (ω)x0 = a(ω) holds for any ω ∈ ΩN .

A partial realization problem of Linear Representation Systems can be
stated as follows:
< For any given a ∈ F (ΩN , Y ), find a partial realization σ of a such that
the dimensions of state space X of σ is minimum, where the σ is said to be
a minimal partial realization of a. Moreover, show when the minimal real-
izations are isomorphic.>

(4.24) Proposition
For any given a ∈ F (ΩN , Y ), there always exists a minimal partial realiza-
tion of it.

[proof] For any ω 5∈ ΩN , set a(ω) = 0. Then a ∈ F (Ω, Y ), and Theorem
(4.18) implies that there exists a finite dimensional partial realization of a.
Therefore, there exists a minimal partial realization.

Minimal partial realizations are, in general, not unique modulo isomor-
phism. Therefore, we introduce a natural partial realization, and we show
that natural partial realizations exist if and only if they are isomorphic.

(4.25) Definition
For a Linear Representation System σ = ((X, F ), x0, h) and some p ∈ N , if
X =1 {φF (ω)x0; ω ∈ Ωp} -, then σ is said to be p-quasi-reachable.
Where 1 S - denotes the smallest linear space which contains a set S.
Let q be some integer. If hφF (ω)x = 0 implies x=0 for any ω ∈ Ωq, then σ
is said to be q-distinguishable.
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For a given a ∈ F (ΩL, Y ), if there exist p and q ∈ N such that p+ q < L
and σ is p-quasi-reachable and q-distinguishable then σ is said to be a nat-
ural partial realization of a.
For a partial input response map a ∈ F (ΩL, Y ), the following matrix
H L

a (p,L−p) is said to be a finite-sized Hankel-matrix of a.



...

...
H L

a (p,L−p) =
...

−
ω · · · · · · a(

−
ω |)


Where ω̄ ∈ Ωp and ω ∈ ΩL−p.

(4.26) Theorem
Let H L

a (p,L−p) be the finite Hankel-matrix of a ∈ F (ΩL, Y ). Then there ex-
ists a natural partial realization of a if and only if the following conditions
hold:
rank H L

a (p,L−p)= rank H L
a (p,L−p−1) =rank H L

a (p+1,L−p−1) for some p ∈ N .

[proof] See (4-C.9) in Appendix 4.5.C.

(4.27) Theorem
There exists a natural partial realization of a given partial input response
map a ∈ F (ΩL, Y ) if and only if the minimal partial realization of a are
unique modulo isomorphism.

[proof] See (4-C.11) in Appendix 4.5.C.

(4.28) Theorem
Let a partial input response a ∈ F (ΩL, Y ) satisfy the condition of Theo-
rem (4.26), then the quasi-reachable standard system σs = ((X, Fs), e1, hs)
which realizes a can be obtained by the following algorithm.
Set n := rank H L

a (p,L−p), where H L
a (p,L−p) is the finite Hankel-matrix of

a ∈ F (ΩL, Y ).
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1) Select the linearly independent vectors {Sl (ωi)a ∈ F (ΩL−p, Y ); 1 ≤ i ≤ n}
from H L

a (p,L−p) in order of the numerical value.
2) Let the state space be Kn, the initial state be e1 = [100, · · · , 0]T .
3) Let the output map hs = [a(1 )a(ω2)a(ω3) · · · a(ωn)].
4) Let ifj in Fs(ui) := [if1 if2 · · · ifn ] be ifj := [ifj,1 iifj,2 · · · ifj,n] for
1 ≤ i ≤ n. Where ifj is given by the following.
Sl (ui)Sl (ωj)a =

∑j
k=1 ifj,kSl (ωi)a, ifj,k ∈ K in the sense of F (ΩL−p, Y ) and

Sl (ω) : F (Ωs, Y ) → F (Ωs−|ω|, Y ) ; a 2→ Sl (ω)a[; ω̄ 2→ a(ω̄|ω)].

[proof] See (4-C.12) in Appendix 4.5.C.

4.4 Historical Notes and Concluding Remarks

There may be a sign of notions of Linear Representation Systems in Sussman
[1976]. As we mentioned in (4.9) and (4.10), homogeneous bilinear systems
and K−U automaton are a sort of Linear Representation Systems. See Tarn
& Nonoyama [1976] and Fliess [1978] for homogeneous bilinear systems of
discrete-time. See also Brockett [1976a] for ones of continuous-time. See Paz
[1966] for probablistic automaton. Schuzenberger [1961] considered general-
ized automata which are called K − U automata by Eilenberg [1974].
A(Ω) in Example (4.2) may be equal to the algebra of polynomial of non
commutative variable introduced by Fliess [1970] and [1974].

Nerode equivalence for A(Ω) in Theorem (4.3) is new. Therefore, nerode
equivalence for A(Ω) in Theorem (4.4) is new. See Section 3.4 in Chapter 3
for the comments for nerode equivalence.

It is shown that the uniqueness Theorem (4.5) holds in the sense of Lin-
ear Representation Systems, namely the theorem is more stronger than in
the sense of General Dynamical Systems. We also can give the same Theo-
rem (5.14) as Theorem (4.5) by using different dynamical systems which is
said to be Affine Dynamical Systems. Therefore, we obtain two theorems for
arbitrary input response map (equivalently, input/output map with causal-
ity). Details of relations between Linear Representation Systems and Affine
Dynamical Systems were discussed in Niinomi and Matsuo [1981].

Theorem (4.11) is the theorem for finite dimensional Linear Representa-
tion Systems to be canonical. It can be easily understood that this theorem is
an extension of theorem for finite dimensional linear systems to be canonical.
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We gave the quasi-reachable standard system and distinguishable stan-
dard system that correspond to companion forms of linear systems.

We gave the two criterions for the behavior of finite dimensional Linear
Representation Systems. See the Remark in Theorems (4.18) and (4.20) re-
garding this.

We also gave a realization procedure to obtain the quasi-reachable stan-
dard system from a given input response map.

For other nonlinear systems, Sontag [1979a] has given a procedure to ob-
tain from a given input/output map. but the procedure is not as clear as
ours. Moreover, only we obtained partial Realization Theorems (4.26) and
(4.27). Also we obtained a partial realization algorithm.

In discrete-time case, Isidori [1975] has only given a sufficient condition
of uniqueness and an algorithm for inhomogeneous bilinear systems.
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4.5 Appendix

This Appendix is prepared for the proof of any results about Linear Repre-
sentation Systems.

4.5.A Realization Theorem

This Appendix 4.5.A is prepared for the proof of Realization Theorem (4.5)
of Linear Representation Systems. To prove it, we equivalently convert the
Linear Representation Systems to sophisticated Linear Representation Sys-
tems owing to the result of Appendix 4.5.A to 4.5.C. In Appendix 4.5.A,
we prove the realization theorem in the sophisticated Linear Representation
Systems. This implies that Theorem (4.5) is proved.

4.5.A.1 Linear State STRUCTURE: Linear U-Actions

(4-A.1) Definition
A system given by the following equation is written as a pair (X, F ) and it
is said to be a linear U -action.
x(t + 1) = F (ω(t + 1)x(t)
Where X is a linear space over the field K and a map F : U → L(X); u 2→
F (u).
Let (X1, F1) and (X2, F2) be linear U -actions, then a linear map T : X1 →
X2 is said to be a U -morphism T : (X1, F1) → (X2, F2) if T satisfies
TF1(u) = F2(u)T for any u ∈ U .

(4-A.2) Example
Let A(Ω) and Sr be the same as that considered in Example (4.2). Then
(A(Ω), Sr) is a linear U -action.

(4-A.3) Example
In the set F (Ω, Y ) of any input response map, let Sl be the same as in Ex-
ample (4.2). Then (F (Ω, Y ), Sl ) is a linear U -action.

(4-A.4) Example
Let X = Kn, and F (u) belong to Kn×n for any u ∈ U , (Kn, F ) is a linear
U -action, and it represents a state difference equation:
x(t + 1) = F (ω(t + 1)x(t).
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(4-A.5) Definition
For linear U-actions (A(Ω), Sr) and (F (Ω, Y ), Sl ) considered in Examples
(4-A.2) and (4-A.3), a linear U-morphism A : (A(Ω), Sr) → (F (Ω, Y ), Sl )
is said to be a linear input/output map. For a linear U -action (X, F ), a
U -morphism G : (A(Ω), Sr) → (X, F ) is said to be a linear input map, and
a U -morphism H : (X, F ) → (F (Ω, Y ), Sl ) is said to be a linear observation
map.

Remark: A linear input/output map A : (A(Ω), Sr) → (F (Ω, Y ), Sl ) is dif-
ferent from the map discussed in Perlman [1980].

As the structure of General Dynamical Systems, we have introduced U -
actions and the Ω-modules in the Appendix 3.5 of Chapter 3. And we have
clarified the relation between U -actions and Ω-modules. Here we newly in-
troduce linear Ω-modules and A(Ω)-modules. Then we relate the connection
among linear U-actions, linear Ω-modules and A(Ω)-modules.

(4-A.6) Definition
Let X be a linear space over the field K and a map φ : Ω → L(X) be a
monoid morphism. i.e. φ(1 ) = I (the Identity map on X), and φ(ω2|ω1) =
φ(ω2) · φ(ω1) hold for any ω1, ω2 ∈ Ω. Then a pair (X, φ) is said to be a
linear Ω-module.

Remark: Let (X, φ) be a linear Ω-module. For ω ∈ Ω and n:=|ω|, a linear
map φ(ω) : X → X transfer a state x(t) at time t to a state x(t + n) after
n time and it is linear transformation. Therefore, it represents a linear state
transition equation.
x(t + n) = φ(ω)x(t)

(4-A.7) Proposition
Let X be a linear space over the field K. For any map F : U → L(X), a map
φ : Ω → L(X) obtained by the following formula *) is a monoid morphism.
Moreover, this correspondence is bijective.
∗) : {

φ(ω) = F (ω(|ω|) · F (ω(|ω| − 1) · F (ω(1)
φ(1 ) = I

for any ω ∈ Ω.
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Therefore, a linear U -action (X, F ) injectively corresponds to a linear Ω-
module (X, φ) by the formula *). Let (X, F ) be a linear U -action correspond-
ing to a linear Ω-module (X, φ), then (X, F ) may be written as (X, φF ).
Conversely, (X, φF ) may be written as (X, F ).

(4-A.8) Example
For the linear U -action (A(Ω), Sr) considered in Example (4-A.2), linear Ω-
module (A(Ω), Sr) corresponding to it is given by setting Sr(ω) := eω for
ω ∈ Ω.

(4-A.9) Example
For the linear U -action (F (Ω, Y ), Sl ) considered in Example (4-A.3), the
linear Ω-module corresponding to it is given by (F (Ω, Y ), Sl ), where Sl (ω) :
F (Ω, Y ) → F (Ω, Y ); a 2→ Sl (ω̄)a[; 2→ a(ω̄|ω)].
Here we introduce A(Ω)-module. We discuss a connection among linear U -
actions, linear Ω-modules and A(Ω)-modules.

(4-A.10) Definition
Let X be a linear space over K and φ̃ : A(Ω) → L(X) be an algebra mor-
phism. i.e. φ̃(x · y) = φ̃(x) · φ̃(y) and φ̃(e1) = I hold. Then a pair (X, φ̃) is
said to be an A(Ω)-module.

Let’s introduce a map :A(Ω)×A(Ω) → A(Ω); (
∑

ω λ(ω)eω,
∑

ω̄ λ(ω̄)eω̄) 2→
(
∑

ω λ(ω)eω)× (
∑

ω̄ λ(ω̄)eω̄) =
∑

ω′(
∑

ω|ω̄=ω′ λ(ω)λ(ω̄)eω′)
Then A(Ω) is an algebra and the free algebra over Ω. Next we state an im-
portant lemma about the free algebra.

(4-A.11) Lemma
Let A be any algebra and a map e : Ω → A(Ω) be ; ω 2→ eω. For any
monoid morphism f : Ω → A, there uniquely exists f̃ : A(Ω) → A such
that f = f̃(λ) · e. Moreover, f̃(λ) = (

∑
ω λ(ω)φ(ω)) holds for any λ =

(
∑

ω λ(ω)eω) ∈ A(Ω). Conversely, for any algebra morphism f̃ : A(Ω) → A,
f = f̃ · e is a monoid morphism : Ω → A.

(4-A.12) Proposition
Let X be a linear space, Mor(Ω, L(X)) be a set of any monoid morphisms
: Ω → L(X) and let AMor(A(Ω), L(X)) be a set of any algebra morphisms
: A(Ω) → L(X).
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Then a map :̃Mor(Ω, L(X)) → AMor(A(Ω), L(X)); φ 2→ φ̃ [; λ 2→ (
∑

ω λ(ω)φ(ω))]
is bijective.

[proof] L(X) is a linear space and an algebra by composition’s operation.
Let A in Lemma (4-A.11) be L(X), then we obtain this proposition.

(4-A.13) Lemma
The A(Ω)-module corresponding to (A(Ω), Sr) is (A(Ω), ·).
Where (A(Ω), Sr) have been considered in Example (4-A.2).

[proof] A(Ω) is clearly an algebra. By Proposition (4-A.7), the linear
morphism Sr : Ω → L(A(Ω)) corresponding to Sr : U → L(A(Ω)); u 2→ eu·
is given by Sr(ω) = eω· for any ω ∈ Ω. By Proposition (4-A.12), the algebra
morphism S̃r : A(Ω) → L(A(Ω)) corresponding to Sr : Ω → L(A(Ω)) is
given by S̃r(λ) = λ· for λ ∈ A(Ω).

(4-A.14) Example
For the linear Ω-module (F (Ω, Y ), Sl ) considered in (4-A.9), the A(Ω)-
module (F (Ω, Y ), S̃l ) corresponding to it is given by setting S̃l (eω) := Sl (ω).

(4-A.15) Definition
Let (X1, F1) [ (X1, φ1) or (X1, φ̃1) ] and (X2, F2) [ (X2, φ2) or ((X2, φ̃2)
be linear U -actions [ linear Ω -module or A(Ω)-module ], then a linear map
T : X1 → X2 is said to be a linear U -morphism (X1, F1) → (X2, F2) [ a linear
U -morphism (X1, φ1) → (X2, φ2) or an A(Ω)-morphism (X1, φ̃1) → (X2, φ̃2)
if T satisfies TF1(u) = F2(u)T for any u ∈ U [ Tφ1(ω) = φ2(ω)T for any
ω ∈ Ω or T φ̃1(eω) = φ̃2(eω)T for any ω ∈ Ω ].

(4-A.16) Proposition
Let (X, φ̃) be an A(Ω)-module. A map T is an A(Ω)-morphism T : (A(Ω), ·)
→ (X, φ̃) if and only if T (λ) = φ̃(λ)T (e1) holds.

[proof] Let T be an A(Ω)-morphism, i.e., T satisfy T (λ) = φ(λ)T . Then
T (λ) = T (λ·e1) = φ̃(λ))T (e1) holds. Conversely, let T (λ) = φ̃(λ)T (e1) hold.
Since T is an algebra morphism, T (λ · λ̃) = φ̃(λ) · φ̃(λ̃)T (e1) = φ̃(λ)T (λ̃)
holds for any λ, λ̃ ∈ A(Ω). i.e., T (λ·) = φ̃(λ)T holds. And clearly T is a
linear operator. Therefore, T is an A(Ω)-morphism T : (A(Ω), ·) → (X, φ̃).
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(4-A.17) Proposition
Let i = 1 and i = 2. Let (Xi, Fi) be a linear U -action, (Xi, φi) be a linear
Ω-module corresponding to it. And let (Xi, φ̃i) be an A(Ω)-module corre-
sponding to (Xi, φi). Then the following three conditions are equivalent.
1) A morphism T is a linear U -morphism : (X1, F1) → (X2, F2).
2) A morphism T is a linear Ω-morphism : (X1, φ1) → (X2, φ2).
3) A morphism T is a A(Ω)-morphism : (X1, φ̃1) → (X2, φ̃2).

[proof] By Proposition (4-A.12), it is obtained that condition 1) is equiv-
alent to condition 2). Here, we assist that 2) is equivalent to 3).
Let’s assume that condition 2) holds, i.e., Tφ1(ω) = φ2(ω)T holds for any
ω ∈ Ω. For any λ =

∑
ω λ(ω)eω ∈ A(Ω), Proposition (4-A.12) implies

that T φ̃1(ω) = T{∑ω φ1(ω)} = λ(ω)Tφ(ω) =
∑

ω λ(ω){Tφ(ω)} = φ̃2(λ)T
holds. Therefore, condition 3) holds. Conversely, let condition 3) hold, i.e.,
T φ̃1(eω) = φ̃2(eω)T hold for any ω ∈ Ω. Then Proposition (4-A.12) im-
plies that Tφ1(ω) = φ2(ω)T holds. Therefore T is a linear Ω -morphism
: (X1, φ1) → (X2, φ2).

In Appendix of Chapter 3, we have introduced the sub U -action, the
quotient U -action and the product U -action. Here we introduce them with
linear structure, i.e., sub linear U -actions, quotient linear U -actions and
product linear U -actions.

(4-A.18) Sub linear U -actions
Let (X, F ) be a linear U -action and Y ⊆ be invariant sub-space under F, i.e.,
F (u)y ∈ Y for any u ∈ U and any y ∈ Y . Let FY (u) := F (u)|Y (restriction
of the map F (u) to Y ), then (Y, FY ) is a linear U -action, and it is said to
be a sub linear U-action of (X, F ).

(4-A.19) Quotient linear U -action
Let (X, F ) be a linear U -action and a linear equivalence relation R in X be
consistent with F . Namely, an equivalence relation R is given by x1 R x2
⇐⇒ x1 − x2 ∈ S for some linear sub space S ⊆ X, and x1 R x2 implies
F (u)x1 R F (u)x2 for any u ∈ U . Then we can consider a quotient linear
space X/R = X/S. Therefore, we can obtain a quotient linear U -action
(X/Z, F̃ ). Where F̃ (u) : X/Z → X/Z; [x] 2→ [F (u)x] for any u ∈ U .

(4-A.20) Corollary
Any linear U -morphism T : (X1, F1) → (X2, F2) can be normally decom-

posed into X1
π→ X1/ker T

T b→ im T
j→ X2
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Where X1/ker T is the quotient set induced by the map T , π is the canon-
ical surjection, T b is the bijection associated with T and j is the canonical
injection. Moreover, they are also linear U -morphism respectively.

(4-A.21) Product linear U -actions
Let (X1, F1) and (X2, F2) be linear U -actions and define (F1 × F2)(u) :
X1 × X2 → X1 × X2; (x1, x2) 2→ (F1(u)x1, F2(u)x2) for the product space
X1 × X2 and any u ∈ U . Therefore, (X1 × X2, F1 × F2) is a linear U -action,
it is said to be a product linear U -action of (X1, F1) and (X2, F2).

(4-A.22) Proposition
A(Ω)′ = F (Ω, Y ).
Where A(Ω)′ is a set of any linear map from A(Ω) to Y .

[proof] For any a ∈ F (Ω, Y ), set ˜ : a 2→ ã[;
∑

λ(ω)eω 2→ ∑
λ(ω)a(ω)],

then ã ∈ A(Ω)′ holds. For any ã ∈ A(Ω)′, set e∗ : ã 2→ ã · e[; ω 2→ (eω), then
ã · e ∈ F (Ω, Y ) holds. Here, e ∗ ·=̃I and ·̃e∗ = I hold. Since F (Ω, Y ) is a
concrete expression of A(Ω)′, we obtain A(Ω)′ = F (Ω, Y ).

4.5.A.2 Pointed Linear U-Actions

In Appendix 3.5.B of Chapter 3, we have introduced the pointed U -action
and U -actions with an input map, and we have shown that they are equiv-
alent. In this section, we introduce pointed linear U-actions and linear U-
actions with a linear input map, and show that they are equivalent. More-
over, we discuss reachability of linear U -actions.

(4-A.23) Definition
For a linear U -action (X, F ) and an initial state x0 ∈ X, a collection
((X, F ), x0) is said to be a pointed linear U -action. A pointed linear U -
action ((X, F ), x0) represents the following equations:{

x(t + 1) = F ((t + 1))x(t)
x(0) = x0

For any t ∈ N , where x(t) ∈ X and ω(t) ∈ U .
For the reachable set R(x0) = {φF (ω)x0; ω ∈ Ω}, the smallest linear space

which contains R(x0) is equal to X, then ((X, F ), x0) is said to be quasi-
reachable.
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(4-A.24) Example
For the linear U -action (A(Ω), Sr) considered in Example (4-A.2) and the
unit element e1 of multiplication, ((A(Ω), Sr), e1) is a pointed linear U -
action and quasi-reachable.

(4-A.25) Example
For the linear U-action (F (Ω, Y ), Sl ) considered in Example (4-A.3) and an
input response map a ∈ F (Ω, Y ), ((F (Ω, Y ), Sl ), a) is a pointed linear U-
action.

(4-A.26) Definition
For pointed linear U -actions ((X1, F1), x0

1) and ((X2, F2), x0
2), a linear U-

morphism T : (X1, F1) → (X2, F2) which satisfies Tx0
1 = x0

2 is said to be a
pointed linear U -morphism : ((X1, F1), x0

1) → ((X2, F2), x0
2).

(4-A.27) Proposition
For any pointed linear U -action ((X, F ), x0), there exists a unique pointed
linear U -morphism G : ((A(Ω), Sr), e1) → ((X, F ), x0).
The G is said to be a linear input map.

[proof] According to setting G(e1) = x0 in Proposition (4-A.16) and
{eω; ω ∈ Ω} being the basis in A(Ω), G is unique.

Remark 1: According to Propositions (4-A.17) and (4-A.27), a linear in-
put map G : (A(Ω), Sr) → (X, F ) corresponds to an initial state x0 ∈ X
uniquely and this correspondence is isomorphism.
Remark 2: If a pointed linear U -action ((X, F ), x0) in Proposition (4-A.27) is
replaced with ((F (Ω, Y ), Sl ), a) considered in Example (4-A.3), then a linear
input map A : (A(Ω), Sr) → (F (Ω, Y ), Sl ) corresponds to an input response
map a ∈ F (Ω, Y ) uniquely, and this correspondence is isomorphism.

By definition of quasi-reachability and the formula of linear input map,
the following proposition can be obtained easily:

(4-A.28) Proposition
A pointed linear U -action ((X, F ), x0) is quasi-reachable if and only if the
corresponding linear input map G is surjective.
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4.5.A.3 Linear U-Actions with a Readout Map

In Appendix 3.5 of Chapter 3, we have introduced the U -action with a read-
out map and U -actions with an output map, and we have shown that they
are equivalent. In this section, we introduce linear U -actions with a readout
map and linear U -actions with a linear output map, and show that they are
equivalent. Moreover, we discuss distinguishablity of linear U -actions with
a readout map.

(4-A.29) Definition
For a linear U -action (X, F ) and a linear map h : X → Y , a collection
((X, F ), h) is said to be a linear U -action with a readout map. A linear U -
action with a readout map ((X, F ), h) represents the following equations:

{
x(t + 1) = F ((t + 1))x(t)
γ(t) = hx(t)

For any t ∈ N , where x(t) ∈ X and γ(t) ∈ Y .
For any ω ∈ Ω, if hφF (ω)x1 = hφF (ω)x2 implies x1 = x2, then ((X, F ), h)

is said to be distinguishable.
Let ((X1, F1), h1) and ((X2, F2), h2) be linear U -actions with a readout map,
then a linear U -morphism T : (X1, F1) → (X2, F2) which satisfies h1 = h2T
is said to be a linear U-morphism with a readout map T : ((X1, F1), h1) →
((X2, F2), h2).

(4-A.30) Example
For the linear U -action (A(Ω), Sr) considered in (4-A.2) and any input re-
sponse map a ∈ F (Ω, Y ), ((A(Ω), Sr), a) is a linear U -action with a readout
map (see Proposition (4-A.22)).

(4-A.31) Example
Regarding the linear U -action (F (Ω, Y ), Sl ) in Example (4-A.3), by defin-
ing a linear map 1 : (F (Ω, Y ) → Y ; a 2→ a(1), ((F (Ω, Y ), Sl ), 1) is a linear
U -action with a readout map and it is distinguishable.

(4-A.32) Proposition
For any linear U -action with a readout map ((X, F ), h), there exists a unique
linear U -morphism H : (X, F ) → (F (Ω, Y ), Sl ) which satisfies h = 1EH,
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where (Hx)(ω) = hφF (ω)x holds for any x ∈ X, ω ∈ Ω.
The H is said to be a linear observation map.

[proof] Let ((X, F ), h) be any linear U -action with a readout map. Defin-
ing (Hx)(ω) = hφF (ω)x (for any x ∈ X, ω ∈ Ω), we can obtain a linear ob-
servation map H : (X, F ) → (F (Ω, Y ), Sl ) and H satisfies h = 1EH. Next,
we will show uniqueness. Let H be a linear observation map : (X, F ) →
(F (Ω, Y ), Sl ) which satisfies h = 1EH, then (Hx)(ω) = Sl (ω)Hx(1) =
1Sl (ω)Hx) = 0(HφF (ω)x) = hφF (ω)x holds for any x ∈ X, ω ∈ Ω. There-
fore, H is unique.

Remark 1: According to Proposition (4-A.32), a linear observation map
H : (X, F ) → (F (Ω, Y ), Sl ) corresponds uniquely to a linear map h : X → Y
and this correspondence is isomorphism.
Remark 2: If ((X, F ), h) in Proposition (4-A.32) is replaced with
((A(Ω)), Sr), a) considered in Example (4-A.30), a linear observation map:
(A(Ω), Sr) → (F (Ω, Y ), Sl ) is a linear input/output map.

A following proposition is obtained easily by noticing the definition of
distinguishability and Proposition (4-A.32).

(4-A.33) Proposition
A linear U -action with a readout map ((X, F ), h) is distinguishable if and
only if the corresponding linear observation map H : (X, F ) → (F (Ω, Y ), Sl )
is injective.

4.5.A.4 Linear Representation Systems

In this section, we introduce sophisticated Linear Representation Systems,
and show that Linear Representation Systems (said to be a naive Linear
Representation Systems) introduced in section 4.1 and sophisticated Linear
Representation Systems are considered as the same thing.

(4-A.34) Definition
A collection Σ = ((X, F ), G, H) is said to be a sophisticated Linear Repre-
sentation System, if G is a linear input map : ((A(Ω), Sr) → (X, F ) and H
is a linear observation map : (X, F ) → (F (Ω, Y ), Sl ).
A linear input/output map AΣ := H ·G : (A(Ω), Sr) → (F (Ω, Y ), Sl ) is said
to be the behavior of Σ.
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For a linear input/output map A, if AΣ = A , then sophisticated Linear
Representation System Σ is called a realization of A.
A sophisticated Linear Representation System Σ = ((X, F ), G, H) is called
canonical if G is surjective and H is injective.
For Σ1 = ((X1, F1), G1, H1) and Σ2 = ((X2, F2), G2, H2), a linear U-morph-
ism T : (X1, F1) → (X2, F2) which satisfies TG1 = G2 and H1 = H2T is said
to be a sophisticated Linear Representation System morphism : Σ1 → Σ2.
If T is surjective and injective then T : (X1, F1) → (X2, F2) is said to be an
isomorphism.

(4-A.35) Example
For the linear U -action (A(Ω), Sr) in Example (4-A.2), identity map I on
A(Ω) and a linear input/output map A : (A(Ω), Sr) → (F (Ω, Y ), Sl ), a col-
lection ((A(Ω), Sr), I, A) is a sophisticated Linear Representation System
with the behavior A.
For the linear U -action (F (Ω, Y ), Sl ) in Example (4-A.3), a linear input/
output map A and identity map I on F (Ω, Y ), then a collection
((F (Ω, Y ), Sl ), A, I) is a sophisticated Linear Representation System with
the behavior A.

In this situation, we consider the relation between sophisticated Linear
Representation Systems and naive ones.

(4-A.36) Proposition
For any sophisticated Linear Representation System Σ = ((X, F ), G, H),
there exists a unique naive Linear Representation System σ = ((X, F ), x0, h)
corresponding to the sophisticated Linear Representation System by two
equations (a.1) and (a.2).∑

ω λ(ω)φF (ω)x0 = G(
∑

ω λ(ω)Sl (ω)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (a.1)
hφF (ω)x = (Hx)(ω) for any x ∈ X, ω ∈ Ω . . . . . . . . . . . . . . . . . . . . . . . . . . (a.2)
This correspondence is isomorphic in the category’s sense ( Pareigis [1970]).

[proof] It is easily obtained from Remark 1 of Proposition (4-A.25) and
Remark 1 of Proposition (4-A.32).

4.5.A.5 (Sophisticated) Realization Theorem

In this section, we will prove the Realization Theorem (4.5). According to
Remark 2 in Proposition (4-A.27) (or Remark 2 in Proposition (4-A.32))
and Proposition (4-A.36), the realization theorem can be replaced with the
following Theorem (4-A.37). Therefore, proving this theorem implies proving
Realization Theorem (4.5).
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(4-A.37) (Sophisticated) Realization Theorem
For any linear input/output map A : (A(Ω), Sr) → (F (Ω, Y ), Sl ), there
exist at least two sophisticated canonical Linear Representation Systems
that realize A (existence part).

Let Σ1 = ((X1, F1), G1, H1) and Σ2 = ((X2, F2), G2, H2) be sophisticated
canonical Linear Representation Systems that have the same behavior, then
there exists an isomorphism T : Σ1 → Σ2 (uniqueness part).

[proof] A next Corollary (4-A.38) signifies proving the existence part.
Moreover, Remark in Corollary (4-A.42) signifies proving the uniqueness.

(4-A.38) Corollary
For any linear input/output map A : (A(Ω), Sr) → (F (Ω, Y ), Sl ), the follow-
ing sophisticated Linear Representation Systems (1) and (2) are canonical
realizations of A.
(1) Σq = ((A(Ω)/ker A, S̃l , π, Ai).
Where π is the canonical surjection : A(Ω) → A(Ω)/ker A and Ai is given by
Ai = jAb for Ab : A(Ω)/ker A → im A being isomorphic with A and j being
the canonical injection : im A → F (Ω, Y ).
(2) Σs = ((im A, Sl ), As, j).
Where As = Ab · j.

[proof] This can be obtained easily by Corollary (4-A.20), Example (4-
A.35), the definition of canonicality and the definition of the behavior.

Next, to prove the uniqueness part of Theorem (4-A.37), we introduce a
following morphism Mor(Σ1, Σ2) from a sophisticated Linear Representa-
tion System Σ1 to another sophisticated Linear Representation System Σ2.
Where Σ1 and Σ2 are given by Σ1 = ((X1, F1), G1, H1) and Σ2 = ((X2, F2),
G2, H2) respectively.
Mor(Σ1, Σ2) := { a relation T : X1 → X2; GrTmin

12 ⊆ GrT12 ⊆ GrTmax
12 }.

Where GrTmin
12 , GrT12 and GrTmax

12 denote the graph of Tmin
12 := G2 · G−1

1 ,
T12 and H−1

2 · H1 respectively.
Why this morphism is introduced depends on the next lemma.

(4-A.39) Lemma
AΣ1 = AΣ2 if and only if Mor(Σ1, Σ2) 5= ∅.
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[proof] This can be proved the same as in Matsuo [1977] and [1981].

(4-A.40) Lemma
Let AΣ1 = AΣ2 hold.
(1) If G1 of Σ1 is surjective, then dom Tmin

12 = X1 holds, where
dom Tmin

12 denotes the domain of Tmin
12 .

(2) If H2 of Σ2 is injective, then Tmax
12 is a partial function : X1 → X2.

[proof] This can be proved the same as in Matsuo [1977] and [1981].

(4-A.41) Lemma
Let AΣ1 = AΣ2 hold, then GrTmax

12 is an invariant sub-product linear U -
action of (X1, F1) and (X2, F2).

[proof] By the definition of Tmax
12 , GrTmax

12 = {(x1, x2) ∈ X1×X2; H1x1 =
H2x2} holds. Let (x1, x2) and (x1′ , x2′) ∈ GrTmax

12 , i.e., H1x1 = H2x2 and
H1x1′ = H2x2′ hold. H1(x1 + x1′) = H1x1 + H1x1′ = H2x2 + H2x2′ =
H2(x2 + x2′) hold. This implies (x1 + x1′ , x2 + x2′) ∈ GrTmax

12 . For k ∈ K
and (x1, x2) ∈ GrTmax

12 , (kx1, kx2) ∈ GrTmax
12 holds. Moreover, for u ∈

U and (x1, x2) ∈ GrT12 max, H1F1(u)x1 = Sl (u)H1x1 = Sl (u)H2x2 =
H2F2(u)x2 hold. Hence, we obtain (F1(u)x1, F2(u)x2) ∈ GrTmax

12 . Therefore,
GrT12 max ⊆ X1 × X2 is invariant under F1 × F2. Therefore, (GrTmax

12 ,
F1 × F2) is a linear U -action.

(4-A.42) Lemma
Let AΣ1 = AΣ2 hold, G1 be surjective and H2 be injective, then Tmin

12 = Tmax
12

holds and T12 is a Linear Representation System morphism : Σ1 → Σ2 by
setting T12 = Tmin

12 .

[proof] If G1 is surjective and H2 is injective, then Lemma (4-A.40) im-
plies that T12 ∈ Mor(Σ1, Σ2) is unique, T12G1 = G2 and H2T12 = H1 hold.
Owing to Lemma (4-A.41), T12 is a linear U-morphism : (X1, F1) → (X2, F2).

Remark: The uniqueness part of (sophisticated) Realization Theorem (4-
A.37) for input response maps is proven by the canonicality of sophisticated
Linear Representation Systems and Lemma (4-A.42).
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4.5.B Finite Dimensionality

In this part, we will give proofs for theorems, Propositions and corollaries
stated in section 4.2.

4.5.B.1 Pointed Finite Dimensional Linear U-Actions

In Appendix 4.5.A, the linear U -actions were introduced. In this section, we
consider those whose state space is finite dimensional. Then it is shown that
finite dimensional linear U -actions can be represented by matrix expressions.

(4-B.1) Definition
A linear U -action (X, F ) of which X is finite (n) dimensional is said to be
a finite dimensional (n dimensional) linear U -action.

In Appendix 4.5.A, we showed that an initial object of any pointed lin-
ear U-action ((X, F ), x0) is ((A(Ω), Sr, e1) and the quasi-reachability of
((X, F ), x0) implies a surjection of the corresponding linear input map G. In
this section, we will give a criterion for being quasi-reachable of pointed fi-
nite dimensional linear U -actions. Introducing the quasi-reachable standard
form, we show that it is a representative of pointed linear U -actions.

Let ((X, F ), x0) be a pointed linear U -action and G be the linear in-
put map corresponding to an initial state x0, namely, a linear U -morphism
:((A(Ω), Sr) → (X, F ) which satisfies G(e1) = x0.
Let QR(i) be the linear hull of reachable set by input whose length is within
i, i.e., QR(i) :=1 {∑λjxj ; xj = φF (ωj)x0, ωj ∈ Ωi λj ∈ K} -
. Where Ωi := {ω ∈ Ω ; |ω| ≤ i ∈ N}.
Then the following formula holds.
QR(i + 1) =QR(i) + 1 {F (u)x; u ∈ U, x ∈ QR(i)} -.
Therefore, the following sequence can be obtained.
QR(0) ⊆ QR(1) ⊆ · · ·QR(i) ⊆ · · · ⊆ QR(∞).
And QR(n) = G(1 Ωn -) holds. Where, 1 Ωn - denotes the linear hull
of Ωn in A(Ω).

Moreover, let Gl = G · Jl, where Jl is the canonical injection : 1 Ωl -→
A(Ω).
Then the above sequence can be rewritten as the following.
im G0 ⊆ im G1 ⊆ · · · ⊆ im Gi ⊆ · · · ⊆ im G∞.
Then we can obtain the next lemma easily.
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(4-B.2) Lemma
If im Gj−1 = im Gj for an integer j ∈ N then im Gj = im Gj+1.

[proof] By the formula, im Gj = im Gj−1 +{F (u)x; u ∈ U, x ∈ im Gj−1}
holds. By assumption im Gj−1 = im Gj , im Gj+1 = im Gj−1 + {F (u)x; u ∈
U , x ∈ im Gj−1} = im Gj holds.

(4-B.3) Lemma
For any pointed linear U -action ((Kn, F ), x0), then im Gn−1 = im G always
holds. Therefore, ((im Gn−1, F ), x0) is a quasi-reachable pointed linear U -
action.

[proof] This is a direct consequence of Lemma (4-B.2) and definition of
quasi-reachability.

(4-B.4) Proposition
Let ((Kn, F ), x0) be a pointed linear U -action, then ((Kn, F ), x0) is quasi-
reachable if and only if im Gn−1 = Kn holds.

[proof] The necessary and sufficient condition for being quasi-reachable
of ((Kn, F ), x0) is that im G = Kn. By Lemma (4-B.3), this is equivalent
to im Gn−1 = Kn. Consequently, the proposition holds.

(4-B.5) Proposition
Let ((Kn, F ), x0) be a quasi-reachable pointed linear U-action, then im Gj−1
is more than j dimensional for any integer j(1 ≤ j ≤ n).

[proof] For any integer j, let’s assume that there does not exist j lin-
early independent vectors in im Gj−1. And if im Gj−2 ⊆ im Gj−1 holds, then
the condition contradicts the nonexistence of j vectors. Hence, im Gj−2 =
im Gj−1 = · · · = im G∞ holds and im G∞ has no more than j vectors. This
contradicts the quasi-reachability of ((Kn, F ), x0).

(4-B.6) Proposition
Let ((Kn, F ), x0) be a pointed linear U -action. ((Kn, F ), x0) is quasi-reach-
able if and only if
rank [x0, F (u1)x0, F (u2)x0, · · · , F (um)x0, F (u1)2x0,
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F (u1)F (u2)x0, F (u1)F (u3)x0, · · · , F (u1)F (um)x0, F (u2)2x0, · · · ,
F (u1)n−1x0, F (u1)n−2F (u2)x0, · · · , F (um)n−1x0] = n
holds.

[proof] This can be obtained by Proposition (4-B.4).

(4-B.7) Definition
Let ((Kn, F ), x0) be a quasi-reachable pointed linear U -action. If
((Kn, F ), x0) satisfies the following conditions, then it is said to be the quasi-
reachable standard form:
1) ei = φFs(ωi)e1 hold for input sequences {ωi; 1 ≤ i ≤ n}.
2) 1 = ω1 < ω2 < · · · < ωn and |ωi| ≤ i − 1 for i(1 ≤ i ≤ n) hold.
3) φFs(ω)e1 =

∑j
i=1 αiei holds for any input sequence ω such that ωj <

ω < ωj+1(1 ≤ j ≤ n − 1).

Remark: If ((Kn, F ), x0) is the quasi-reachable standard form, note that
x0 = e1.

(4-B.8) Proposition
For any quasi-reachable pointed linear U -action ((Kn, F ), x0), there uniquely
exists the quasi-reachable standard form ((Kn, F ), e1) which is isomorphic
to it.

[proof] We select the set of linearly n independent vectors {φFs(ωi)x0; 1 ≤
i ≤ n , ωi ∈ Ω} in the order of index value of Ω. Then the condition
|ωi| ≤ i − 1 for i(1 ≤ i ≤ n) holds by Proposition (4-B.5).
We introduce a linear operator T : Kn → Kn by setting TφF (ωi)x0 = ei
for i(1 ≤ i ≤ n), then T is a regular matrix. Let Fs(u) := TF (u)T−1 for
any u ∈ U , then Fs(u) ∈ Kn×n and a collection ((Kn, Fs), e1) is a pointed
linear U -action. Since TφF (ωi)x0 = ei for i(1 ≤ i ≤ n), the state ei is a
reachable state by input ωi whose length is shorter than i−1. T is a pointed
linear U -morphism : ((Kn, F ), x0) → ((Kn, Fs), e1). T preserves the linear
independence and dependence. Therefore, ((Kn, Fs), e1) is a quasi-reachable
standard form.
Next, we can show its uniqueness comes from the selection of {ωi; 1 ≤ i ≤ n}.

Remark: There are many equivalence classes in the category of pointed lin-
ear U-actions, and this proposition says that the equivalence classes can be
represented as quasi-reachable standard forms.
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4.5.B.2 Finite Dimensional Linear U-Actions
with a Readout Map

In Appendix 4.5.A, we showed that a final object of any linear U -action
with a readout map ((X, F ), h) is ((F (Ω, Y ), Sl ), 1) and the distinguishabil-
ity of ((X, F ), h) implies an injection of the corresponding linear observation
map H.

In this section, we will give a criterion for being distinguishable of finite
dimensional linear U -actions with a readout. Introducing the distinguishable
standard form, we show that it is a representative of linear U -actions with
a readout map.

Let ((X, F ), h) be a linear U -action with a readout map and H be the
linear observation map corresponding to a readout map h, namely, a linear
U -morphism H : (X, F ) → (F (Ω, Y ), Sl ) which satisfies 1H = h.
Let LO(i) be the linear hull of reachable set by output whose length is within
i, i.e. LO(i) := {∑λjx

∗
j ; x

∗
j = hφF (ωj), λj ∈ K, ωj ∈ Ωi}.

Where Ωi := {ω ∈ Ω; |ω| ≤ i}.
Then the following sequence holds.
LO(0) ⊆ LO(1) ⊆ · · · ⊆ LO(i) ⊆ · · · ⊆ LO(∞).

Let Hl = Pl ·H, where Pl is the canonical surjection : F (Ω, Y ) → F (Ωl, Y ),
and F (Ωl, Y ) := {a ∈ F (Ω, Y ); a : Ωl → Y }.
Then ker Hl = LO(l)0 holds, i.e., ker Hl = {x ∈ X; hx = 0 for h ∈ LO(l)}.
Moreover, ker H = LO(∞)0 holds.

(4-B.9) Lemma
For any linear U -action with a readout map ((Kn, F ), h), LO(n − 1) =1
hφF (Ω) - holds. Where 1 hφF (Ω) -=1 {hφF (ω); ω ∈ Ω} -.

[proof] This can be obtained the same way as Lemma (4-B.3).

(4-B.10) Proposition
For any linear U -action with a readout map ((Kn, F ), h), ((ker Hn−1, F ) is a
sub linear U -action of (Kn, F ) and ((Kn/ker Hn−1 , F̃ ), h̃) is a distinguishable
linear U -action with a readout map.

[proof] Let H be the corresponding linear observation map to h. By
Lemma (4-B.9), LO(n − 1) =1 hφF (Ω) - holds. Therefore, ker Hn−1 =
ker H holds. Because H is a linear U -morphism : (Kn, F ) → (F (Ω, Y ), Sl ),
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(ker Hn−1, F ) is a sub linear U -action of (Kn, F ). Therefore, ((Kn/ker Hn−1 ,

F̃ ), h̃) can be introduced, and become a distinguishable linear U -action with
a readout map.

(4-B.11) Proposition
Let ((Kn, F ), h) be a linear U -action with a readout map. ((Kn, F ), h) is
distinguishable if and only if LO(n − 1) = Kn holds.

[proof] This can be obtained the same as Proposition (4-B.4).

(4-B.12) Proposition
If ((Kn, F ), h) is distinguishable, then LO(j −1) is more than j dimensional
for any j(1 ≤ j ≤ n).

[proof] This can be obtained the same as Proposition (4-B.5).

(4-B.13) Proposition
Let ((Kn, F ), h) be a linear U -action with a readout map. ((Kn, F ), h) is
distinguishable if and only if
rank [hT , (hF (u1))T , EE, (hF (um))T , (hF (u1)2)T , (hF (u1)F (u2))T ,
(hF (u1)n−1)T , · · · , (hF (um)n−1)T ] = n holds.
Where T denotes the transpose of matrix.

[proof] This can be obtained the same as Proposition (4-B.6).

(4-B.14) Definition
Let ((Kn, F ), h) be a distinguishable linear U -action with a readout map.
If ((Kn, F ), h) satisfies the following conditions, then it is said to be the
distinguishable standard form:
1) ei

T = hφFs(ωi) holds for input sequences {ωi; 1 ≤ i ≤ n}.
2) 1 = ω1 < ω2 < · · · < ωn and |ωi| ≤ i − 1 for i(1 ≤ i ≤ n) hold.
3) hφFs(ω) =

∑n
i=1 αiei holds for any input sequence ω such that ωj < ω <

ωj+1(1 ≤ j ≤ n − 1).

Remark: If ((Kn, F ), h) is the distinguishable standard form, note that
h = e1

T .
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(4-B.15) Propositon
For any distinguishable linear U -action with a readout map ((Kn, F ), h),
there uniquely exists the distinguishable standard form ((Kn, Fd), e1

T )
which is isomorphic to it.

[proof] We select the set of linearly n independent vectors {hφF (ωi); 1 ≤
i ≤ n, ωi ∈ Ω} in the order of index value of Ω. Then the condition
|ωi| ≤ i − 1 for i(1 ≤ i ≤ n) holds by Proposition (4-B.12). We intro-
duce a linear operator T : Kn → Kn by setting hφF (ωi)T = ei

T , for
i(1 ≤ i ≤ n), then T is a regular matrix. Let Fd(u) := TF (u)T−1 for
any u ∈ U , then Fd(u) ∈ Kn×n and a collection ((Kn, Fd), e1

T ) is a linear
U -action with a readout map. T is a linear U -morphism with a readout
map : ((Kn, F ), h) → ((Kn, Fd), e1

T ). T preserves the linear independence
and dependence. Therefore, ((Kn, Fd), e1

T ) is the distinguishable standard
form. Next, we can show the uniqueness of it come from the selection of
{ωi; 1 ≤ i ≤ n}.

Remark: There are many equivalence classes in the category of linear U -
actions with a readout map, and this proposition says that the equivalence
class can be represented as the distinguishable standard forms.

4.5.B.3 Finite Dimensional Linear Representation Systems

This section is prepared for the proofs of Representation Theorems (4.14)
and (4.16) for finite dimensional canonical Linear Representation Systems.

(4-B.16) Proof of Representation Theorem (4.14)
Note that a pointed linear U -action in the quasi-reachable standard sys-
tem is the quasi-reachable standard form. Let σ = ((Kn, F ), x0, h) be any
finite dimensional canonical Linear Representation System. For the quasi-
reachable standard form ((Kn, Fd), e1

T ) and a pointed linear U-morphism
T : ((Kn, F ), x0) → ((Kn, Fs), e1) introduced in the proof of Theorem
(4-B.8), let hs := h · T−1. Then T is a Linear Representation System
morphism : ((Kn, F ), x0, h) → ((Kn, Fs), e1, hs). And T is bijective and
((Kn, Fs), e1, hs) is the only quasi-reachable standard system. By Corollary
(4.6), the behaviors of ((Kn, F ), x0, h) and ((Kn, Fs), e1, hs) are the same.
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(4-B.17) Proof of Representation Theorem (4.16)
Note that a linear U -action with a readout map in the quasi-reachable stan-
dard system is the distinguishable standard form. Let σ = ((Kn, F ), x0, h)
be any finite dimensional canonical Linear Representation System. For the
distinguishable standard form ((Kn, Fd), e1

T ) and a linear U -morphism with
readout map T : ((Kn, F ), h) → ((Kn, Fd), e1

T ) introduced in the proof of
Theorem (4-B.15), let x0

d := Tx 0. Then T is a Linear Representation Sys-
tem morphism : ((Kn, F ), x0, h) → ((Kn, Fd), x0

d, e1
T ). And T is bijective

and σd = ((Kn, Fd), x0
d, e1

T ) is the only distinguishable standard system.
By Corollary (4.6), the behaviors of σ and σd are the same.

4.5.B.4 Existence Criterion for Linear Representation Systems

This section is prepared for the proofs of the theorem for existence cri-
terion (4.18).
Let Gl = G · Jl, where Jl is the canonical injection : 1 Ωl -→ A(Ω).
Let Hl = Pl · H, where Pl is the canonical surjection : F (Ω, Y ) → F (Ωl, Y ),

(4-B.18) Proof of Theorem (4.18)
Let A be the linear input/output map corresponding to input response
map a ∈ F (Ω, Y ). Obviously, im A = {Sl (ω)a; ω ∈ Ω}. Let Al := A · Jl,
and let a linear operator A(l,m) : Ωl → F (Ωm, Y ) be defined by setting
A(l,m) := Pm · A · Jl, then A(l,m) can be represented by a partial Hankel ma-
trix HL

a (l,m) of the Hankel matrix HL
a , where HL

a (l,m) = [a(ω̄|ω)] for ω ∈ Ωl

and ω̄ ∈ Ωm.
First, we show 1) =⇒ 2). By Theorem (4.3) and Corollary (4-A.38), im A is
n dimensional. If im An−1 5= im An then the dimension of im An is n + 1 or
more by Lemma (4-B.2), therefore, im An−1 = im An = · · · = im A. Con-
sequently, there exist n linearly independent vectors in {Sl (ω)a; |ω| ≤ n − 1
for ω ∈ Ω}, but not n + 1 or more linearly independent vectors in it.
Secondly, we show 2) =⇒ 3). Since im An−1 = im An, im An−1 = im An =
· · · = im A holds. Therefore, the dimension of im Ar is n for r ≤ n − 1.
On the other hand, by Corollary (4-A.38) and Lemma (4-B.9), ker Ps = 0
for s ≤ n − 1. Consequently, the dimension of im Ps · A · Jr is n. Therefore,
the rank of partial Hankel matrix HL

a (r,s) corresponding to Ps · A · Jr is n.
Lastly, we show 3) =⇒ 1). Since the rank of the Hankel matrix HL

a is n,
the range im A of the linear input/output map A corresponding to HL

a is n
dimensional. By im A =1 {Sl (ω)a; ω ∈ Ω} - and Corollary (4-A.38), 1) is
obtained.
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4.5.B.5 Realization Procedure
for Linear Representation Systems

This section is prepared for the proof of theorem for realization procedure
(4.21).

(4-B.19) Proof of Theorem (4.21)
Let R(a) := {Sl (ω)a; ω ∈ Ω}. By Theorem (4.3), ((1 R(a) -, Sl ), a, 1) is
a canonical Linear Representation System that realizes a ∈ F (Ω, Y ). The
linearly independent vectors {Sl (ωi)a; 1 = ω1 < ω2 < · · · < ωn, ωi ∈ Ω and
|ωi| ≤ i − 1 for i(1 ≤ i ≤ n)} satisfies {Sl (ωi)a; 1 = ω1 < ω2 < · · · < ωn,
ωi ∈ Ω and |ωi| ≤ i − 1 for i(1 ≤ i ≤ n)} = R(a) . Let a linear map T :
1 R(a) -→ Kn be T · Sl (ωi)a = ei for any i(1 ≤ i ≤ n). Then, by step 3),
hs · T = 1 holds. And by step 4), Fs(u) · T = T · Fs(u) holds for any u ∈ U .
Consequently, T is bijective and a Linear Representation System morphism
: ((1 R(a) -, Sl ), a, 1) → ((Kn, Fs), e1, hs).
By Corollary (4.6), the behavior of ((Kn, Fs), e1, hs) is a. It follows from
the choice of {Sl (ωi)a; ωi ∈ Ω and |ωi| ≤ i − 1 for i(1 ≤ i ≤ n)} and the
determination of map T that ((Kn, Fs), e1, hs) is the quasi-reachable stan-
dard system.

4.5.C Partial Realization

In this appendix, we give proofs for theorems and propositions stated in sec-
tion 4. See Appendices 4.5.A and 4.5.B for details of notions and notations.

4.5.C.1 Pointed Linear U-Actions

Set Ωp := {ω ∈ Ω; |ω| ≤ p for some p ∈ N}, and A(Ωp) := {∑ω λ(ω)eω ∈
A(Ω); ω ∈ Ωp}, and let Jp be the canonical injection Ωp → A(Ω).
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(4-C.1) Definition
If a pointed linear U -action ((X, F ), x0) satisfies X =1 {φF (ω)x0; ω
∈ Ωp} -, ((X, F ), x0) is called p-quasi reachable.

Remark: Note that ((X, F ), x0) is p-quasi-reachable if and only if Gp :=
G · Jp : A(Ωp) → X is surjective. Where G is the linear input map :
(A(Ω), Sr) → (X, F ) corresponding to ((X, F ), x0).

(4-C.2) Proposition
If a linear sub space S of A(Ωp) satisfies the next two conditions, then
there uniquely exists an ideal S ⊆ A(Ω) such that S ∩ A(Ωp+1) = S and
A(Ωp+1)/S is isomorphic to A(Ω)/S. Moreover, a pointed linear U -action
((A(Ω)/S, S̃r), e1 + S) is p-quasi-reachable.
Where S̃r is given by S̃r(λ + S) = Srλ + S.
condition 1: λ ∈ A(Ωp) ∩ S implies Sr(u)λ ∈ S for any u ∈ U .
condition 2: There exist coefficients λ(ωi) ∈ K such that eω−∑ωi∈Ωp

λ(ωi)eωi

∈ S for any ω ∈ Ω, |ω| = p + 1.

[proof] Let J(p,p+1) : A(Ωp) → A(Ωp+1) be the canonical injection and
πS : A(Ωp+1) → A(Ωp+1)/S be the canonical surjection. Then condition 2
implies that a composition map πS · J(p,p+1) is surjective. And condition 1
implies that Sr(u)λ ∈ S holds for any u ∈ U and λ ∈ S. Therefore, by
setting S̃r(u)(λ+S) = Srλ+S for any λ ∈ A(Ωp+1), we can uniquely define
a map S̃r : U → A(Ωp+1)/S. And ((A(Ωp+1)/S, S̃r), e1 + S) is a pointed
linear U -action and it is p-quasi-reachable. Then a linear input map G :
(A(Ω), Sr) → (A(Ωp+1)/S, S̃r) corresponding to ((A(Ωp+1)/S, S̃r), e1 + S)
is uniquely determined by Proposition (4-A.27). Setting Gp+1 := G · Jp+1,
ker Gp+1 = S holds and S := ker G satisfies S ∩ A(Ωp+1) = S. Since
G is a linear input map, S is an invariant sub space under Sr(u) for any
u ∈ U . Moreover, the surjection of G implies that ((A(Ωp+1)/S, S̃r), e1 + S)
is isomorphic to ((A(Ω)/S, S̃r), e1 +S). Therefore, ((A(Ω)/S, S̃r), e1 +S) is
p-quasi-reachable. The uniqueness of S is obtained by the uniqueness of S̃r

and G.

4.5.C.2 Linear U-Actions with a Readout Map

Set F (Ωq, Y ) := {a function : Ωq → Y }, let Pq be the canonical surjec-
tion : F (Ω, Y ) → F (Ωq, Y ); a 2→ [; ω 2→ a(ω)], and define Sl by setting
Sl (ω) : F (Ωq, Y ) → F (Ωq−|ω|, Y ); a 2→ Sl (ω)a[; ω̄ 2→ a(ω̄|ω)].
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(4-C.3) Definition
If a linear U -action with a readout map ((X, F ), h) satisfies that hφF (ω)x =
0 implies x = 0 for any ω ∈ Ωq, it is called q-distinguishable.

Remark: Note that ((X, F ), h) is q-distinguishable if and only if a linear map
Hq := Pq · H is injective.
Where H is a linear observation map corresponding to ((X, F ), h).

(4-C.4) Proposition
If a sub space Z of F (Ωq+1, Y ) satisfies the next two conditions, then there
uniquely exists a linear U -action (X, Sl ) such that a map Pq|X : X → Z
is isomorphic. Where Pq|X is a restriction of the canonical surjection Pq :
F (Ω, Y ) → F (Ωq, Y ) to X. And a linear U -action with a readout map
((X, Sl , 1) is q-distinguishable.

condition 3: A composition map π · j : Z
j→ F (Ωq+1, Y ) π→ F (Ωq, Y ) is

injective.
condition 4: im (Sl (u) · j) ⊆ im (j · π) holds in the sense of F (Ωq, Y ).
Where π is the canonical surjection.

[proof] By conditions 3 and 4, we can define F (u)z = (π · j)−1Sl (u) · jz
for any u ∈ U and z ∈ Z. Then F is a map : U → L(Z). Hence, ((Z, F ), 1)
is a distinguishable linear U -action with a readout map. Where 1 is a
map : Z → Y ; a 2→ a(1 ). Injection of π · j implies that ((Z, F ), 1) is q-
distinguishable. It follows that the linear observation map H corresponding
to ((Z, F ), 1) is injective. Set X := im H, a map H−1 : X → Z is clearly
the restriction of the map Pq : F (Ω, Y ) → F (Ωq, Y ) to X.
An equation 1 = 1 · H implies that ((X, S1 ), 1) is isomorphic to ((Z, F ), 1)
in the sense of linear U -action with a readout map. Therefore, ((X, Sl ), 1)
is q-distinguishable. A uniqueness of X is obtained by the uniqueness of F
and H.

4.5.C.3 Partial Realization Problem

We can consider a partial linear input/output map A(p,N−p) : A(Ωp) →
F (ΩN−p, Y ) for a ∈ F (ΩN , Y ) the same as the linear input/output map
A : (A(Ω), Sr) → (F (Ω, Y ), Sl ) considered to a ∈ F (Ω, Y ) in Appendix
4.5.A.
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(4-C.5) Lemma
Let A(p,N−p) be the partial linear input/output map corresponding to a ∈
F (ΩN , Y ). Then the following diagrams commute:

"

"
# #

1)

A(Ωp) F (ΩN−p, Y )

A(Ωp+1) F (ΩN−p−1, Y )

i π

A(p,N−p)

A(p+1,N−p−1)

Where i is canonical injection and π is canonical surjection.

"

"
# #

2)

A(Ωp) F (ΩN−p, Y )

A(Ωp+1) F (ΩN−p−1, Y )

Sr(u) Sl

A(p,N−p)

A(p+1,N−p−1)

[proof] These can be obtained by direct calculation.

(4-C.6) Proposition
Let A(p1,N−p1) be the partial linear input/output map corresponding to
a ∈ F (ΩN , Y ) and p2 be any integers such that 0 ≤ p2 ≤ p1 < N .
If im A(p2+1,N−p2−1) = im A(p2,N−p2−1) , then im A(p1,N−p1) = im A(p2,N−p1)
holds.

[proof] Note that this proposition holds if and only if im A(p2+1,N−p2−1) =
im A(p2,N−p2−1) implies im A(p2+1+n,N−p2−1−n) = im A(p2,N−p2−1−n) holds
for any non-negative integer n. Therefore, we prove the latter by the induc-
tive method. When n = 0, it holds by assumption. Let’s assume it holds
for n = k, i.e., assume that im A(p2+1+k,N−p2−1−k) = im A(p2,N−p2−1−k).
Then for any ω̄ ∈ Ω, |ω̄| = p2 + 1 + k + 1 given by ω̄ = u|ω1. By as-
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sumption, there exist ωj ∈ Ωp2 , αj ∈ K and m ∈ N(1 ≤ j ≤ m) such
that Sl (ω1)a =

∑m
j=1 αjSl (ωj)a in sense of F (ΩN−p2−1−k, Y ). Therefore,

Sl (ω̄)a = Sl (u)Sl (ω1) =
∑m

j=1 αiSl (u)Sl (ωj)a =
∑m

j=1 αiSl (u|ωj)a hold.
Therefore, im A(p2+1+k+1,N−p2−1−k−1) = im A(p2+1,N−p2−1−k−1) holds. On
the other hand, im A(p2+1,N−p2−1) = im A(p2,N−p2−1) is equivalent to
im A(p2+1,j) = im A(p2,j) for any j ≤ N − p2 − 1.
Therefore, im A(p2+1+k+1,N−p2−1−k−1) = im A(p2,N−p2−1−k−1) holds. The
condition equation holds for n = k + 1.

(4-C.7) Proposition
Let A( , ) be the partial linear input/output map corresponding to a ∈
F (ΩN , Y ). For p1 and p2 be any integers such that 0 ≤ p2 < p1 < N .
If ker A(p1,N−p1) = ker A(p1,N−p1−1) hold, then ker A(p2,N−p1−1)
= ker A(p2,N−p2) holds.

[proof] Note that this proposition holds if and only if ker A(p1,N−p1) =
ker A(p1,N−p1−1) implies ker A(p1−n,N−p1−1) = ker A(p1−n,N−p1+n) for any
n in 0 ≤ n ≤ p1. Therefore, we prove the latter by the inductive method.
When n = 0, it holds by assumption. Let’s assume that it holds for n =
k, i.e., assume that ker A(p1−k,N−p1−1) = ker A(p1−k,N−p1+k). Then, for
any u ∈ U and ω̄ ∈ Ω, |ω̄| = N − p1 + k + 1, let ω̄ = ω̄1|u. By as-
sumption, there exist ωj ∈ ΩN−p1−1, αj ∈ K and m ∈ N(1 ≤ j ≤ m)
such that a(ω̄|ω) = a(ω̄1|u|ω) =

∑m
j=1 αja(ωj |u|ω). Since ωj |u ∈ ΩN−p1 ,

ker A(p1−k−1,N−p1) = ker A(p1−k−1,N−p1+k+1) holds. On the other hand, if we
note that ker A(p1,N−p1) = ker A(p1,N−p1−1) is equivalent to ker A(i,N−p1) =
ker A(i,N−p1−1) for any i in 0 ≤ i ≤ p1, ker A(p1−k−1,N−p1−1)
= ker A(p1−k−1,N−p1+k+1) holds. Therefore, the condition’s equation holds
for n = k + 1.

(4-C.8) Lemma
For a partial linear input/output map A( , ) corresponding to a ∈ F (ΩN , Y )
and a Linear Representation System σ = ((X, F ), x0, h), the next matters
hold. Where Gp := G·Jp, Hq := Pq ·H for the linear input map G correspond-
ing to x0 and the linear output map H corresponding to h. Ap,q := Hq · Jp.
1) σ is a partial realization of a if and only if the following figure commutes
for any p such that 0 ≤ p < N .
2) σ is a natural partial realization of a if and only if the following figure
commutes, Gp is surjective and HN−p−1 is injective for some p such that
0 ≤ p < N .
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" "

" "
# # #

A(Ωp) X F (ΩN−p, Y )

A(Ωp+1) X F (ΩN−p−1, Y )

Sr(u) F (u) Sl

Gp HN−p

Gp+1 HN−p−1

[proof] These can be obtained by definition of the partial and natural
partial realization.

(4-C.9) Proof of Theorem (4.26)
We prove the theorem by rewriting the conditions of partial Hankel matrix
in Theorem (4.26) to a partial linear input/output map A( , ) corresponding
to a ∈ F (ΩN , Y ). By using Proposition (4-C.6) and (4-C.7), the conditions
of Hankel matrix can be equivalently changed to the following equations (1)
and (2):

(1) im A(p,N−p−1) = im A(p,N−p−1)
(2) ker A(p,N−p) = ker A(p,N−p−1)
Therefore, we will prove the theorem by using (1) and (2).

First, we show that the above equations (1) and (2) are necessary. Let σ =
((X, F ), x0, h) be a natural partial realization of a ∈ F (ΩN , Y ), then σ is p-
quasi-reachable, and q-distinguishable for some p and q such that p+q < N .
Let G be the linear input map corresponding to x0 and H be the linear out-
put map corresponding to h, and let p ≤ p′ and q ≤ q′, then Gp′ := G · Jp′

is onto, Hq′ := Pq′ · H is one-to-one. Therefore, A(p′,q′) := Hq′ · Jp′ satisfies
equations (1) and (2).
Next, we show that the equations (1) and (2) are sufficient. Set S :=
ker A(p+1,N−p−1) and Z := im A(p,N−p). Then equation (2) implies that

a composition map π · j : Z
j→ F (ΩN−p, Y ) π→ F (ΩN−p−1, Y ) is injective.

Where π and j are the same as in Proposition (4-C.4). Therefore, Z sat-
isfies condition 3 in Proposition (4-C.4). Equation (1) implies that there
exist λ(ωi)eωi such that A(p+1,N−p−1)(eω) = A(p,N−p−1)(

∑
i λ(ωi)eωi for any

ω ∈ Ω and |ω| = p + 1.
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By Lemma (4-C.5), we obtain that A(p+1,N−p−1)(eω − ∑
i λ(ωi)eωi) = 0,

and eω −∑i λ(ωi)eωi ∈ S holds. This implies that S satisfies condition 2 in
Proposition (4-C.2).
Let j be the canonical injection :A(p,N−p−1) → F (ΩN−p−1, Y ) and π is the
same as in Proposition (4-C.4), B := (j)−1 · π · j : Z → im A(p,N−p−1) is
a bijective linear map by (2) in Proposition (4-C.2). When we consider the
bijective linear map Ab := Ab

(p+1,N−p−1) : A(Ωp+1)/S → im A(p+1,N−p−1)

associated with A(p+1,N−p−1) : A(Ωp+1) → F (ΩN−p−1, Y ), equation (2) im-
plies that a linear map B−1 · Ab is a bijective linear map :A(Ωp+1)/S → Z.
For any λ ∈ A(Ωp) ∩ S, A(p,N−p)(λ) = 0 holds by injection of B−1 · Ab.
Therefore, A(p+1,N−p−1)(Sr(u)λ) = Sl (u)A(p,N−p)(λ) = 0 holds by using
2) in Lemma (4-C.5) for any u ∈ U . This implies that Sr(u)λ ∈ S. There-
fore, S satisfies condition 1 in Proposition (4-C.2). Then Proposition (4-C.2)
implies that a pointed linear U -action ((A(Ωp+1)/S, S̃r), e1 + S) is p-quasi-
reachable. Here, equation (1) implies that there exists x ∈ im A(p,N−p−1)
such that j(x) = Sl · j(z) for any z ∈ Z and u ∈ U . Moreover, by surjec-
tion of B, there exists z′ ∈ Z such that B(z′) = x. Therefore, Sl · j(z) =
j(x) = j · B(z′) = π · j(z′), which implies that im (Sl (u) · j) ⊆ im (π · j).
It follows that Z satisfies condition 4 in Proposition (4-C.4) and ((Z, F ), 1)
is (N − p − 1)-distinguishable. We can also show that B−1 · Ab is a linear
U -morphism : A(Ωp+1)/S, S̃r) → (Z, F ), and that a Linear Representation
System σ1 = ((A(Ωp+1)/S, S̃r), e1 +S, 1 ·B−1 ·Ab) is isomorphic to a Linear
Representation System σ2 = ((Z, F ), B−1 · Ab(e1 + S), 1). It follows that σ1
and σ2 are the natural partial realizations of a ∈ F (ΩN , Y ). Therefore, there
exist the natural partial realizations of a ∈ F (ΩN , Y ).

(4-C.10) Lemma
Two canonical Linear Representation Systems are isomorphic if and only if
their behavior is the same.

[proof] This can be obtained from Theorem (4.5) and Corollary (4.6).

(4-C.11) Proof of Theorem (4.27)
Let A( , ) be the partial linear input/output map corresponding to a ∈
F (ΩN , Y ). In order to prove necessity, we assume existence of the natural
partial realization of a. Let Theorem (4.26) hold for integers p and p′ that
are different. Namely,
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(1) im A(p,N−p−1) = im A(p+1,N−p−1)
(2) ker A(p,N−p) = ker A(p,N−p−1)
(3) im A(p′,N−p′−1) = im A(p′+1,N−p′−1)
(4) ker A(p′,N−p′) = ker A(p′,N−p′−1)
Then Propositions (4-C.6) and (4-C.7) imply that the dimension of Z =
im A(p,N−p−1) is equal to one of Z ′ = im A(p′,N−p′−1). Let σ and σ′ be the
natural partial realizations of a whose state spaces are Z and Z ′ respec-
tively and which can be obtained by the same procedure as in (4-C.9). Then
σ is clearly isomorphic to σ′ and the behavior of σ is equal to one of σ′ by
Lemma (4-C.10). This implies that the behavior of the natural partial real-
ization is always the same regardless of different integers p and p′. Therefore,
the natural partial realization of a is unique modulo isomorphism by Lemma
(4-C.10).
Next, we show sufficiency by the contrapositive. We assume that there does
not exist a natural partial realization of a ∈ F (ΩN , Y ). Then minimum di-
mensional partial realization σ of a is p-quasi-reachable and q-distinguishable
for p + q ≥ N . It cannot be quasi-reachable within p − 1 and not be dis-
tinguishable within q − 1. Then, there exists a state x in σ such that x
can be first reachable by a input ω with length p. The remaining data of
F (ΩN−p−1, Y ) can’t determine a new state F (u)x for any u ∈ U , because
of N − p − 1 < q. Therefore, we can’t determine the transition matrix F (u)
uniquely by q-distinguishability. This implies that the minimum dimensional
realization of a is not unique.

(4-C.12) Proof of Theorem (4.28)
Let’s consider the natural partial realization σ2 = ((Z, F ), B−1·Ab(e1+S), 1)
of a ∈ F (ΩN , Y ) given in (4-C.9). Then we can obtain the quasi-reachable
standard system σs = ((Kn, Fs), e1, hs) from σ2 in the same manner as the-
orem for a realization procedure (4.21).



5 Affine Dynamical Systems

Let the output value’s set Y be any linear space over the field K. The realiza-
tion problem for Affine Dynamical Systems can be stated as the following:
[For any input response (equivalently, any input output map with causality),
there exist at least two Affine Dynamical Systems which realize (faithfully
describe) it. Let σ1 and σ2 be Affine Dynamical Systems that have the same
behavior, then σ1 is isomorphic to σ2 in the sense of Affine Dynamical Sys-
tems.]

T. Matsuo [1981] has obtained the theorem for Affine Dynamical Systems
of continuous-time system.

Here, to obtain the realization theorem for Affine Dynamical Systems
of discrete-time, we rewrite one of continuous-time to one of discrete-time
by using special features of discrete-time. Therefore, we introduce Affine
Dynamical Systems to be proper for discrete-time. The solution of the re-
alization problem of any general non linear system (equivalently, any input
response map) is given by the Affine Dynamical Systems.

In Appendix 5.4, we show how Affine Dynamical Systems of discrete time
systems are rewritten from ones of continuous-time system established by
Matsuo. Moreover, we prove Realization Theorem (5.15) by rewriting Affine
Dynamical Systems to sophisticated Affine Dynamical Systems in Appendix
5.4.A.

5.1 Realization Theorem of Affine Dynamical Systems

(5.1) Definition
A system given by the following equations is written as a collection σA =
((XA, FA), x0, hA) and it is said to be an Affine Dynamical System.!

x(t!+!1)! = !FA(ω(t!+!1))x(t)
x(0) =! x0

γ(t) =! hAx(t)

for!any!t!∈!N , !where!x(t)!∈!XA!and!γ(t)!∈!Y!A.
Where!XA! is!an!affine!space!that!may!be!called!a!state!space,!FA ! is!an
affine!map! : !U! → !AM(XA);!u! 2→!FA(u),! an! initial! state!x0! ∈ !XA! and
hA! : !XA!→!Y!A! is!an!affine!map.!And!Y!A! = !(Y,!Y!).!See!Appendix!5.4!for
details.
The!equation!x(t!+!1)!=!FA(ω(t!+!1))x(t)!in!the!Affine!Dynamical!System
σA!may!be!said!to!be!an!affine!U -action!(XA,!FA),!and!x0!is!called!an!initial
state.! The!input!response!map!aσA! : !Ω! → !Y!A;!ω! 2→!hAφF A !(ω)x0! is!said

T. Matsuo, Y. Hasegawa: Realization Theory of Discrete-Time Dynamical Systems, LNCIS 296, pp. 79--112, 2003.
Springer-Verlag Berlin Heidelberg 2003
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to be the behavior of σA. For an input response map a ∈ F (Ω, Y ), σA that
satisfies aσA = a is called a realization of a.
Where φF A(ω) = FA(ω(|ω|))FA(ω(|ω| − 1)) · · ·FA(ω(1)).

An Affine Dynamical System σA is said to be quasi-reachable if the
smallest affine space that contains the reachable set {φF A(ω)x0;ω ∈ Ω}
is equal to XA and an Affine Dynamical System σA is called distinguishable
if hAφF A(ω)x1 = hAφF A(ω)x2 for any ω ∈ Ω implies x1 = x2.

An Affine Dynamical System σA is called to be canonical if σA is quasi-
reachable and distinguishable.

Remark 1: The x(t) in the system equation of σA is the state that produces
output values of a at the time t, namely the state x(t) and an affine map
hA : XA → Y A generates the output value aσA(t) at the time t.
Remark 2: It is meant for σA to be a faithful model for the input response
map a such that σA realizes a.
Remark 3: Notice that a canonical Affine Dynamical System:
σA = ((XA, FA), x0, hA) is a system which has the most reduced state set
XA among systems that have the behavior aσA (see Proposition (5-A.16),
Remark in Definition (5-A.17), Definition (5-A.21), Proposition (5-A.24),
(5-A.25), Corollary (5-A.30) and Proposition (5-A.34)).

(5.2) Proposition
Let XA = (X,X) be an affine space. For any map FA := (F,F) : U →
AM(XA), there exists uniquely a map g : U → X such that FA(u)(x0+x) =
x0 + F(u)x + g(u), for any x0 ∈ X, x ∈ X and u ∈ U .

[proof] This can be obtained by Definition (5-A.1) and (5-A.2) in Ap-
pendix 5.4.

(5.3) Definition
Let σA

1 = ((XA
1 , F

A
1 ), x0

1, h
A
1 ) and σA

2 = ((XA
2 , F

A
2 ), x0

2, h
A
2 ) be Affine Dynam-

ical Systems. If an affine map TA : XA
1 → XA

2 satisfies TAFA
1 (u) = FA

2 (u)TA

for any u ∈ U , TAx0
1 = x0

2 and hA
1 = hA

2 T
A, then TA is said to be an Affine

Dynamical System morphism TA : σA
1 → σA

2 . If the TA is bijective then TA

is said to be an isomorphism.

(5.4) Corollary
Let σA

1 and σA
2 be Affine Dynamical Systems and TA : σA

1 → σA
2 be an

Affine Dynamical System morphism. Then aσA
1

= aσA
2

holds.



5.1 Realization Theorem of Affine Dynamical Systems 81

[proof] This can be proved by direct calculation of behavior’s definition
in Definition (5.1).

(5.5) Proposition
An Affine Dynamical System σA = ((XA, FA), x0, hA) can be rewritten by
the following equations:


x(0) = x0

x(t+ 1) = x(t+ 1) + x0

x(t+ 1) + x0 = F(ω(t+ 1))x(t) + g(ω(t+ 1)) + x0

γ(t) = hx0 + hx(t)

for any t ∈ N, where x(t) ∈ X, x(t) ∈ X and γ(t) ∈ Y A. And F(ω(t)) is
the linear operator induced by FA(ω(t)), h is the linear operator induced
by hA. See Appendix 5.4 for induced operators.
Namely, for any Affine Dynamical System σA = ((XA, FA), x0, hA), σA is
isomorphic to the system given by the above equations in the sense of an
Affine Dynamical System.

[proof] We can obtain this by Proposition (5.2) and Definition (5.1).

(5.6) Definition
According to Proposition (5.5), any Affine Dynamical System
σA = ((XA, FA), x0, hA) given in Definition (5.1) may be rewritten by the
equations given by Proposition (5.5). If the latter equations decompose into
a part of set and a part of linear space, then σA = ((XA, FA), x0, hA) may
be written by σA = ((X,x0, h0), (X,F), g,h).
Where h0 = hx0, F and h are the linear operators induced by FA and hA

respectively.

In order to clarify structures of Affine Dynamical Systems, we will define
the following one.

(5.7) Definition
Let X be a linear space and F be a map : U → L(X), then a pair (X,F) is
said to be a linear U -action. Let (X1,F1) and (X1,F2) be linear U -actions,
a linear operator T : X1 → X2 that satisfies TF1(u) = F2(u)T is said to
be a linear U-morphism : (X1,F1) → (X2,F2).
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(5.8) Proposition
A morphism fA is an affine morphism fA

: σA
1 = ((X1, x

0
1, h

0
1), (X1,F1), g1,h1) → σA

2 = ((X2, x
0
2, h

0
2), (X2,F2), g2,h2)

if and only if the following five conditions hold:
1) f is a linear U -morphism : (X1,F2) → (X2,F2).
2) f(x0

1) = x0
2.

3) fg1 = g2.
4) h1 = h2f .
5) fh0

1 = h0
2.

Where fA = (f, f).

[proof] This can be easily obtained by Definition (5.3), Proposition (5.5)
and Definition (5.7).

(5.9) Proposition
Any Affine Dynamical System σA = ((XA, FA), x0, hA) is isomorphic to
σA

n = ((X, 0, h0), (X,F), g,h) whose initial state is zero in the linear space
X in place of an initial x0 of the set X.

[proof] If we consider an affine map fA = (f, I) : (X,X) → (X,X) such
that f : X → X;x0 2→ f(x0) = 0, then σA is isomorphic to σA

n .

Therefore, without loss of generality, we can define the Affine Dynamical
System as the following:

(5.10) Definition
The system given by the following equations is said to be an Affine Dynam-
ical System σ = ((X,F ), g, h, h0). And X is a linear space over the field K.


x(0) = 0
x(t+ 1) = F (ω(t+ 1))x(t) + g(ω(t+ 1))
γ(t) = h0 + hx(t)

for any t ∈ N , where x(t) ∈ X and γ(t) ∈ Y . And F (ω(t+ 1)) ∈ L(X).
For the newly revised Affine Dynamical Systems, we can rewrite Proposition
(5.9) to the following proposition to be more proper for them.
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(5.11) Proposition
Let σ1 = ((X1, F1), g1, h1, h

0) and σ2 = ((X2, F2), g2, h2, h
0) be Affine Dy-

namical Systems. A morphism f is an affine dynamical morphism f : σ1 → σ2
if and only if f is a linear map : X1 → X2 that satisfies fF1(u) = F2(u)f ,
fg1 = g2 and h1 = h2f .

[proof] This can be obtained easily.

(5.12) Example
Let Ω+ := Ω\1 and V (Ω+) := {λ =

∑
ω∈Ω+ λ(ω)eω(finite sum) ; λ(ω) ∈ K}.

Where eω(ω̄) = 1 for ω = ω̄ and eω(ω̄) = 0 for ω 5= ω.
Let ψ be a map : U → L(V (Ω+));u 2→ ψ(u)[; eω 2→ eu|ω − eu].
And let a map e : U → V (Ω+);u 2→ eu, where e(1 ) = 0. And we consider
a linear map al : V (Ω+) → Y ; eω 2→ a(ω) − a(1 ) for any input response
map a ∈ F (Ω, Y ). Then ((V (Ω+), ψ), e, al, a(1 )) is a quasi-reachable Affine
Dynamical System that realizes a ∈ F (Ω, Y ).

(5.13) Example
Let a ∈ F (Ω, Y ) be any input response map and Sl be defined by Sl (u)a :
Ω → Y ;ω 2→ a(ω|u). Then Sl (u) ∈ L(F (Ω, Y ) for any u ∈ U . Let a map
ξ : U → F (Ω, Y ) be u 2→ ξ(u)[;ω 2→ a(ω|u) − a(ω)]. And let 1 be a linear
map : F (Ω, Y ) → Y ; a 2→ a(1 ). Then ((F (Ω, Y ), Sl ), ξ, 1, a(1 )) is a distin-
guishable Affine Dynamical System that realizes a ∈ F (Ω, Y ).

Remark: Examples (5.12) and (5.13) imply that there exist many Affine Dy-
namical Systems that realize a given input response map. However, there
is no relation between them. Therefore, we introduce the canonical Affine
Dynamical Systems, and we will make a clear relation between them.

(5.14) Theorem
For any input response a ∈ F (Ω, Y ), there exist the following two canonical
Affine Dynamical Systems that realize it.
1) ((V (Ω+)/=a, ψ̃), [e1], [1 ], ãl, a(1 )).
Where V (Ω+)/=a is a quotient space derived by equivalence relation:∑

ω λ(ω)eω =
∑

ω̄ λ(ω̄)eω̄ ⇐⇒ ∑
ω λ(ω)(a(ω) − a(1 )) =

∑
ω̄ λ(ω̄)(a(ω̄) −

a(1 )).
ψ̃ is given by a map :U → L(V (Ω+)/=a);u 2→ ψ̃(u)[;λ 2→ ∑

ω λ(ω)(eu|ω −
eu), and ãl is given by ãl : V (Ω+)/=a → Y ; [λ] 2→ ãl([λ]) =

∑
ω λ(ω)(a(ω) −

a(1 )).
2) ((1 Sl(Ω)a− a ., Sl ), ξ, 1, a(1 )).
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Where Sl (Ω)a− a = {Sl (ω)a− a;ω ∈ Ω} and 1 Sl(Ω)a− a . denotes the
smallest linear space which contains Sl(Ω)a− a.

[proof] See Examples (5.12) and (5.13), Proposition (5-A.34) and Corol-
lary (5-A.36).

We conclude that there exist the canonical Affine Dynamical Systems that
realize any input response map in Theorem (5.14). Next, we will insist the
uniqueness of the systems that have the same behavior.

(5.15) Realization Theorem
For any input response map a ∈ F (Ω, Y ), there exist at least two canonical
Affine Dynamical Systems that realize it.
Let σ1 = ((X1, F1), g1, h1, h

0) and σ2 = ((X2, F2), g2, h2, h
0) be canonical

Affine Dynamical Systems that realize any a ∈ F (Ω, Y ), then there exists
uniquely an isomorphism T : σ1 → σ2.

[proof] See Propositions (5-A.18), (5-A.25), (5-A.34), Remark in Propo-
sition (5-A.16) and Remark in Lemma (5-A.40).

5.2 Finite Dimensional Affine Dynamical Systems

Based on Realization Theorem (5.15), we clarify the finite-dimensionality of
the systems. Therefore, we obtain the same results as obtained in the linear
systems by R. E. Kalman. It is intended that the finite dimensionality of
Affine Dynamical Systems are fundamentally characterized.

Firstly, we assume that the set U of input’s values is finite, and we show
that the assumption of finiteness is not so special. Namely, Affine Dynamical
Systems with the assumption include biaffine systems as a subclass. Biaffine
systems were discussed by Tarn and Nonoyama [1979].

The following results are obtained for the systems. It is given a criterion
for being canonical of finite dimensional Affine Dynamical Systems. We give
a criterion for the behavior of finite dimensional Affine Dynamical Systems.
The companion form for canonical finite-dimensional Affine Dynamical Sys-
tems is also given. Moreover, a procedure to obtain the companion form
from a given input/output map is obtained.

Lastly, as an example of the procedure, we treat a typical hysteresis char-
acterestic. Therefore, it is obvious that this theory is the extension of the
linear system theory established by Kalman et al to the non-linear case.
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An Affine Dynamical System is different from a state-affine system in
Sontag [1979a]. Our system is introduced on the basis of Theorem (2.6) and
Definition (2.7) in Chapter 2, which is the representation theorem for any
input/output map with causality. Hence, our systems are more general than
state-affine systems.

In order to obtain meaningful and useful results, we introduce finite di-
mensional Affine Dynamical Systems. If the state space X of an Affine Dy-
namical System σ = ((X,F ), g, h, h0) is finite dimensional (n-dimensional),
then σ is said to be a finite dimensional (n-dimensional) Affine Dynamical
System.

There is the following fact about n dimensional linear space in Halmos
[1958].
Fact: [Every n dimensional linear space over the field K is isomorphic to Kn.
Moreover, every linear operator from Kn to Km is isomorphic to a matrix
F ∈ Km×n.]
Therefore, without loss of generality, an n dimensional Affine Dynamicai
System can be represented by σ = ((X,F ), g, h, h0).
Where, F is a map : U → Kn×n, g is a map : U → Kn and h ∈ Kp×n and
h0 ∈ Kp.

According to the above discussion, we can treat an n-dimensional Affine
Dynamical System σ = ((X,F ), g, h, h0) which is easily embodied by com-
puter programs or electrical circuits.

From now on, we assume that the set U of input’s values is finite. Let
U = {u1, u2, · · · , um}. Now, we show that the assumption is not so special.

(5.16) Biaffine Systems
We will consider the following system:

x(t+ 1) = (A+
∑m

i=1Ni · ωi(t+ 1))x(t) +
∑m

i=1 bi · ωi(t+ 1) + a
x(0) = 0
γ(t) = h0 + hx(t)

ωi(t) ∈ R, x(t), bi and a ∈ Rn, Ni ∈ Rn×n and γ(t) ∈ Y .

Transfering the time in input, we will conclude that the above system is a
biaffine system treated in Tarn and Nonoyama [1979].
Where maps F̃ : Rm → Rn×n and g : Rm → Rn×n are affine, namely,
F̃ (

∑m
i=1 ωi(t+ 1)ei) = A+

∑m
i=1Niωi(t+ 1),

g̃((
∑m

i=1 ωi(t+ 1)ei) = a +
∑m

i=1 biωi(t+ 1).
Then we can obtain an Affine Dynamical System σ = ((Rn, F ), g, h, h0).
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Where F and g are given by the following relations:
F (0) = A,F (ei) = A+Ni(1 ≤ i ≤ m),
g(0) = a, g(ei) = a + bi(1 ≤ i ≤ m).

And U is given by U = {0, e1, e2, · · · , em} and ei = [0, 0, · · · , 0, i
1, 0, · · · , 0]T .

Where, T denotes the transpose.
Therefore, we can conclude that the assumption for the set U to be finite is
not so special.

(5.17) Proposition
Let σ = ((Kn, F ), g, h, h0) be Affine Dynamical System. σ is quasi-reachable
if and only if
rank [(g(u1), g(u2), · · · , g(um), F (u1)g(u1), · · · , F (u1)g(um), · · · ,
Fn−1(um)g(u1), · · · , Fn−1(um)g(um)] = n.

[proof] See Proposition (5-B.6).

(5.18) Proposition
Let σ = ((Kn, F ), g, h, h0) be an Affine Dynamical System. σ is distinguish-
able
if and only if
rank [hT , (hF (u1)T , (hF (u2)T , · · · , (hF (um))T , · · · ,
(hF 2(u1))T , · · · , (hF 2(um))T , (hFn−1(u1)g(um))T , · · · ,
(hFn−1(um)g(um))T ] = n.

[proof] See Proposition (5-B.13).

(5.19) Definition
Let the input value’s set U be U := {ui; 1 ≤ i ≤ m} and let a map
‖ ‖ : U → N be ui 2→ ‖ui‖ = i. And let a numerical value ‖|ω‖| of an
input ω ∈ Ω be ‖|ω‖| = ‖ω(|ω|)‖ + ‖ω(|ω| − 1)‖ ×m+ · · · + ‖ω(1)‖ ×m|ω|−1

and ‖|1‖| = 0.
Then we can define a totally ordered relation by this numerical value in Ω.
Namely, ω1 ≤ ω2 ⇐⇒ ‖|ω1‖| ≤ ‖|ω2‖|.
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(5.20) Definition
Let σs = ((Kn, Fs), gs, hs, h

0) be a canonical Affine Dynamical System. If
input sequences {ωi ∈ Ω; 1 ≤ i ≤ n} satisfy the following conditions, then
σs is said to be a quasi-reachable standard system.
1) ei =

∑i
j=1 Fs(ωj(|ωj |)Fs(ωj(|ωj | − 1)Fs(ωj(|ωj | − j)gs(ωj(j))

2) 1 = ω1 < ω2 < · · · < ωn and |ωi| ≤ i− 1 for i(1 ≤ i ≤ n) hold.
3)

∑|ω|
j=1 Fs(ω(|ω|)Fs(ω(|ω| − 1)Fs(ω(|ω| − j)gs(ω(j)) =

∑j
i=1 αiei, αi ∈ K

holds for any input sequence ω ∈ Ω such that ωj < ω < ωj+1(1 ≤ i ≤ n−1).

(5.21) Theorem
For any canonical Affine Dynamical System σ = ((Kn, F ), g, h, h0), there ex-
ists uniquely the quasi-reachable standard system σs = ((Kn, Fs), gs, hs, h

0)
which is isomorphic to it.

[proof] See Proposition (5-B.16).

(5.22) Definition
Let Y be the field K for convenience. A canonical Affine Dynamical System
σd = ((Kn, Fd), gd, e1

T , h0) is said to be a distinguishable standard system
if input sequences {ωi ∈ Ω; 1 ≤ i ≤ n} given by ei

T = e1
TGFd

(ωi) satisfy
the following conditions:
Where e1

TGFd
(ωi) =

∑|ωi|
j=1 Fd(ωi(|ωi|))Fd(ωi(|ωi| − 1)) · · ·Fd(ωi(|ωi| − j))

× · · ·Fd(ωi(1)).
1) 1 = ω1 < ω2 < · · · < ωn and |ωi| ≤ i− 1 for i(1 ≤ i ≤ n) hold.
2) e1

TGFd
(ω) =

∑j
i=1 αiei

T , αi ∈ K holds for any input sequence ω ∈ Ω
such that ωj < ω < ωj+1(1 ≤ i ≤ n− 1).

(5.23) Representation Theorem for equivalence classes
For any finite dimensional canonical Linear Representation System, there
exists a uniquely determined isomorphic distinguishable standard system.

[proof] See Proposition (5-B.17).

(5.24) Definition
For any input response map a ∈ F (U∗, Y ), we can consider the following
infinite matrix HA

a . The HA
a is called a Hankel Matrix of a.
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

ω
...
...

H A
a =

...
−
ω · · · · · · a(

−
ω |ω) − a(

−
ω)



(5.25) Theorem for existence criterion
For an input response map a ∈ F (U∗, Y ), the following conditions are equiv-
alent:
1) a is a behavior of an n-dimensional canonical Affine Dynamical System.
2) {Sl (ω)a− a : ω ∈ U∗} have n linearly independent vectors.
3) rank of HA

a is n.
Where Sl (ω)a − a ∈ F (U∗, Y ) is defined by Sl (ω)a − a : U∗ → Y ; ω̄ 2→
a(ω̄|ω) − a(ω̄).

[proof] See Proposition (5-B.18).

(5.26) Theorem for a realization procedure
Let an input response map a ∈ F (U∗, Y ) satisfy the condition of Theorem
(5.25), then the quasi-reachable standard system σs = ((Kn, Fs), gs, hs, h

0)
which realizes it can be obtained by the following procedure:
1) Select n linearly independent vectors {Sl (ωi)a − a : (1 ≤ i ≤ n)} from
{Sl (ω)a− a : ω ∈ U∗, |ω| ≤ n− 1} in the order of the numerical value of U∗.
2) Let the state space be Kn. For the set {ωj : |ωj | = 1} of input sequence,
set gs(ωj) = ej. Moreover, let gs(ωj) =

∑j
i=1 αiei for any ω ∈ U∗ such that

ωj < ω < ωj+1 and |ωj | = |ωj+1| = 1.
3) Let hs = [a(ω1) − a(1 ), a(ω2) − a(1 ), · · · , a(ωn) − a(1 )].
4) For any i(1 ≤ i ≤ n), let ifj in Fs(ui)= [if1, if2,· · · , ifn ]∈ Kn×n be
ifj= [ifj1, ifj2,· · · , ifjn ]T .
Where Sl (ui)(Sl (ωj)a − a) =

∑n
k=1 ifjk (Sl (ωk)a − a) holds for any j(1 ≤

j ≤ n).
5) Set h0 = a(1 ).

[proof] See Proposition (5-B.19).
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Fig. 5.1. A typical hysteresis characteristic (back-lash) of magnetic field H and
magnetic flux density B

(5.27) Example
As an example of the realization procedure, we will treat the following typical
hysteresis characteristic. This is a different one from one treated in Hasegawa
and Matsuo [1996a]. Let the magnetic field H be input and the magnetic
flux density B be output.

Applying the above procedure (5.26) as follows, we obtain the following
the quasi-reachable standard system σ = ((R3, F ), g, h, h0) which realizes
the given figure.
1) We select the linearly independent vectors {Sl (u1)a− a =: a1, Sl (u2)a−
a =: a2, Sl (−u1)a− a =: a3}.
2) Let the state space be R3. For the set {u1, u2,−u1} of input sequence,
set gs(u1) = e1, gs(u2) = e2, gs(−u1) = e3. And set gs(−u2) = −e2
And we set following:
gs(p) = p−u2

u1−u2
e1 + u1−p

u1−u2
e2 for p in u2 " p " u1,

gs(q) = q
u2

e2 for q in u3 " q " u2,
gs(r) = u4−r

u3−u4
e2 + u3−r

u3−u4
e3 for r in u4 " r " u3

Because the following hold.
Sl (−u2)a− a = −a2.
Sl (p)a−a = ((p−u2)/(u1−u2))a1+((u1−p)/(u1−u2))a2 for p in u2 " p " u1.
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Sl (q)a− a = (q/u2)a2 for q in u3 " q " u2.
Sl (r)a−a = ((u4−r)/(u3−u4))a2+((u3−r)/(u3−u4))a3 for r in u4 " r " u3.
3) Set hs ∈ R1×3 be hs = [c, c1,−c]
4) Let Fs(p), Fs(q1), Fs(q2), Fs(r) ∈ R3×3 be the following:
Where p (u2 " p " u1), q1 (−u1 ∗ c21

c2
" q1 " u2), q2 (u3 " q2 " −u1 ∗ c21

c2
),

r (u4 " r " u3).

Fs(p) =


u1−p
u1−u2

0 0
u1−p
u1−u2

0 p−u1
u1−u2

0 0 u1−p
u1−u2

 , Fs(q1) =

 1 0 0
−q1
u2

u2−q1
u2

−q1
u2

0 0 1

 ,
Fs(q2) =

 1 0 0
−q2
u2

(c+c1)(q2+u2)
c1(u1−u2)

−q2
u2

0 0 1

 , Fs(r) =

 u1+r
u1−u2

0 0
u1+r
u1−u2

0 u4−r
u3−u4

0 0 r−u4
u3−u4

 .
Especially, Fs(ui) ∈ R3×3 for i in (1 ≤ i ≤ 4) are given by Fs(u1) =
0, Fs(u4) = 0, and Fs(u2), Fs(u3) are given by the following:

Fs(u2) =

 1 0 0
−1 0 −1
0 0 1

 , Fs(u3) =

 1 0 0
1 0 1
0 0 1

 .
Because the following hold:
Sl (p)(Sl (u1)a− a) = u1−p

u1−u2
a1 + u1−p

u1−u2
a2,

Sl (p)(Sl (u2)a− a) = 0,
Sl (p)(Sl (u4)a− a) = p−u1

u1−u2
a2 + u1−p

u1−u2
a3,

Sl (q1)(Sl (u1)a− a) = a1 − q1
u2
a2,

Sl (q1)(Sl (u2)a− a) = u2−q1
u2

a2,
Sl (q1)(Sl (u4)a− a) = −q1

u2
a2 + a3,

Sl (q2)(Sl (u1)a− a) = a1 − q2
u2
a2,

Sl (q2)(Sl (u2)a− a) = (c+c1)(q2+u2)
c1(u1−u2) a2,

Sl (q2)(Sl (u4)a− a) = −q2
u2
a2 + a3,

Sl (r)(Sl (u1)a− a) = u1+r
u1−u2

a1 + u1+r
u1−u2

a2,
Sl (r)(Sl (u2)a− a) = 0,
Sl (r)(Sl (u4)a− a) = u4−r

u3−u4
a2 + r−u4

u3−u4
a3

5) h0 = a(1 ) = 0
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Remark: An expression of a typical hysteresis characterestic by a difference
equation is more suitable for a computer algorithm than by a usual method
of a describing function.

5.3 Historical Notes and Concluding Remarks

We characterized the finite-dimensionality of Affine Dynamical Systems,
which realize any input response map (equivalently, input/output map with
causality). Also we obtained the following same results as in linear system
theory.

A criterion for being canonical of finite-dimensional Affine Dynamical Sys-
tems was given. There uniquely exists the quasi-reachable standard system
in the isomorphic class of finite-dimensional canonical Affine Dynamical Sys-
tems. We obtained a criterion for the behavior of finite-dimensional Affine
Dynamical Systems. We also gave a procedure to obtain the quasi-reachable
standard system from the input response map.

In the reference [Tarn and Nonoyama 1979], an existence condition of
biaffine system is given by the generalized Hankel Matrix. Since an insuffi-
cient morphism between biaffine system and homogeneous bilinear systems
is introduced, there is a wrong condition for the existence theorem in the
reference. Therefore, there is a wrong proof in the uniqueness theorem. Note
that the Hankel Matrix of this paper is different from the Hankel Matrix
of the reference, in spite of the clear relation between our Affine Dynamical
Systems and biaffine systems [See (5.15) biaffine systems]. Note that the
following conditions hold:
rank HA

a =rank HL
a or rank HA

a +1 =rank HL
a hold. Where HA

a is the infi-
nite Hankel matrix for Affine Dynamical Systems, HL

a is the infinite Hankel
matrix for Linear Representation Systems discussed in Chapter 4.
Note that homogeneous bilinear systems are a subclass of our Linear Rep-
resentation Systems.

We will consider the following dynamical system:
x(t+ 1) = (A+

∑m
i=1 Ni · ωi(t+ 1))x(t) +

∑m
i=1 ḡ · ωi(t+ 1)

x(0) = 0
γ(t) = h0 + hx(t)

ωi(t) ∈ R, x(t), ḡ ∈ Rn, Ni ∈ Rn×n and γ(t) ∈ Y .
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Let F (ω(t+1)) = A+
∑m

i=1 ωi(t+1)Ni, g(ω(t+1)) =
∑m

i=1 ḡωi(t+1), then
the above dynamical system is an Affine Dynamical System (see also (4.9) in
Chapter 4). Therefore, the inhomogeneous bilinear system is an example of
our Affine Dynamical Systems. See D’alessandro, Isidori and Ruberti [1974]
for ones of continuous-time. See Isidori [1973] and Tarn and Nonoyama [1979]
for ones of discrete-time. D’alessandro, Isidori and Ruberti [1974] only gave
a criterion for existence of finite dimensional inhomogeneous bilinear sys-
tems in continuous-time.

Isidori [1973] gave a sufficient condition for the existence and an algorithm
for the partial realization problem. Tarn and Nonoyama [1976] gave a wrong
existence condition and a wrong uniqueness condition because of misunder-
standing system morphisms in inhomogeneous bilinear systems. For this, see
Niinomi and Matsuo [1981].

As we mentioned in 4.4 of Chapter 4, we have two dynamical systems
which realize arbitrary input response map (equivalently, any input/output
map with causality), which are Linear Representation Systems and Affine
Dynamical Systems. Details of relations between the two dynamical systems
were discussed in Niinomi and Matsuo [1981]. Sontag [1979a] presented
realization theorem of state-affine systems which are a little different from
our Affine Dynamical Systems. However, he did not give an initial object of
the category. Hence, he could not introduce Hankel matrix.
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5.4 Appendix

5.4.A Realization Theorem

5.4.A.1 Fundamentals for Affine Dynamical Systems

(5-A.1) Definition
Let X be a set and X be a linear space over the field K. If the following
conditions hold, then a pair (X,X) is called an affine space. The pair (X,X)
may be written as XA = (X,X).
1) For any x1, x2 ∈ X, there exists uniquely one x ∈ X such that x2 = x+x1.
2) For any x ∈ X and x1, x2 ∈ X, x2 + (x1 + x) = (x2 + x1) + x holds.

Remark: Let XA = (X,X) be an affine space. For any a point x ∈ X and a
fixed element x0, there exists x ∈ X such that x can be uniquely expressed
by x = x+x0. Therefore, a collection (XA, x0) is said to be a pointed affine
space.

(5-A.2) Definition
Let XA

1 = (X1,X1) and XA
2 = (X2,X2) be affine spaces. If a map f : X1 →

X2 and a map f : X1 → X2 satisfy the following conditions, then a pair
(f, f) is called an affine map (f, f) : XA

1 → XA
2 . The pair (f, f) may be

written by fA := (f, f).
1) A map f : X1 → X2 is a linear map.
2) For any x ∈ X1 and x ∈ X1, the equation f(x+ x) = f(x) + fx holds.
This f is called a linear map induced by f .

(5-A.3) Definition
Let (X1,X1, x

0
1) and (X2,X2, x

0
2) be pointed affine spaces. If an affine map

(f, f) : (X1,X1) → (X2,X2) satisfies f(x0
1) = x0

2, then (f, f) is said to be a
pointed affine map : (X1,X1, x

0
1) → (X2,X2, x

0
2).

(5-A.4) Proposition
Let (X1,X1, x

0
1) and (X2,X2, x

0
2) be pointed affine spaces. And let f : X1 →

X2 be a linear map. An affine map (f, f) : (X1,X1, x
0
1) → (X2,X2, x

0
2) is a

pointed affine map if and only if f(x + x0
1) = fx + x0

2 holds for any x ∈ X1.

[proof] This is obtained by the definition of the affine map and the
pointed affine map.
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(5-A.5) Definition
Let (f, f) : (X1,X1) → (X2,X2) be an affine map. If f is surjective, then
the affine map (f, f) is called epimorphism.
If f is injective, then the affine map (f, f) is called monomorphism.
If f is bijective, then the affine map (f, f) is called isomorphism.

(5-A.6) Proposition
The following facts about affine maps hold:
1) An affine map (f, f) : (X1,X1 → (X2,X2) is epimorphism if and only if
the linear map f : X1 → X2 is surjective.
2) An affine map (f, f) : (X1,X1 → (X2,X2) is monomorphism if and only
if the linear map f : X1 → X2 is injective.
3) An affine map (f, f) : (X1,X1 → (X2,X2) is isomorphism if and only if
the linear map f : X1 → X2 is bijective.

[proof] These are obtained by the definition of affine spaces and affine
maps.

(5-A.7) Definition
Let (X,X) be an affine space. And let Y be a sub set of X, and Y be a sub
space of X. If the following condition folds, then a pair (Y,Y) is called a
sub affine space of (X,X).
Condition: For any y ∈ Y and y ∈ Y, y + y ∈ Y holds.

(5-A.8) Definition
Let (X,X) be an affine space. For any sub set Xh ⊂ X, the smallest affine
space that contains Xh among sub affine spaces (Y,Y) such that Y ⊃ Xh is
called an affine hull of Xh.

5.4.A.2 Affine State Structure: Linear U-Actions

In Appendix 3.5.B of Chapter 3 we have introduced the pointed U -action and
U -actions with an input map, and we have shown that they are equivalent.
In this section we introduce pointed linear U -actions and linear U -action
with a linear input map, and show that they are equivalent. Moreover, we
discuss reachability of pointed linear U -actions.
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(5-A.9) Definition
A system given by the following equation is written as a pair (XA, FA) and
it is said to be an affine U -action.
x(t+ 1) = FA(ω(t+ 1)x(t).
Where XA = (X,X) is an affine space over the field K and a map FA =
(F,F) : U → AM(XA);u 2→ FA(u). AM(XA) := {any affine map : XA →
XA}
Let (XA

1 , F
A
1 ) and (XA

2 , F
A
2 ) be affine U -actions, then an affine map TA :

XA
1 → XA

2 is said to be an affine U -morphism (XA
1 , F

A
1 ) → (XA

2 , F
A
2 ), if TA

satisfies TAFA
1 (u) = FA

2 (u)TA for any u ∈ U .
For an affine U -action (XA, FA) and a state x0 ∈ X, a collection ((XA, FA),
x0) is said to be a pointed affine U -action. It represents the following equa-
tion: {

x(t+ 1) = FA(ω(t+ 1))x(t)
x(0) = x0

For a pointed affine U -action ((XA, FA), x0), if the affine hull of
{FA(ω(|ω|)) × FA(ω(|ω| − 1)) · · ·FA(ω(1))x0;ω ∈ Ω} is equal to XA, then
((XA, FA), x0) is said to be quasi-reachable.

Let ((XA
1 , F

A
1 ), x0

1) and ((XA
2 , F

A
2 ), x0

2) be pointed affine U -actions, then
an affine U -morphism TA = (T,T) : ((XA

1 , F
A
1 ), x0

1) → ((XA
2 , F

A
2 ), x0

2)
which satisfies T (x0

1) = x0
2 is said to be a pointed affine U -morphism :

((XA
1 , F

A
1 ), x0

1) → ((XA
2 , F

A
2 ), x0

2).

Remark: Proposition (5.2) implies that a pointed affine U -action ((XA, FA),
x0) may be written by the following equation:

x(0) = x0

x(t+ 1) = x(t + 1) + x0

x(t + 1) = F (ω(t+ 1))x(t) + g(ω(t+ 1))

Where XA = (X,X), FA = (F,F). And x0 ∈ X,x(t) ∈ X,x(t) ∈ X and a
map g : U → X for any t ∈ N .

(5-A.10) Definition
A collection ((X,F), g) given by the following equations is said to be a linear
U -action with an affine map.{

x(0) = 0
x(t + 1) = F(ω(t+ 1))x(t) + g(ω(t+ 1))
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Where x(t) ∈ X, F(ω(t)) ∈ L(X), ω(t) ∈ U and t ∈ N .

(5-A.11) Lemma
Any pointed affine U -action ((XA, FA), x0) is isomorphic to a linear U -action
with an affine map ((X,F), g).

[proof] Let’s consider a pointed affine U -morphism TA = (T, I) : XA =
(X,X) → (X,X) such that T (x0) = 0 and I(x) = x for any x ∈ X. Then
TA = (T, I) is a pointed U -morphism : ((XA, FA), x0) → ((X,F), g), and it
is an isomorphic map : XA = (X,X) → (X,X).

Remark: By following this Lemma (5-A.11), from now on we may use
((X,F ), g) in no bold fonts in place of using ((X,F), g) in bold fonts.

(5-A.12) Definition
Let ((X1, F1), g1) and ((X2, F2), g2) be linear U -actions with an affine map. If
a linear U -morphism T : (X1, F1) → (X2, F2) which satisfies Tg1 = g2, then
T is said to be a linear U -morphism with an affine map : ((X1, F1), g1) →
((X2, F2), g2).

(5-A.13) Example
Let V (Ω+) and ψ be the same as that considered in Example (5.12). And
we consider a map e : U → V (Ω+) considered in Example (5.12) is a linear
map : V (Ω+) → V (Ω+). Then ((V (Ω+), ψ), e) is a linear U -action with an
affine map.

(5-A.14) Example
Let F (Ω, Y ) be a set of any input response maps a : Ω → Y , and Sl be the
same as in Example (5.13). Let a map ξ : U → (F (Ω, Y ), then (F (Ω, Y ), Sl )
is a linear U -action and ((F (Ω, Y ), Sl ), ξ) is a linear U -action with an affine
map.

(5-A.15) Definition
Let ((X,F ), g) be any linear U -action with an affine map. A linear U -
morphism with an affine map G : ((V (Ω+), ψ), e) → ((X,F ), g) is said to be
an affine input map.
A linear U -morphism with an affine map:
A : ((V (Ω+), ψ), e) → ((F (Ω, Y ), Sl ), ξ) is said to be an affine input/output
map.
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(5-A.16) Proposition
For any linear U -action with an affine map ((X,F ), g), there uniquely exists
an affine input map G : ((V (Ω+), ψ), e) → ((X,F ), g).
Conversely, for any linear U -morphism G : (V (Ω+), ψ) → (X,F ), ((X,F ), g)
is a linear U -action with an affine map. Where g is given by a map g : U → X
which satisfies g(u) = G(eu).

[proof] First we will prove the first half. An affine map G satisfies the
following equation.
G(eω) =

∑|ω|
j=1 F (ω(|ω|))F (ω(|ω| − 1)) · · ·F (ω(j + 1)g(ω(j)).

Since {eω;ω ∈ Ω+} is a basis in V (Ω+), a linear map G : V (Ω+) → X satis-
fying the above equation is uniquely determined on the linear space V (Ω+).
The latter half is easily obtained by Definition (5-A.10).

Remark: In Proposition (5-A.16), if we replace the linear U -action with
an affine map ((F (Ω, Y ), Sl ), ξ) considered in Example (5-A.14) in place
of ((X,F ), g), then note that an affine input map G : ((V (Ω+), ψ), e) →
((F (Ω, Y ), Sl ), ξ) is an affine input/output map.

(5-A.17) Definition
For a linear U -action with an affine map ((X,F ), g) and an affine input map
G corresponding to it, a collection ((X,F ), G) is said to be a linear U -action
with an affine input map.

Remark: According to Proposition (5-A.16), a category of a linear U -action
with an affine map ((X,F ), g) is equivalent to a category of a linear U -action
with an affine input map ((X,F ), G).

(5-A.18) Proposition
Let ((X,F ), G) be a linear U -action with an affine input map correspond-
ing to a linear U -action with an affine map ((X,F ), g). Then ((X,F ), g) is
quasi-reachable if and only if G in ((X,F ), G) is surjective.

[proof] By the definition of quasi-reachablity, this can be obtained easily.
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5.4.A.3 Affine State Structure with a Readout Map

In Appendix 3.5 of Chapter 3 we have introduced the U -action with a read-
out map and U -actions with an observation map, we have shown that they
are equivalent. In this section we introduce linear U -actions with a readout
map and linear U -actions with a linear output map, and show that they are
equivalent. Moreover, we discuss distinguishability of linear U -actions with
a readout map.

(5-A.19) Definition
A system given by the following equations is written by ((XA, FA), hA), and
it is said to be an affine U -action with a readout map.{

x(t+ 1) = FA(ω(t+ 1))x(t)
γ(t) = hAx(t)

for any t ∈ N , where x(t) ∈ XA and γ(t) ∈ Y A.
Where XA = (X,X) is an affine space that may be called a state space, FA

is an affine map : U → AM(XA);u 2→ FA(u) and hA : XA → Y A is an
affine map. And Y A = (Y,Y). See Appendix 5.4.A.1.

If hAFA(ω(|ω|)FA(ω(|ω| − 1) · · ·FA(ω(1)x1
= hAFA(ω(|ω|)FA(ω(|ω| − 1) · · ·FA(ω(1)x2 implies x1 = x2,
then ((XA, F A), hA) is called distinguishable.
Let ((XA

1 , F
A
1 ), hA

1 ) and ((XA
2 , F

A
2 ), hA

2 ) be affine U -actions with readout
map. If an affine map TA = (T,T) : XA

1 → XA
2 satisfies TAFA

1 (u) =
FA

2 (u)TA and hA
1 = hA

2 T
A, then TA is said to be an affine U -morphism with

a readout map TA : ((XA
1 , F

A
1 ), hA

1 ) → ((XA
2 , F

A
2 ), hA

2 ).

(5-A.20) Proposition
Let ((XA

1 , F
A
1 ), hA

1 ) and ((XA
2 , F

A
2 ), hA

2 ) be affine U -actions with a read-
out map. And let XA

i := (Xi,Xi), FA
i = (Fi,Fi) and hA

i = (hi,hi) (for
i = 1, 2), and let TA = (T,T) be an affine map : XA

1 → XA
2 . Then TA =

(T,T) is an affine U-morphism with a readout map TA : ((XA
1 , F

A
1 ), hA

1 ) →
((XA

2 , F
A
2 ), hA

2 ) if and only if TF1(u) = F2(u)T,h1 = h2T and T is a lin-
ear U -morphism with a readout map T : ((X1,F1),h1) → ((X2,F2),h2),
namely T is a linear map X1 → X2 such that TF1(u) = F2(u)T and
h1 = h2T for any u ∈ U .

[proof] Direct calculations can show this.
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In Appendix 5.4.A.2, we have shown that the state space in an Affine Dy-
namical System can be condensed to the linear space. Also, by Proposition
(5-A.20), we will remark the linear parts in Affine Dynamical Systems.
Hence, we can rewrite Definition (5-A.19) for an affine U -action with output
as the following:

(5-A.21) Definition
For a linear U -action (X,F) and a linear map h : X → Y , a collection
((X,F),h) is said to be a linear U -action with a readout map.
If hF(ω(|ω|))F(ω(|ω| − 1)) · · ·F(ω(1))x1 = hF(ω(|ω|))F(ω(|ω| − 1)) · · ·
× F(ω(1))x2 for any ω ∈ Ω implies x1 = x2, then a linear U -action with a
readout map ((X,F),h) is said to be distinguishable.

Remark: By following Proposition (5-A.20) and Definition (5-A.21), from
now on we may use a linear U -action with a readout map ((X,F ), h) in no
bold fonts in place of using ((X,F),h) in bold fonts.

(5-A.22) Example
Let F (Ω, Y ) be a set of any input response maps and Sl be defined in Exam-
ple (5.13). Then (F (Ω, Y ), Sl ) is a linear U -action. Let 1 be a linear operator
: F (Ω, Y ) → Y ; a 2→ a(1 ). Then a collection ((F (Ω, Y ), Sl ), 1) is a linear U -
action with a readout map.

We have introduced linear U -actions with a readout map and a linear ob-
servation map in Definition (4-A.32) of Chapter 4. Here we state it clearly
as the following definition:

(5-A.23) Definition
Let (X,F ) be a linear U -action and H be a linear U -morphism : (X,F ) →
(F (Ω, Y ), Sl ), then a collection ((X,F ), H) is said to be a linear U -action
with an observation map.

(5-A.24) Proposition
For any linear U -action with a readout map ((X,F ), h), there uniquely ex-
ists a linear U -morphism H : (X,F ) → (F (Ω, Y ), Sl ) such that Hx(ω)
= hF (ω(|ω|)F (ω(|ω| − 1) · · ·F (ω(1))x for any x ∈ X and ω ∈ Ω.
Conversely, for any linear U -morphism H : (X,F ) → (F (Ω, Y ), Sl ), an op-
erator h: X → Y that is defined by h = 1 ·H is a linear operator.
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[proof] This proposition is the same as Proposition (4-A.32) in Ap-
pendix 4.5.

Remark: Proposition (5-A.24) implies that a category of any linear U -action
with a readout map is isomorphic to a category of any linear U -action with
an observation map.

(5-A.25) Proposition
Let ((X,F ), H) be a linear U -action with an observation map corresponding
to a linear U -action with a readout map ((X,F ), h). Then ((X,F ), h) is
distinguishable if and only if H in ((X,F ), H) is injective.

[proof] By the definition of distinguishability, this can be obtained easily.

(5-A.26) Lemma
Let F0(Ω, Y ) := {a ∈ F (Ω, Y ); a(1) = 0}. Then F0(Ω, Y ) = L(V (Ω+), Y ).

[proof] We will consider a map :F0(Ω, Y ) → L(V (Ω+), Y ); a 2→ al, where
a(ω) = al(eω) holds for any ω ∈ Ω+. Then the map is clearly bijective.

(5-A.27) Example
Let V (Ω+) be a set and ψ be the operator in Example (5.12). Let al ∈
L(V (Ω+), Y ) introduced in Lemma (5-A.26) and its proof. Then a collection
((V (Ω+), ψ), al) is a linear U -action with a readout map.

Remark: If we replace ((V (Ω+), ψ), al) with ((X,F ), h) in Proposition (5-
A.24), then note that a linear U -morphism A : (V (Ω+), ψ) → (F (Ω, Y ), Sl )
is an affine input/output map.

As the structure of Linear Representation Systems, we have introduced
linear U -actions and linear Ω-modules in the Appendix 4.5 of Chapter 4.
Also we have clarified the relation between linear U -actions and linear Ω-
modules. In this chapter we were also able to introduce linear U -actions as
the structure of Affine Dynamical Systems. Therefore, the relation between
linear U -action and Ω-module in Affine Dynamical Systems are the same as
before. See Appendix 4.5 in Chapter 4 for it.

In Appendix 4.5 of Chapter 4 we have introduced the sub linear U -action,
the quotient linear U -action and the product linear U -action. For Affine Dy-
namical Systems, we can also consider them. Next, we will list them again
for readability.
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(5-A.28) Sub linear U-actions
Let (X,F ) be a linear U -action and Y ⊆ X be invariant sub-space under
F , i.e. F (u)y ∈ Y for any u ∈ U and any y ∈ Y . Let FY (u) := F (u)|Y
(restriction of the map F (u) to Y ), then (Y, FY ) is a linear U -action, and it
is said to be a sub linear U -action of (X,F ).

(5-A.29) Quotient linear U -action
Let (X,F ) be a linear U -action and a linear equivalence relation R in X be
consistent with F . Namely, an equivalence relation R is given by x1 R x2
⇐⇒ x1 − x2 ∈ S for some linear sub space S ⊆ X, and x1 R x2 implies
F (u)x1 R F (u)x2 for any u ∈ U . Then we can consider a quotient linear
space X/R = X/S. Therefore, we can obtain a quotient linear U -action
(X/Z, F̃ ). Where F̃ (u) : X/Z → X/Z; [x] 2→ [F (u)x] for any u ∈ U .

(5-A.30) Corollary
Any linear U -morphism T : (X1, F1) → (X2, F2) can be normally decom-

posed into X1
π→ X1/ker T

T b→ im T
j→ X2, where π is the canonical surjec-

tion, T b is the isomorphism associated with T , j is the canonical injection
and they are linear U-morphisms respectively.

(5-A.31) Product linear U -actions
Let (X1, F1) and (X2, F2) be linear U -actions and define (F1 × F2)(u) :
X1 × X2 → X1 × X2; (x1, x2) 2→ (F1(u)x1, F2(u)x2) for the product space
X1 ×X2 and any u ∈ U . Therefore, (X1 ×X2, F1 ×F2) is a linear U -action,
and it is said to be a product linear U -action of (X1, F1) and (X2, F2).

5.4.A.4 Affine Dynamical Systems

In this section we introduce sophisticated Affine Dynamical Systems, and
show that Affine Dynamical Systems (said to be a naive Affine Dynamical
Systems) introduced in Definition (5.1) and sophisticated Affine Dynamical
Systems can be considered as the same thing.

(5-A.32) Definition
A collection Σ = ((X,F ), G,H, h0) is said to be a sophisticated Affine Dy-
namical System, if G is a linear U -morphism G : (V (Ω+), ψ) → (X,F ) and
H is a linear U -morphism : (X,F ) → (F (Ω, Y ), Sl ).
For a linear input/output map AΣ = H · G : (V (Ω+), ψ) → (F (Ω, Y ), Sl ),
(AΣ, h

0) is said to be the behavior of Σ. For a linear input/output map A
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and some a(1 ) ∈ Y , if AΣ = A and h0 = a(1 ), then sophisticated Affine
Dynamical System Σ is called a realization of (A, a(1 )).
A sophisticated Affine Dynamical System Σ = ((X,F ), G,H, h0) is called
canonical if G is surjective and H is injective.

For Σ1 = ((X1, F1), G1, H1, h
0) and Σ2 = ((X2, F2), G2, H2, h

0), a linear
U -morphism T : (X1, F1) → (X2, F2) which satisfies TG1 = G2, H1 = H2T
is said to be a sophisticated Affine Dynamical System morphism : Σ1 → Σ2.
If T is surjective and injective then T : Σ1 → Σ2 is said to be an isomor-
phism.

(5-A.33) Example
For the linear U -action (V (Ω+), ψ) in Example (5.12), identity map I on
V (Ω+) and a linear input/output map A : (V (Ω+), ψ) → (F (Ω, Y ), Sl ), a
collection ((V (Ω+), ψ), I, A, a(1 )) is a sophisticated Affine Dynamical Sys-
tem that realizes (A, a(1 )).
For the linear U -action (F (Ω, Y ), Sl ) in Example (5.13), a linear input/
output map A and identity map I on F (Ω, Y ), then a collection
((F (Ω, Y ), Sl ), A, I, a(1 )) is a sophisticated Affine Dynamical System that
realizes (A, a(1 )).

In this situation, we consider the relation between sophisticated Affine
Dynamical Systems and naive ones.

(5-A.34 ) Proposition
For any sophisticated Affine Dynamical System Σ = ((X,F ), G,H, h0), there
uniquely exists a naive Affine Dynamical System σ = ((X,F ), g, h, h0) corre-
sponding to the sophisticated Affine Dynamical System Σ by two equations
(a.1) and (a.2) for any x ∈ X and ω ∈ Ω.
G(eω) =

∑|ω|
j=1 F (ω(|ω|)F (ω(|ω| − 1) · · ·F (ω(j + 1))g(ω(j)) . . . . . . . . . (a.1)

Hx(ω) = hF (ω(|ω|)F (ω(|ω| − 1) · · ·F (ω(1))x . . . . . . . . . . . . . . . . . . . . . . . (a.2)
This correspondence is isomorphic in the category’s sense.

[proof] It is easily obtained from Proposition (5-A.16), Remark in Defi-
nition (5-A.17) and Remark in Proposition (5-A.24).
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5.4.A.5 Sophisticated Realization Theorem

In this section we will prove Realization Theorem (5.15) for (naive) Affine
Dynamical Systems. According to the Remark in Proposition (5-A.16) (or
the Remark in Example (5-A.27)) and Proposition (5-A.34), the realization
theorem can be replaced with following Theorem (5-A.35). Therefore, prov-
ing this theorem implies proving Realization Theorem (5.15).

(5-A.35) (Sophisticated) Realization Theorem
For any affine input/output map A : (V (Ω+), ψ) → (F (Ω, Y ), Sl ), there
exist at least two sophisticated canonical Affine Dynamical Systems that
realize (A, a(1 ) (existence part).
Let Σ1 = ((X1, F1), G1, H1, h

0) and Σ2 = ((X2, F2), G2, H2, h
0) be sophis-

ticated canonical Affine Dynamical Systems that have same behavior, then
there exists an isomorphism T : Σ1 → Σ2 (uniqueness part).

[proof] A next Corollary (5-A.36) signifies proving the existence part.
Moreover, Remark in Lemma (5-A.40) signifies proving the uniqueness.

(5-A.36) Corollary
For any affine input/output map A : (V (Ω+), ψ) → (F (Ω, Y ), Sl ) and
a(1 ) ∈ Y , the following sophisticated Affine Dynamical Systems (1) and
(2) are canonical realizations of (A, a(1 )).
(1) Σq = ((V (Ω+)/ker A, ψ̃), π, Ai, a(1 )).
Where π is the canonical surjection : V (Ω+) → V (Ω+)/ker A and Ai is
given by Ai = j · Ab for Ab : V (Ω+)/ker A → im A being isomorphic with
A and j being the canonical injection : im A → F (Ω, Y ).
(2) Σs = ((im A,Sl ), As, j, a(1 )).
Where As = Ab · j.

[proof] This can be obtained easily by Corollary (5-A.30), Example (5-
A.33), the definition of canonicality and behavior.

Next, to prove the uniqueness part of Theorem (5-A.35), we introduce
the following morphism Mor(Σ1,Σ2) from a sophisticated Affine Dynami-
cal System Σ1 to another sophisticated Affine Dynamical System Σ2. Where
Σ1 = ((X1, F1), G1, H1, h

0) and Σ2 = ((X2, F2), G2, H2, h
0) are the same as

in Matsuo [1981].
Mor(Σ1,Σ2) := {a relation T : X1 → X2;GrTmin

12 ⊆ GrT12 ⊆ GrTmax
12 }.
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Where GrTmin
12 , GrT12 and GrTmax

12 denote the graph of Tmin
12 := G2 ·G−1

1 ,
T12 and H−1

2 · H1 respectively. Why this morphism is introduced depends
on the next lemma.

(5-A.37) Lemma
AΣ1 = AΣ2 if and only if Mor(Σ1,Σ2) 5= ∅ .

[proof] This can be proved the same as in Matsuo [1981].

(5-A.38) Lemma
Let AΣ1 = AΣ2 hold. (1) If G1 of Σ1 is surjective, then dom Tmin

12 = X1
holds, where dom Tmin

12 denotes the domain of Tmin
12 .

(2) If H2 of Σ2 is injective, then Tmax
12 is a partial function : X1 → X2.

[proof] This can be proved the same as in Matsuo [1981].

(5-A.39) Lemma
Let AΣ1 = AΣ2 hold, then GrTmax

12 is an invariant sub-product linear U -
action of (X1, F1) and (X2, F2).

[proof] By the definition of GrTmax
12 ,GrTmax

12 = {(x1, x2) ∈ X1×X2;H1x1
= H2x2} holds. Let (x1, x2) and (x′

1, x
′
2) ∈ GrTmax

12 , i.e., H1x1 = H2x2 and
H1x

′
1 = H2x

′
2 hold.H1(x1+x′

1) = H1x1+H1x
′
1 = H2x2+H2x

′
2 = H2(x2+x′

2)
hold. This implies (x1 + x′

1, x2 + x′
2) ∈ GrTmax

12 . For k ∈ K and (x1, x2) ∈
GrTmax

12 , (kx1, kx2) ∈ GrTmax
12 holds. Moreover, for u ∈ U and (x1, x2) ∈

GrTmax
12 , H1F1(u)x1 = Sl (u)H1x1 = Sl (u)H2x2 = H2F2(u)x2 hold. Hence,

we obtain (F1(u)x1, F2(u)x2) ∈ GrTmax
12 . Therefore, GrTmax

12 ⊂ X1 ×X2 is
invariant under F1 × F2. Therefore, (GrTmax

12 , F1 × F2) is a linear U -action.

(5-A.40) Lemma
Let AΣ1 = AΣ2 hold,G1 be surjective andH2 be injective, then Tmin

12 = Tmax
12

holds and T12 is an Affine Dynamical System morphism : Σ1 → Σ2 by setting
T12 = Tmin

12 .

[proof] If G1 is surjective and H2 is injective, then Lemma (5-A.38)
implies that T12 ∈ Mor(Σ1,Σ2) is unique, T12 · G1 = G2 and H2T12 = H1
hold. Owing to Lemma (5-A.39), T12 is a linear U-morphism : (X1, F1) →
(X2, F2).

Remark: The uniqueness part of (sophisticated) Realization Theorem (5-
A.35) for input response maps is proven by sophisticated Affine Dynamical
Systems being canonical and Lemma (5-A.40).
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5.4.B Finite Dimensionality

In this part, we will give proofs for theorems, propositions and corollaries
stated in section 5.2.

5.4.B.1 Pointed Finite Dimensional Linear U-Actions

In Appendix 5.4.A, the linear U -actions were introduced. In this section we
consider those whose state space is finite dimensional. Then it is shown that
finite dimensional linear U -actions can be represented by matrix expressions.

(5-B.1) Definition
A linear U -action (X,F ) whose X is finite (n) dimensional is said to be a
finite dimensional ( n dimensional) linear U -action.

In Appendix 5.4.A, we showed that an initial object of any linear U -action
with an affine map ((X,F ), g) is ((V (Ω+), ψ), e) and the quasi-reachability
of ((X,F ), g) implies surjection of the corresponding affine input map G. In
this section we will give a criterion for being quasi-reachable of finite dimen-
sional linear U -actions with an affine map. Introducing the quasi-reachable
standard form, we show that it is a representative of linear U -actions with
an affine map.

Let ((X,F ), g) be a linear U -action with an affine map and G be the affine
input map corresponding to an affine map g, namely, a linear U -morphism
G : (V (Ω+), ψ) → (X,F ) which satisfies g(u) = G(eu).
Let QR(i) be the linear hull of reachable set by input whose length is within
i, i.e.,
QR(i) := {∑i αixi : xi =

∑|ω|
j=1 F (ω(|ω|)F (ω(|ω| − 1)) · · ·F (ω(j))g(ω(j)),

ω ∈ Ω+
i , αi ∈ K}.

Where Ω+
i := {ω ∈ Ω; |ω| ≤ i ∈ N}.

Then the following formula holds.
QR(i+ 1) = QR(i)+ 1 {F (u)x+ g(u);u ∈ U, x ∈ QR(i)} ..
Therefore, the following sequence can be obtained.
0 = QR(0) ⊆ QR(1) ⊆ · · · ⊆ QR(i) ⊆ · · · ⊆ QR(∞).
And QR(n) = G(1 Ω+

n .) holds.
Where, 1 Ω+

n . denotes the linear hull of Ω+
n in V (Ω+).
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Moreover, let Gl = G · Jl, where Jl is the canonical injection :1 Ω+
n .→

V (Ω+). Then the above sequence can be rewritten as follows:

im G0 ⊆ im G1 ⊆ · · · ⊆ im Gi ⊆ · · · ⊆ im G∞ = im G.

Then we can obtain next lemma easily.

(5-B.2) Lemma
If im Gj−1 = im Gj for an integer j ∈ N , then im Gj = im Gj+1.

[proof] By the formula, im Gj = im Gj−1+ 1 {F (u)x;u ∈ U, x ∈
im Gj−1} . holds. By assumption im Gj−1 = im Gj , im Gj+1 = im Gj−1+
1 {F (u)x;u ∈ U, x ∈ im Gj−1} .= im Gj holds.

(5-B.3) Lemma
For any linear U -action with an affine map ((Kn, F ), g), then im Gn = im G
always holds. Therefore, ((im Gn, F ), g) is quasi-reachable linear U -action
with an affine map.

[proof] This is a direct consequence of Lemma (5-B.2) and definition of
quasi-reachability.

(5-B.4) Proposition
Let ((Kn, F ), g) be a linear U -action with an affine map, then ((Kn, F ), g)
is quasi-reachable if and only if im Gn = Kn holds.

[proof] The necessary and sufficient condition for being quasi-reachable
of ((Kn, F ), g) is that im G = Kn. By Lemma (5-B.3), this is equivalent to
im Gn = Kn. Consequently, the proposition holds.

(5-B.5) Proposition
Let ((Kn, F ), g) be a quasi-reachable linear U -action with an affine map,
then im Gj is more than j dimensional for any integer j(1 ≤ j ≤ n).

[proof] For any integer j, let’s assume that there does not exist j lin-
early independent vectors in im Gj . And if im Gj−1 ⊂ im Gj holds, then
the condition contradicts the nonexistence of j vectors. Hence, im Gj−2 =
im Gj−1 = · · · = im G holds and im G has no more than j vectors. This
contradicts the quasi-reachability of ((Kn, F ), g).
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(5-B.6) Proposition
Let ((Kn, F ), g) be a linear U -action with an affine map. ((Kn, F ), g) is
quasi-reachable if and only if
rank [g, F (u1)g, F (u2)g, · · · , F (um)g, F (u1)2g, F (u1)F (u2)g, F (u1)F (u3)g,
· · · , F (u1)F (um)g, F (u2)2g, · · · , F (u1)n−1g, F (u1)n−2F (u2)g, · · · ,
F (um)n−1g] = n holds.

[proof] This can be obtained by Proposition (5-B.4).

(5-B.7) Definition
Let ((Kn, Fs), gs) be a quasi-reachable linear U -action with an affine map.
If ((Kn, Fs), gs) satisfies the following conditions, then it is said to be the
quasi-reachable standard form.
1) e1 = gs(ω1), ei =

∑|ωi|
j=1 Fs(ωi(|ωi|)Fs(ωi(|ωi| − 1)) · · ·Fs(ωi(j))gs(ωj(j))

for {ωi; 1 ≤ i ≤ n} and ω1 < ω2 < · · ·ωn.
2) ω1 < ω2 < · · ·ωn and |ω| ≤ n− 1 for i(1 ≤ i ≤ n) hold.
3)

∑|ω|
j=1 Fs(ω(|ω|)Fs(ω(|ω| − 1)) · · ·Fs(ω(j))ek =

∑n
j=1 αjej holds for any

input sequence ω such that ωj < ω < ωj+1(1 ≤ j ≤ n− 1) and some k such
that |ωk| = 1.

(5-B.8) Proposition
For any quasi-reachable linear U -action with an affine map ((Kn, F ), g),
there uniquely exists the quasi-reachable standard form ((Kn, Fs), gs) which
is isomorphic to it.

[proof] We select the set of linearly n independent vectors:
{xi :=

∑|ωi|
j=1 F (ωi(|ωi|)F (ωi(|ωi| − 1)) · · ·F (ωi(j))g(ωi(j)); 1 ≤ i ≤ n, ωi ∈

Ω} in the order of the numerical value of Ω. Then the condition ωi ≤ i− 1
for i(1 ≤ i ≤ n) holds by Proposition (5-B.5). See Definition (5.19) for the
numerical value.
We introduce a linear operator T : Kn → Kn by setting Txi = ei for i(1 ≤
i ≤ n), then T is a regular matrix. Let Fs(u) := TF (u)T−1, Tg(u) = gs(u)
for any u ∈ U , then Fs(u) ∈ Kn×n and a collection ((Kn, Fs), gs) is a linear
U -action with an affine map. Since Txi = ei for i(1 ≤ i ≤ n), the state ei
is a reachable state by input ωi whose length is shorter than i. T is a linear
U -morphism with an affine map: ((Kn, F ), g) → ((Kn, Fs), gs). T preserves
the linear independence and dependence. Therefore, ((Kn, Fs), gs) is a quasi-
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reachable standard form. Next, we can easily show that the uniqueness of it
comes from the selection of {ωi; 1 ≤ i ≤ n}.

Remark: There are many equivalences in the category of linear U -actions
with an affine map, and this proposition says that the equivalences can be
represented as quasi-reachable standard forms.

5.4.B.2 Finite Dimensional Linear U-Actions
with a Readout Map

In Appendix 5.4.A, we showed that the final object of any linear U -action
with a readout map ((X,F ), h) is ((F (Ω, Y ), Sl , 1) and the distinguishabil-
ity of ((X,F ), h) implies injection of the corresponding linear observation
map H. In this section we will give a criterion for being distinguishable
of finite dimensional linear U -actions with a readout map. Introducing the
distinguishable standard form, we show that it is a representative of linear
U -actions with a readout map.

Let ((X,F ), h) be a linear U -action with a readout map and H be the
linear observation map corresponding to a readout map h, namely, a linear
U -morphism H : (X,F ) → (F (Ω, Y ), Sl ) which satisfies 1 ·H = h.

Let LO(i) be the linear hull of reachable set by output whose length is
within i, i.e. LO(i) := {∑j αjx

′
j ;x

′
j = hφF (ωj), αj ∈ K,ωj ∈ Ωi}.

Where Ωi := {ω; |ω| ≤ i}, then the following sequence holds:
LO(0) ⊆ LO(1) ⊆ · · ·LO(i) ⊆ · · · ⊆ LO(∞).

Let Hl = Pl ·H, where Pl is the canonical surjection: F (Ω, Y ) → F (Ωl, Y ),
and F (Ωl, Y ) := {a ∈ F (Ω, Y ); a : Ωl → Y }.
Then ker Hl = LO(l)0 holds, i.e., ker Hl = {x ∈ X;hx = 0 for h ∈ LO(l)}.
Moreover, ker H = LO(∞)0 holds.

(5-B.9) Lemma
For any linear U -action with a readout map ((X,F ), h), LO(n− 1) =
1 hφF (Ω) . holds. Where hφF (Ω) = {hφF (ω);ω ∈ Ω}.

[proof] This can be obtained the same way as Lemma (5-B.3).

(5-B.10) Proposition
For any linear U -action with a readout map ((X,F ), h), ((ker Hn−1, F ) is a
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sub linear U -action of (X,F ) and ((Kn/ker Hn−1, F̃ ), h̃) is a distinguishable
linear U -action with a readout map.

[proof] Let H be the corresponding linear observation map to h. By
Lemma (5-B.9), LO(n − 1) =1 hF (Ω) . holds. Therefore, ker Hn−1 =
ker H holds. Because H is a linear U -morphism : (Kn, F ) → (F (Ω, Y ), Sl ),
(ker Hn−1, F ) is a sub linear U -action of (Kn, F ).
Therefore, ((Kn/ker Hn−1, F̃ ), h̃) can be introduced, and become a distin-
guishable linear U -action with a readout map.

(5-B.11) Proposition
Let ((X,F ), h) be a linear U -action with a readout map. ((X,F ), h) is dis-
tinguishable if and only if LO(n− 1) = Kp×n holds.

[proof] This can be obtained the same as Proposition (5-B.4).

(5-B.12) Proposition
If ((X,F ), h) is distinguishable, then LO(j − 1) is more than j dimensional
for any j(1 ≤ j ≤ n).

[proof] This can be obtained the same as Proposition (5-B.5).

(5-B.13) Proposition
Let ((X,F ), h) be a linear U -action with a readout map. ((X,F ), h) is dis-
tinguishable if and only if
rank [hT , (hF (u1))T , · · · , (hF (um))T , (hF (u1)2)T , (hF (u1)F (u2))T , · · · ,
(hF (u1)n−1)T , · · · , (hF (um)n−1)T ] = n holds.
Where T denotes the transpose of matrix.

[proof] This can be obtained the same as Proposition (5-B.6).

(5-B.14) Definition
Let ((X,Fs), hs) be a distinguishable linear U -action with a readout map.
If ((X,Fs), hs) satisfies the following conditions, then it is said to be the
distinguishable standard form:
1) ei

T = h(
∑|ωi|

j=1 F (ωi(|ωi|))F (ωi(|ωi| − 1)) · · ·F (ωi(j))) holds for input se-
quences {ωi; 1 ≤ i ≤ n}.
2) 1 = ω1 < ω2 < · · · < ωn and |ωi| ≤ i− 1 for i(1 ≤ i ≤ n) hold.
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3) h(
∑|ω|

j=1 F (ω(|ω|))F (ω(|ω| − 1)) · · ·F (ω(j))) =
∑j

i=1 αjei holds for any
input sequence ω such that ωj < ω < ωj+1(1 ≤ j ≤ n− 1).

Remark: If ((X,Fs), hs) is the distinguishable standard form, note that
hs = e1

T .

(5-B.15) Propositon
For any distinguishable linear U -action with a readout map ((X,F ), h), there
exists uniquely the distinguishable standard form ((X,Fs), hs) which is iso-
morphic to it.

[proof] We select the set of linearly n independent vectors as the follow-
ing:
{h(∑|ωi|

j=1 F (ωi(|ωi|)F (ωi(|ωi| − 1)) · · ·F (ωi(j))); 1 ≤ i ≤ n, ωi ∈ Ω} in the
order of index value of Ω. Then the condition |ωi| ≤ i − 1 for i(1 ≤ i ≤ n)
holds by Proposition (5-B.12). We introduce a linear operator T : Kn → Kn

by setting h(
∑|ωi|

j=1 F (ωi(|ωi|)F (ωi(|ωi| − 1)) · · ·F (ωi(j)))T = ei
T , for i(1 ≤

i ≤ n), then T is a regular matrix. Let Fs(u) := TF (u)T−1 for any u ∈ U ,
then Fs(u) ∈ Kn×n and a collection ((X,Fs), e1

T ) is a linear U -action with a
readout map. T is a linear U -morphism with a readout map : ((Kn, F ), h) →
((Kn, Fs), e1

T ). T preserves the linear independence and dependence. There-
fore, ((Kn, Fd), e1

T ) is the distinguishable standard form. Next, we can show
the uniqueness of it comes from the selection of {ωi; 1 ≤ i ≤ n}.

Remark: There are many equivalences in the category of linear U -actions
with a readout map, and this proposition says that the equivalences can be
represented as the distinguishable standard form.

5.4.B.3 Finite Dimensional Affine Dynamical Systems

This section is prepared for the proofs of Representation Theorem (5.21)
and (5.23) for finite dimensional canonical Affine Dynamical Systems.

(5-B.16) Proof of Representation Theorem (5.21)
Note that the pointed linear U -action in the quasi-reachable standard sys-
tem is the quasi-reachable standard form. Let σ = ((Kn, F ), g, h, h0) be
any finite dimensional canonical Affine Dynamical System. For the quasi-
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reachable standard form ((Kn, Fs), gs) and a linear U -morphism with an
affine map T : ((Kn, F ), g) → ((Kn, Fs), gs) introduced in the proof of
Proposition (5-B.8), let hs := h · T−1. Then T is a Linear Representation
System morphism : σ = ((Kn, F ), g, h, h0) → σs = ((Kn, Fs), gs, hs, h

0).
And T is bijective and σs is the only quasi-reachable standard system. By
Corollary (5.4), the behaviors of σ and σs are the same.

(5-B.17) Proof of Representation Theorem (5.23)
Note that a linear U -action with a readout map in the quasi-reachable stan-
dard system is the distinguishable standard form.
Let σ = ((Kn, F ), g, h, h0) be any finite dimensional canonical Affine Dy-
namical System. For the distinguishable standard form ((Kn, Fs), e1

T ) and
a linear U -morphism with a readout map T : ((Kn, F ), h) → ((Kn, Fs), e1

T )
introduced in the proof of Proposition (5-B.15), let gs := Tg. Then T is a
linear Affine Dynamical System morphism : σ = ((Kn, F ), g, h, h0) → σs =
((Kn, Fs), gs, hs, h

0). And T is bijective and σs is the only distinguishable
standard system. By Corollary (5.4), the behaviors of σ and σs are the same.

5.4.B.4 Existence Criterion for Affine Dynamical Systems

This section is prepared for the proofs of the theorem for existence cri-
terion (5.25).
Let Gl = G · Jl, where Jl is the canonical injection :1 Ω+

l .→ V (Ω+).
Let Hl = Pl ·H, where Pl is the canonical surjection : F (Ω, Y ) → F (Ωl, Y ),

(5-B.18) Proof of Theorem (5.25)
Let A be the affine input/output map corresponding to input response map
a ∈ F (Ω, Y ). Obviously, im A =1 {Sl (ω)a−a : ω ∈ Ω} .. Let Al := A ·Jl,
and let a linear operator A(l,m) :1 Ω+

l .→ F (Ωm, Y ) be defined by setting
A(l,m) := Pm · A · Jl, then A(l,m) can be represented by a partial Hankel
matrix HA

a (l,m) of the Hankel matrix HA
a .

Where HA
a (l,m) = [a(ω̄|ω) − a(ω̄)] for ω ∈ Ωl, ω̄ ∈ Ωm. And Ωm = {ω ∈ Ω :

|ω| ≤ m} for some integer m.
First, we show 1) =⇒ 2). By Theorem (5.14) and Corollary (5-A.36), im A
is n dimensional. If im An 5= im An+1, then the dimension of im An is n+ 1
or more by Lemma (5-B.2), therefore, im An = im An+1 = · · · = im A. Con-
sequently, there exist n linearly independent vectors in {Sl (ω)a− a; |ω| ≤ n
for ω ∈ Ω}, but not n+ 1 or more linearly independent vectors in it.
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Secondly, we show 2) =⇒ 3). Since im An = im An+1, im An = im An+1 =
· · · = im A holds. Therefore, the dimension of im Ar is n for r ≥ n. On
the other hand, by Corollary (5-A.36) and Lemma (5-B.10), ker Ps = 0 for
s ≥ n− 1. Consequently, the dimension of im Ps ·A · Jr is n. Therefore, the
rank of partial Hankel matrix HA

a (r,s) corresponding to PsAJr is n.
Lastly, we show 3) =⇒ 1). Since the rank of the Hankel matrix HA

a is n,
the range im A of the affine input/output map A corresponding to HA

a is n
dimensional. By im A =1 {Sl (ω)a − a;ω ∈ Ω} . and Corollary (5-A.36),
1) is obtained.

5.4.B.5 Realization Procedure for Affine Dynamical Systems

This section is prepared for the proof of Theorem for Realization Pro-
cedure (5.26).

(5-B.19) Proof of Theorem (5.26)
Let Sl (Ω)a − a := {Sl (ω)a − a;ω ∈ Ω}. By Theorem (5.14), ((1 Sl(Ω)a −
a ., Sl ), ξ, 1 , a(1 )) is a canonical Affine Dynamical System that realizes
a ∈ F (Ω, Y ). The linearly independent vectors {Sl (ωi)a − a;ω1 < ω2 <
· · · < ωn, ωi ∈ Ω and |ωi| ≤ i for i(1 ≤ i ≤ n)} satisfies 1 {Sl (ωi)a−a;ω1 <
ω2 < · · · < ωn, ωi ∈ Ω and |ωi| ≤ i for i(1 ≤ i ≤ n)} . =1 Sl(Ω)a − a ..
Let a linear map T :1 Sl(Ω)a − a .→ Kn be T · (Sl (ωi)a − a) = ei
for any i(1 ≤ i ≤ n). Then, by step 3), hs · T = 1 holds. And by step 4),
Fs(u) ·T = T ·Fs(u) holds for any u ∈ U . Consequently, T is bijective and an
Affine Dynamical System morphism : ((1 Sl(Ω)a − a ., Sl ), ξ, 1, a(1 )) →
σs = ((Kn, Fs), gs, hs, a(1 )). By Corollary (5.4), the behavior of σs is a. It
follows from the choice of {Sl (ωi)a − a;ω1 < ω2 < · · · < ωn, ωi ∈ Ω and
|ωi| ≤ i for i(1 ≤ i ≤ n)} and the determination of map T that σs is the
quasi-reachable standard system.



6 Pseudo Linear Systems

Pseudo Linear Systems are presented with the following main theorem. The
main theorem says that for any input/output map with causality and time-
invariance, there exist at least two canonical Pseudo Linear Systems which
realize (faithfully describe) it and any two canonical Pseudo Linear Systems
with the same behavior are isomorphic.

Secondly, details of finite dimensional Pseudo Linear Systems are investi-
gated. A criterion for canonical finite dimensional Pseudo Linear Systems is
given. A representation theorem of isomorphic classes of canonical Pseudo
Linear Systems is given. A criterion for the behavior of finite dimensional
Pseudo Linear Systems is given by rank condition of Input/Output Matrix.
Also a procedure to obtain a canonical Pseudo Linear System is given.

Thirdly, partial realization of them will be discussed according to the
above results. Existence of minimum partial realization is easily presented.
It hardly ever happens for minimum partial realizations to be unique up to
isomorphism. To solve the uniqueness problem, we introduce the notion of
natural partial realizations.

The main results for partial realization are the following:
1) A necessary and sufficient condition for the existence of the natural par-
tial realizations is given by the rank condition of finite sized Input/Output
Matrix.
2) The existence condition of natural partial realization is equivalent to the
uniqueness condition of minimum partial realizations.
3) An algorithm to obtain a natural partial realization from a partial time-
invariant input response map is given.

Moreover, for the time-invariant input response map, we can discuss a real
time partial realization problem. Namely, by a single experiment, we find
a mathematical model from on-line data. An algorithm to obtain a partial
realization from the data is given if a physical object is finite dimensional.

6.1 Input Response Maps with Time-Invariance

In this chapter we consider input/output maps a ∈ F (Ω, Y ) which satisfy
the following time-invariant condition. It is said to be a time-invariant input
response map. Where Y is a linear space over the field K.

T. Matsuo, Y. Hasegawa: Realization Theory of Discrete-Time Dynamical Systems, LNCIS 296, pp. 113--155, 2003.
Springer-Verlag Berlin Heidelberg 2003
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(6.1) Definition
If an input response map a ∈ F (Ω, Y ) satisfies the following time-invariant
condition, then a is said to be a time-invariant input response map.
Time-invariant condition : a(ω1|ω)−a(ω1) = a(ω̄1|ω)−a(ω̄1) for any ω ∈ Ω,
and ω1, ω̄1 ∈ Ω such that |ω1| = |ω̄1|.

Remark: The word ”time-invariant” comes from Remark in Corollary (6-
A.24).

(6.2) Definition
For any time-invariant input response map a ∈ F (Ω, Y ), a function GIa :
U → F (Ω, Y ); u 2→ GIa(u)[; t 2→ a(ut) − a(ut−1)] is said to be a modified
impulse response of a.
Where ut is by ut(i) = u for i(1 ≤ i ≤ t).

(6.3) Representation Theorem
For any time-invariant input response map a ∈ F (Ω, Y ), there exists unique-
ly the modified impulse response of a by the following equation. This corre-
spondence is bijective.

a(ω) = a(1 ) +
∑|ω|

j=1{((GIa)(ω(j)))(|ω| − j)}.

[proof] This theorem is obtained by direct calculation.

6.2 Pseudo Linear Systems

(6.4) Definition
A system given by the following equations is written as a collection σ =
((X, F ), g, h, h0) and it is said to be a Pseudo Linear System.

x(t + 1) = Fx(t) + g(ω(t + 1))
x(0) = 0
γ(t) = h0 + hx(t)

Where X is a linear space over the field K, F is a linear operator on X and
ω(t) ∈ U for any t ∈ N . And g is a function : U 2→ X, h is a linear operator
: X → Y and h0 ∈ Y .
The input response map aσ ∈ F (Ω, Y ); ω 2→ h0 + h(

∑|ω|
j=1{((F |ω|−j)g(ω(j)))

is said to be a behavior of σ.
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For a time-invariant input response map a ∈ F (Ω, Y ), σ that satisfies aσ = a
is called a realization of a.
Note that the behavior aσ of a Pseudo Linear System σ is a time-invariant
input response map.
A Pseudo Linear System σ is said to be quasi-reachable if the linear hull of
the reachable set {∑|ω|

j=1{((F |ω|−j)g(ω(j))); ω ∈ Ω} is equal to X. A Pseudo
Linear System σ is called observable if hFmx1 = hFmx2 for any m ∈ N
implies x1 = x2.
A Pseudo Linear System σ is said to be canonical if σ is quasi-reachable and
observable.

Remark 1: The x(t) in the system equation of σ is the state that produces
output values of aσ at the time t by adding h0, namely the state x(t) and
linear operator h : X → Y generates the output value aσ(t) = h0 + hx(t).
Remark 2: It is meant for σ to be a faithful model for the time-invariant
input response map a ∈ F (Ω, Y ) such that σ realizes a.
Remark 3: Notice that a canonical Pseudo Linear System σ = ((X, F ), g, h,
h0) is a system that has the most reduced state space X among systems
that have the behavior aσ (see Corollary (6-A.16), Proposition (6-A.23),
Corollary (6-A.24), Propositions (6-A.25), (6-A.29) and (6-A.30), Definition
(6-A.31) and Proposition (6-A.33) in Appendix 6.7).

(6.5) Example
A(N × U, K) := {λ =

∑
n,u λ(n, u)e(n,u)(finite sum); n ∈ N, u ∈ U}. Where

e(n,u) is given by the following equations for n, n′ ∈ N and u, u′ ∈ U . If
n = n′ and u = u′ implies e(n,u)(n′, u′) = 1. If n 5= n′ or u 5= u′ im-
plies e(n,u)(n′, u′) = 0. Then A(N × U, K) is clearly a linear space. Let Sr

be Sr(e(n,u)) = Sr(e(n+1,u)), then Sr ∈ L(A(N × U, K)) and Sr is irrel-
evant to the input value’s set U . Sr is a right shift operator. Let a map
η : U → A(N ×U, K); u 2→ e(0,u) and let a linear map ā : A(N ×U, K) → Y
be ā(e(n,u)) = a(un+1) − a(un) for any time-invariant input response map
a ∈ F (Ω, Y ). Then a collection ((A(N × U, K), Sr), η, ā, a(1 )) is a quasi-
reachable Pseudo Linear System that realizes a.
Let F (N, Y ) := { any function f : N → Y }. Let Sl γ(t) = γ(t + 1) for any
γ ∈ F (N, Y ) and t ∈ N , then Sl ∈ L(F (N, Y )). Let a map χ : U → F (N, Y )
be (χ(u))(t) := a(ω|u)−a(ω) for any u ∈ U , t ∈ N , a time-invariant input re-
sponse map a ∈ F (Ω, Y ) and ω such that |ω| = t. Moreover, let a linear map
0 be F (N, Y ) → Y ; γ 2→ γ(0). Then a collection ((F (N, Y ), Sl ), χ, 0, a(1 ))
is a distinguishable Pseudo Linear System that realizes a.
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(6.6) Theorem
The following two Pseudo Linear Systems are canonical realizations of any
time-invariant input response map a ∈ F (Ω, Y ).
1) ((A(N × U, K)/=a, S̃r), η̃, ˜̄a, a(1 )).
Where A(N × U, K)/=a is a quotient space obtained by equivalence rela-
tion

∑
n,u λ1(n, u)e(n,u) =

∑
n̄,ū λ2(n̄, ū)e(n̄,ū) ⇐⇒ ∑

n,u(a(un+1 − a(un)) =∑
n̄,ū(a(ūn̄+1 − a(ūn̄)).

And S̃r ∈ L(A(N ×U, K)/=a) is given by S̃r[e(n,u)] = [e(n+1,u)] for [e(n,u)] ∈
A(N × U, K)/=a, and η̃ is a map : U → A(N × U, K)/=a; u 2→ [e(0,u)], ˜̄a is
given by : ˜̄a → Y ; [e(n,u)] 2→ a(un+1) − a(un).
2) ((1 SN

l (χ(U)) -, Sl ), χ, 0, a(1 )).
Where 1 SN

l (χ(U)) - is the smallest linear space which contains SN
l (χ(U))

:= {Si
l (χ(u)); u ∈ U, i ∈ N , Si

l (χ(u))(t) = (χ(u))(t + i) = a(ω|u) − a(ω), ω ∈
Ω, |ω| = t + i}.

[proof] See Corollary (6-A.24), Proposition (6-A.25), Example (6-A.32),
Proposition (6-A.30), Proposition (6-A.33) and Corollary (6-A.35).

(6.7) Definition
Let σ1 = ((X1, F1, g1, h1, h

0) and σ2 = ((X2, F2, g2, h2, h
0) be Pseudo Linear

Systems, then a linear operator T : X1 → X2 is said to be a Pseudo Linear
System morphism T : σ1 → σ2 if T satisfies TF1 = F2T , Tg1 = g2 and
h1 = h2T .
If T : X1 → X2 is bijective, then T : σ1 → σ2 is said to be an isomorphism.

(6.8) Realization Theorem of Pseudo Linear Systems
For any time-invariant input response map a ∈ F (Ω, Y ), there exist at least
two canonical Pseudo Linear Systems which realize a. (Existence part)
Let σ1 and σ2 be any two canonical Pseudo Linear Systems that realize a
time-invariant input response map a ∈ F (Ω, Y ), then there exists an iso-
morphism T : σ1 → σ2. (Uniqueness part)

[proof] The first half is obvious from Theorem (6.6). The latter part
is obtained by Corollary (6-A.24), Propositions (6-A.25), (6-A.30) and (6-
A.33) and Theorem (6-A.34).
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6.3 Finite Dimensional Pseudo Linear Systems

Based on the realization theory (6.8), we study structures of finite-dimen-
sional Pseudo Linear Systems in this section.

To obtain concrete results, we assume that the set U of input values is
finite, i.e., U := {ui; 1 ≤ i ≤ m} for some m ∈ N}. This assumption will im-
ply that the g of a Pseudo Linear System σ = ((X, F ), g, h, h0) is completely
determined by the finite vectors {g(ui); 1 ≤ i ≤ m, m ∈ N}, it is presented
that the assumption is not so special.

Main results can be stated in the following four steps:
First, we present conditions when the finite dimensional Pseudo Linear Sys-
tem is canonical.
Secondly, we obtain the representation theorem for finite dimensional canon-
ical Pseudo Linear Systems, namely, we show that there exist two standard
systems as representatives in their equivalence classes. One is the quasi-
reachable standard system, and the other is the observable standard sys-
tem.
Thirdly, we give a criterion for the behavior of finite dimensional Pseudo
Linear Systems. It is the rank condition of an infinite Input/Output Matrix.
Lastly, we give a procedure to obtain the quasi-reachable standard system
that realizes a given time-invariant input response map.
We will prove the above statements in Appendix 6.7.

(6.9) Corollary
Let T be a Pseudo Linear System morphism T : σ1 → σ2, then aσ1 = aσ2

holds.

[proof] This is a direct calculation by the definition of the behavior and
Pseudo Linear System morphism.

Following is a fact about finite dimensional linear spaces:
FACT : < An n-dimensional linear space over the field K is isomorphic to

Kn and L(Kn, Km) is isomorphic to Km×n. (See Halmos [1958]). >
Therefore, without loss of generality, we can consider n-dimensional Pseudo
Linear System as σ = ((Kn, F ), g, h, h0), where F ∈ Kn×n, g(u) ∈ Kn and
h ∈ Kp×n.
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Fig. 6.1. A circuit with the N-channel FET

(6.10) U = {u1, u2}
In this case, a Pseudo Linear System σ = ((X, F ), g, h, h0) can be completely
determined by {g(ui); ui ∈ U for i = 1, 2}.
If on-off inputs are applied to a black-box with time-invariance, the system
can be treated in this case. Moreover, if an optimal solution is a bang-bang
control when a controlled object with time-invariance is in the optimal con-
trolled condition, then it can be treated in this case.

(6.11) A circuit with the N-channel FET
A circuit shown in Figure 6.1 is represented by the following equation:

L
d i(t)
d t

− R i(t) + f(VGS) = 0

Where VGS is the gate-to-source voltage and f(VGS) is the drain-to-source
voltage. The characteristics of them are shown in Figure 6.1 and 6.2.

Let VGS be an input ω(t) and the current i(t) be an output γ(t). Chang-
ing continuous-time to discrete-time by backward difference, we obtain the
following equation.

{
i(t + 1) = Fi(t) + g(ω(t + 1))
γ(t) = i(t)

Where F := L/(L + ∆t · R), g(VGS) := ∆t(V0 − f(VGS))/(L + ∆t · R) and
∆t is a sampling time.
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Fig. 6.2. A characteristic of the N-channel FET

Then an affine map g is a map : U → R. Where U = R.
Let g : U → R be a piecewise-linear function with the break points {ui; 1 ≤
i ≤ m}. It follows that an affine map g is completely determined by a finite
set {g(ui); 1 ≤ i ≤ m}.

(6.12) Theorem
A Pseudo Linear System σ = ((Kn, F ), g, h, h0) is canonical if and only if
the following conditions 1) and 2) hold:
1) rank [g(u1), Fg(u1), · · · , Fn−1g(u1), g(u2), Fg(u2), · · · , Fn−1g(u2), · · · ,
g(um), Fg(um), · · · , Fn−1g(um)] = n
2) rank [hT , (hF )T , · · · , · · · , (hF n − 1)T ] = n.

[proof] See Proposition (6-B.6) and (6-B.13) in Appendix 6.7.

(6.13) Definition
Let the input value’s set U be U := {ui; 1 ≤ i ≤ m} and let a map
‖ ‖: N × U → N be : (i, uj) 2→‖ (i, uj) ‖= m × i + j. Then ‖ (i, uj) ‖ is said
to be a numerical value of (i, uj) ∈ N × U . And we define totally ordered
relation by this numerical value in N × U . Namely, (p, up) < (q, uq) ⇐⇒‖
(p, up) ‖<‖ (q, uq) ‖.

(6.14) Definition
A canonical Pseudo Linear System σs = ((Kn, Fs), gs, hs, h

0) is said to be
a quasi-reachable standard system if a set {(Ii, uJi) ∈ N × U, 1 ≤ i ≤ m}
given by ei = F Ii

s gs(uJi) satisfies the following conditions:
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Fig. 6.3. Fs of the quasi-reachable standard system σs = ((Kn, Fs, gs, hs, h
0) de-

fined in (6.14)

1) (I1, uJ1) < (I2, uJ2) < · · · < (In, uJn) holds.
2) Ii < i
3) F p

s gs(uq) =
∑L

i=1 αiei holds for any (p, uq) ∈ N × U such that (Ij , uJj ) <
(p, uq) < (Ij+1, uJj+1).

Where αi ∈ K and ei = [0, 0, · · · , 0,
i
1, 0, · · · , 0]T .

See Figure 6.3 for the quasi-reachable standard system.
Where I in the figure denotes Identity matrix with suitable size and mj

denotes the number of uJj in the set of the numerical value {(Ij , uJj ); Ii =
j − 1}. And n =

∑j
i=1 mi holds.

(6.15) Representation Theorem for equivalence classes
For any finite dimensional canonical Pseudo Linear System, there exists a
uniquely determined isomorphic quasi-reachable standard system.
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[proof] See (6-B.16) in Appendix 6.7.

(6.16) Definition
A canonical Pseudo Linear System σo = ((Kn, Fo), go, ho, h

0) is said to be
an observable standard system if ei

T = hoF
i−1
o holds for 1 ≤ i ≤ n.

(6.17) Representation Theorem for equivalence classes
For any finite dimensional canonical Pseudo Linear System, there exists a
uniquely determined isomorphic observable standard system.

[proof] See (6-B.17) in Appendix 6.7.

(6.18) Definition
For any time-invariant input response map a ∈ F (Ω, Y ), the corresponding
linear input/output map A : ((A(N × U, K), Sr) → (F (N, Y ), Sl ) satisfies
A(e(s,u))(t) = a(us+t+1) − a(us+t).
Therefore, the A can be represented by the next infinite matrix (I/O)a. This
(I/O)a is said to be an Input/Output Matrix of a.



(s, u)
...
...

(I/O)a =
...

t · · · · · · a(us+t+1) − a(us+t)



See Corollary (6-A.24) about the corresponding linear input/output map A.

(6.19) Theorem for existence criterion
For a time-invariant input response map a ∈ F (Ω, Y ), the following condi-
tions are equivalent:
1) The time-invariant input response map a ∈ F (Ω, Y ) has the behavior of
n-dimensional canonical Pseudo Linear System.
2) There exist n linearly independent vectors and no more than n linearly
independent vectors in a set {Si

l (χ(u)); u ∈ U, i ∈ N, 1 ≤ i ≤ n}.
3) The rank of the Input/Output Matrix (I/O)a of a is n.
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[proof] See (6-B.18) in Appendix 6.7.

(6.20) Theorem for a realization procedure
Let a time-invariant input response map a ∈ F (Ω, Y ) satisfy the condi-
tion of Theorem (6.19), then the quasi-reachable standard system σs =
((Kn, Fs), gs, hs, h

0) which realizes a can be obtained by the following pro-
cedure:
1) Select the linearly independent vectors {SIi

l (χ(uJi))} of the set
{Si

l (χ(u)); u ∈ U, i ∈ N, 0 ≤ i ≤ n − 1} in order of the numerical value.
Let n := rank Ha.
2) Let the state space be Kn. Let the map gs : U → Kn be gs(uJi) := ei
for uJi ∈ U such that Ii = 0. And let gs(uj) :=

∑j
i=1 αjej for uj ∈ U and

χ(uj) :=
∑j

i=1 αiχ(uIi) such that (0, uJi) < (0, uj) < (0, uJi+1)(or(1, uJi+1)).
3) Let the output map hs = [a(uI1+1

J1
) − a(uI1

J1
), a(uI2+1

J2
) − a(uI2

J2
), · · · ,

a(uIn+1
Jn

) − a(uIn
Jn

)]
4) Let fj in Fs := [f1, f2, · · · , fn] be fj := [fi,1, fi,2, · · · , fi,n]T .
Where SIi+1

l χ(uJi) = fi,jS
Ij

l χ(uJj ), fi,j ∈ K.

[proof] See (6-B.19) in Appendix 6.7.

6.4 Partial Realization Theory of Pseudo Linear Systems

Here we consider a partial realization problem by multi-experiment. Let a be
an N sized time-invariant input response map (∈ F (ΩN , Y ), where N ∈ N
and ΩN := {ω ∈ Ω; |ω| ≤ N}. The a is said to be a partial time-invariant
input response map.

A finite dimensional Pseudo Linear System σ = ((X, F ), g, h.x0) is said
to be a partial realization of a if h0 + h(

∑|ω|
j=1 F |ω|−jg(ω(j))) = a(ω) holds

for any ω ∈ ΩN .
A partial realization problem of Pseudo Linear Systems can be stated as

follows:
< For any given partial time-invariant input response a ∈ F (ΩN , Y ), find
a partial realization σ of a such that the dimensions of state space X of σ
is minimum, where the σ is said to be a minimal partial realization of a.
Moreover, show when the minimal realizations are isomorphic.>
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In section 6.1, we have obtained the representation theorem for the time-
invariant input response maps. The theorem says that any time-invariant
input response map can be characterized by the modified impulse response.
Note that the modified impulse response GI : U → F (N, Y ) can be rep-
resented by (GI(u)(t)) = a(ut+1) − a(ut) for u ∈ U, t ∈ N and the time-
invariant input response map a ∈ F (Ω, Y ).

For any given partial time-invariant input response a ∈ F (ΩN , Y ), this
correspondence can determine a partial modified impulse response GI : U →
F (NN−1, Y ). Where NN−1 := {1, 2, , N − 1; for some N ∈ N .

(6.21) Proposition
For any given time-invariant input response map a ∈ F (ΩN , Y ), there al-
ways exists a minimal partial realization of it.

[proof] For any ω 5∈ ΩN , set a(ω) = 0. Then a ∈ F (Ω, Y ), and Theorem
(6.19) implies that there exists a finite dimensional partial realization of a.
Therefore, there exists a minimal partial realization of it.

Minimal partial realizations are generally not unique modulo isomor-
phism. Therefore, we introduce a natural partial realization, and we show
that natural partial realizations exist if and only if they are isomorphic.

(6.22) Definition
For a Pseudo Linear System σ = ((X, F ), g, h, h0) and some p ∈ N , if
X =1 {∑|ω|

j=1 F |ω|−jg(ω(j))); ω ∈ Ωp} -, then σ is said to be p-quasi-
reachable.
Let q be some integer. If hF q′

x = 0 for any q′ ≤ q implies x = 0, then σ is
said to be q-observable.
For a given time-invariant input response map a ∈ F (ΩN , Y ), if there exist p
and q ∈ N such that p + q < N and σ is p-quasi-reachable and q-observable
then σ is said to be a natural partial realization of a.
For a partial time-invariant input response map a ∈ F (ΩN , Y ), the following
matrix (I/O)a (p,N−p) is said to be a finite-sized Input/Output Matrix of a.
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

(s, u)
...
...

(I/O)a (p,N−p) =
...

t · · · · · · a(us+t+1) − a(us+t)



Where 0 ≤ s ≤ p, 0 ≤ t ≤ N − p and u ∈ U .

(6.23) Theorem
Let (I/O)a (p,N−p) be the finite Input/Output Matrix of a ∈ F (ΩN , Y ).
Then there exists a natural partial realization of a if and only if the follow-
ing conditions hold:
rank (I/O)a (p,N−p) = rank (I/O)a (p,N−p−1) = rank (I/O)a (p+1,N−p) for
some p ∈ N .

[proof] See (6-C.9) in Appendix 6.7.

(6.24) Theorem
There exists a natural partial realization of a given partial time invariant
input response map a ∈ F (ΩN , Y ) if and only if the minimal partial realiza-
tions of a are unique modulo isomorphism.

[proof] See (6-C.11) in Appendix 6.7.

(6.25) Theorem
Let a partial time-invariant input response a ∈ F (ΩN , Y ) satisfy the con-
dition of Theorem (6.23), then the quasi-reachable standard system σs =
((Kn, Fs), gs, hs, h

0) that realizes a can be obtained by the following algo-
rithm.
Set n := rank (I/O)a (p,N−p), where (I/O)a (p,N−p) is the finite Input/
Output Matrix of a ∈ F (ΩN , Y ).
1) Select the linearly independent vectors {SIi

l (χ(uJi))} from (I/O)a (p,N−p)
in order of the numerical value.
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2) Let the state space be Kn. Let the map gs : U → Kn be gs(uJi) := ei
for uJi ∈ U such that Ii = 0. And let gs(uj) :=

∑j
i=1 αiei for uj ∈ U and

χ(uj) :=
∑j

i=1 αiχ(uj) such that (0, uJi) < (0, uj) < (0, uJi+1)(or(1, uJi+1)).
3) Let the output map hs = [a(uI1+1

J1
) − a(uI1

J1
), a(uI2+1

J2
) − a(uI2

J2
), · · · ,

a(uIn+1
Jn

) − a(uIn
Jn

)]
4) Let fj in Fs := [f1f2, · · · , fn] be fj := [fi,1fi,2, · · · , fi,n]T .
Where SlSl

IiGI(uJi) =
∑j

i=1 fi,jSlIjSl
IiGI(uJj ), fi,j ∈ K in the sense of

F (NN−p, Y ) and Sl : F (Np, Y ) → F (Np−1, Y ); a 2→ Sla[; t 2→ a(t + 1) for
some p ∈ N .

[proof] See (6-C.12) in Appendix 6.7.

6.5 Real-Time Partial Realization Theory
of Pseudo Linear System

In general, it is known that non-linear systems can only be determined by
multi-experiments. In fact, in Chapter 3, it is given a condition for a gen-
eral unknown black-box to be determined with a single-experiment. This
condition may be very hard for us to find. However, we can look for special
single-experiments to pretend multi-experiments for any Pseudo Linear Sys-
tem. In this section, on the results of partial realization theory in section
6.4, we will discuss single-experiment for Pseudo Linear Systems.

(6.26) Real-time partial realization problem
Let a physical object (equivalently, a ∈ F (Ω, Y )) be a finite dimensional
Pseudo Linear System. Then for given finite data {a(ω); an input ω is finite
length }, find a Pseudo Linear System σ = ((Kn, F ), g, h, h0) and an input
ω such that aσ(ω) = a(ω) for any ω ∈ Ω.

(6.27) Definition
For a finite dimensional Pseudo Linear System, if there exists a solution of
real time partial realization problem, then an input ω ∈ Ω of the solution is
said to be a (real time partial) realization signal.

(6.28) Lemma
Let a given time invariant input response map a ∈ F (Ω, Y ) have the be-
havior of a Pseudo Linear System whose state space is less than L di-
mensional. Then there exists an input of finite length ω ∈ Ω such that
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the following algorithm provides a finite Input/Output Matrix. Where p :=
max{L1, L2, · · · , Lm}.
1) Find an integer L1 such that row vectors {Sl

i(χ(u1)) ∈ KL−1; 0 ≤ i ≤
L1 − 1} are linearly independent and {Sl

i(χ(u1)) ∈ KL−1; 0 ≤ i ≤ L1} are
linearly dependent. Namely, feed an input ω1 := uL1+L

1 into the plant.
2) Find an integer L2 such that row vectors {Sl

i(χ(uj)) ∈ KL−1; 0 ≤ i ≤
Lj − 1, 1 ≤ j ≤ 2} are linearly independent and {Sl

i(χ(uj)) ∈ KL−1,
Sl

L2(χ(u2)) ∈ KL−1; 0 ≤ i ≤ Lj − 1, 1 ≤ j ≤ 2} are linearly dependent.
Namely, feed a further input ω2 := uL1+L−1

1 |u2 into the plant.
3) Find an integer L3 such that row vectors {Sl

i(χ(uj)) ∈ KL−1; 0 ≤ i ≤
Lj − 1, 1 ≤ j ≤ 3} are linearly independent and {Sl

i(χ(uj)) ∈ K L − 1,
Sl

L3(χ(u3)) ∈ KL−1; 0 ≤ i ≤ Lj − 1, 1 ≤ j ≤ 3} are linearly dependent.
Namely, feed a further input ω3 := uL3+L−1

1 |u3 into the plant.
...
...
m) Find an integer Lm such that row vectors {Sl

i(χ(uj)) ∈ KL−1; 0 ≤ i ≤
Lj − 1, 1 ≤ j ≤ m} are linearly independent and {Sl

i(χ(uj)) ∈ KL−1,
Sl

Lm(χ(um)) ∈ KL−1; 0 ≤ i ≤ Lj − 1, 1 ≤ j ≤ m} are linearly dependent.
Namely, feed a further input ωm := uLm+L−1

1 |um into the plant.
Let ω = ωm|ωm−1| · · · |ω2|ω1.
Making the row vectors of a matrix from the row vectors {Sl

i(χ(uj)) ∈
KL−1; 0 ≤ i ≤ Lj − 1, 1 ≤ j ≤ m} obtained by the above iterations, we will
obtain a finite Input/Output Matrix Ha (L−1,p).

[proof] See (6-D.1) in Appendix 6.7.

(6.29) Theorem
Let a given time-invariant input response map a ∈ F (Ω, Y ) have the behav-
ior of a Pseudo Linear System whose state space is less than L dimensional.
Then there exists a realization signal such that the quasi-reachable standard
system σs = ((Kn, Fs), gs, hs, h

0) that realizes a can be obtained by the fol-
lowing algorithm:
1) Find a finite Input/Output Matrix (I/O)a (L−1,p) upon the algorithm
given in Lemma (6.28).
2) Apply the algorithm given in Theorem (6.25) to the above finite In-
put/Output Matrix (I/O)a (L−1,p).
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[proof] This is obvious from the above Lemma (6.28).

6.6 Historical Notes and Concluding Remarks

We introduced Pseudo Linear Systems that are a subclass of Affine Dynam-
ical Systems, which are close to linear systems. As an example of them,
there exists a circuit with FET transistor, which is a nonlinear circuit. But
we cannot find such dynamical systems, for example in Brockett [1976b],
Kaasshocek, Schuppen & Ran [1990], Jakubczyk [1980] and Monaco & Cy-
rot [1987].

We showed that any time-invariant input response map (equivalently, any
input/output map with causality and time-invariance) can be completely
characterized by a modified impulse response, which may be a revised version
of an impulse response in linear systems. We also showed that any Pseudo
Linear Systems can be characterized by time-invariant input response maps.
The set A(N ×U, K) in Example (6.5) is new. Therefore, nerode equivalence
for A(N × U, K) in Theorem (6.6) is new. See Section 3.4 in Chapter 3 for
the comments of nerode equivalence.

It is shown that the uniqueness Theorem (6.8) holds in the sense of Pseudo
Linear Systems, namely the theorem is stronger than in the sense of Affine
Dynamical Systems.

Theorem (6.12) is one for finite dimensional Pseudo Linear Systems to
be canonical. It can be easily understood that this theorem is an extension
of theorem for finite dimensional linear systems to be canonical. We gave
the quasi-reachable standard system and observable standard system that
correspond to companion forms of linear systems. We gave a criterion for
the behavior of finite dimensional Pseudo Linear Systems. The condition
was given by finite rank of Input/Output Matrix, which is an extension of
finite rank of Hankel matrix in linear systems. We also gave a realization
procedure to obtain the quasi-reachable standard system from a given time-
invariant input response map.

Moreover, we obtained partial Realization Theorem (6.23) and (6.24).
Also we obtained a partial realization algorithm in Theorem (6.25). We
could also discuss the real-time partial realization problem without any re-
striction. It depends upon time-invariance of input/output map.
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6.7 Appendix

This Appendix is prepared for the proof of the results about Pseudo Linear
Systems.

6.7.A Realization Theory

In this section, we will prove the main Theorem (6.8). To prove it, we equiv-
alently convert the Pseudo Linear Systems to sophisticated Pseudo Linear
Systems owing to results obtained in Appendix 6.7.A.1 to 6.7.A.4. In Ap-
pendix 6.7.A.5, we prove the realization theorem in the sophisticated Pseudo
Linear Systems. This implies that Theorem (6.8) is proved.

6.7.A.1 Deriving Pseudo Linear Systems from
Affine Dynamical Systems

We will show how Pseudo Linear Systems can be derived from Affine Dy-
namical Systems discussed in Chapter 5.

(6-A.1) Lemma
If the behavior aσ of a distinguishable Affine Dynamical System σ = ((X, F ),
g, h, h0) satisfies the following time-invariant condition, then F (u) = F (u′)
holds for any u, u′ ∈ U .
Time-invariant condition :
aσ(ω1|ω) − aσ(ω1) = aσ(ω2|ω) − aσ(ω2) for any ω, ω1 and ω2 ∈ Ω such that
|ω1| = |ω2|.

[proof] This is obtained by direct calculation.

Remark: An Affine Dynamical System σ = ((X, F ), g, h, h0) represents the
following equations:

x(t + 1) = F (ω(t + 1))x(t) + g(ω(t + 1))
x(0) = 0
γ(t) = h0 + hx(t)

Where X is a linear space over the field K, x(t) ∈ X, F (ω(t)) is a linear
operator on X and ω(t) ∈ U for any t ∈ N . And g is a map : U 2→ X, h is
a linear operator : X → Y and h0 ∈ Y .
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(6-A.2) Definition
An Affine Dynamical System σ = ((X, F ), g, h, h0) given by Lemma (6-
A.1) is said to be a Pseudo Linear System. Conveniently, F in σ may be
written by F := F (u) for any u ∈ U . Therefore, a Pseudo Linear System
σ = ((X, F ), g, h, h0) represents the following equations:

x(t + 1) = Fx(t) + g(ω(t + 1))
x(0) = 0
γ(t) = h0 + hx(t)

Where X is a linear space over the field K, F is a linear operator on X and
ω(t) ∈ U for any t ∈ N . And g is a function : U 2→ X, h is a linear operator
: X → Y and h0 ∈ Y .

Remark: This definition for a Pseudo Linear System is the same as Defini-
tion (6.4).

6.7.A.2 Linear State Structure: Free Motions

(6-A.3) Definition
A system given by the following equation is written as a pair (X, F ) and it
is said to be a free motion.
x(t + 1) = Fx(t)
Where X is a linear space over the field K and a linear map F : X → X.
Let (X1, F1) and (X2, F2) be free motions, then a linear map T : X1 → X2
is said to be a free motion morphism (X1, F1) → ((X2, F2) if T satisfies
TF1 = F2T .

(6-A.4) Example
Let A(N × U, K) and Sr be the same as that considered in Example (6.5).
Then (A(N × U, K), Sr) is a free motion.

(6-A.5) Example
In the set F (N, Y ) of any map from N to Y , let Sl be the same as in Ex-
ample (6.5). Then (F (N, Y ), Sl ) is a free motion.
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(6-A.6) Example
Let X = Kn, and F ∈ Kn×n, (Kn, F ) is a free motion. And it represents a
state difference equation x(t + 1) = Fx(t) in Kn.

(6-A.7) Definition
For free motions (A(N × U, K), Sr) and (F (N, Y ), Sl ) considered in Exam-
ples (6-A.4) and (6-A.5), a free motion morphism A : ((A(N × U, K), Sr) →
(F (N, Y ), Sl ) is said to be a linear input/output map. For a free motion
(X, F ), a free motion morphism G : (A(N ×U, K), Sr) → (X, F ) is said to be
a linear input map, and a free motion morphism H : (X, F ) → (F (N, Y ), Sl )
is said to be a linear observation map.

Remark: Note that ASr = SlA is equal to ASt
r = St

l A for any t ∈ N .
Therefore, a linear input/output map A : ((A(N×U, K), Sr) → (F (N, Y ), Sl )
represents a time-invariance of input/output maps.

As the state structure of Affine Dynamical Systems, we have introduced
linear U -actions and have commented the linear Ω-modules in Appendix
5.4. We have clarified the relation between linear U-actions and linear Ω-
modules. Here, we will newly introduce N -modules. Then we will relate the
connection between free motions and N -modules.

(6-A.8) Definition
Let X be a linear space over the field K and a map φ : N → L(X)
be a monoid morphism, i.e., φ(0) = I ( the identity map on X ), and
φ(t + s) = φ(t)φ(s) hold for any t, s ∈ N . Then a pair (X, φ) is said to be a
N -module.

Remark: Let (X, φ) be an N -module. For s ∈ N , a linear map φ(s) : X → X
transfer a state x(t) at time t to a state x(t + s) after s time and it is linear
transformation. Therefore, it represents a linear state transition equation
x(t + s) = φ(s)x(t).

(6-A.9) Proposition
Let X be a linear space over the field K. For any F ∈ L(X), a map
φ : N → L(X) obtained by the following formula ∗) is a monoid mor-
phism. Moreover, this correspondence is bijective.
∗) : φ(s) = F s for any s ∈ N φ(0) = I
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Therefore, a free motion (X, F ) uniquely corresponds to an N -module (X, φ)
by the formula ∗).

(6-A.10) Example
For the free motion (A(N × U, K), Sr) considered in Example (6-A.4), N -
module (A(N ×U, K), Sr) corresponding to it is given by setting Sr(t) := St

r

for any t ∈ N .

(6-A.11) Example
For the free motion (F (N, Y ), Sl ) considered in Example (6-A.5),
the N -module corresponding to it is given by (F (N, Y ), Sl ), where
Sl (s) : F (N, Y ) → F (N, Y ); γ 2→ Sl (s)γ[; t 2→ γ(t + s)].

Here, we have introduced N -module and discussed a connection between
free motions and N -modules.

(6-A.12) Definition
Let (X1, F1)[(X1, φ1)] and (X2, F2)[(X2, φ2)] be free motions [N -module],
then a linear map T : X1 → X2 is said to be a free motion morphism
:(X1, F1) → (X2, F2) [an N -module morphism : (X1, φ1) → (X2, φ2)] if T
satisfies TF1 = F2T [Tφ1(t) = φ2(t)T for any t ∈ N ].

(6-A.13) Proposition
Let i=1 and 2. Let (Xi, Fi) be a free motion, (Xi, φi) be an N -module cor-
responding to it. Then the following two conditions are equivalent:
1) A morphism T is a free motion morphism : (X1, F1) → (X2, F2).
2) A morphism T is an N -module morphism : (X1, φ1) → (X2, φ2).

[proof] It is obvious that condition 1) is equivalent to condition 2).

In apprndix 5.4 we have introduced the sub U-action, the quotient U-
action and the product U-action. Here we will introduce sub free motions,
quotient free motions and product free motions. We can introduce sub N -
modules, quotient N -modules and product N -modules in the same way.

(6-A.14) Sub free motions
Let (X, F ) be a free motion and Y ⊆ X be invariant sub-space under F ,
i.e., Fy ∈ Y for any y ∈ Y . Let FY := F |Y (restriction of the map F to Y ),
then (Y, FY ) is a free motion, and it is said to be a sub free motion of (X, F ).
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(6-A.15) Quotient free motions
Let (X, F ) be a free motion and a linear equivalence relation R in X be con-
sistent with F . Namely, an equivalence relation R is given by x1Rx2 ⇐⇒
x1 −x2 ∈ S for some linear sub space S ⊂ X, and x1Rx2 implies Fx1RFx2.
Then we can consider a quotient linear space X/R = X/S. Therefore, we
can obtain a quotient free motion (X/S, F̃ ).
Where F̃ : X/S → X/S; [x] 2→ [Fx].

(6-A.16) Corollary
Any free motion morphism T : (X1, F1) → (X2, F2) can be normally de-

composed into X1
π→ X1/ker T

T b→ im T
j→ X2, where π is the canonical

surjection, T b is the isomorphism associated with T , j is the canonical in-
jection and they are free motion morphisms respectively.

(6-A.17) Product free motions
Let (X1, F1) and (X2, F2) be free motions and define (F1 ×F2) : X1 ×X2 →
X1 × X2; (x1, x2) 2→ (F1x1, F2x2) for the product space X1 × X2. Then,
(X1 × X2, F1 × F2) is a free motion, and it is said to be a product free mo-
tion of (X1, F1) and (X2, F2).

(6-A.18) Proposition
A(N × U, K)∗ = TF (Ω, Y ).
Where A(N × U, K)∗ is a set of any linear maps from A(N × U, K) to Y ,
and TF (Ω, Y ) := {a ∈ F (Ω, Y ); a is a time-invariant response map }.

[proof] For any a ∈ TF (Ω, Y ), set ˜ : a 2→ ã[;
∑

n,u λ(n, u)e(n,u) 2→∑
(n,u) λ(n, u)(a(un+1) − a(un)), then ã ∈ A(N × U, K)∗ holds. For any

ã ∈ A(N ×U, K)∗, set e∗ : ã 2→ ã · e[; ω 2→ ã(e(n,ω(1 ))], then ã · e ∈ TF (Ω, Y )
holds. Here, e ∗ ·̃ = I and ˜ · e∗ = I hold. Therefore TF (Ω, Y ) is a concrete
expression of A(N × U, K)∗, we obtain A(N × U, K)∗∗ = TF (Ω, Y ).

6.7.A.3 Free Motions with an Affine Map

In Appendix 5.4, we have introduced linear U -actions with an affine map
and linear U -actions with an affine input map, and have shown that they
are equivalent. In this section, we will introduce free motions with an affine
map and free motions with an affine input map, and will show that they are
equivalent. Moreover, we discuss quasi-reachability of free motions with an
affine map.
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(6-A.19) Definition
For a free motion (X, F ) and a map g : U → X, a collection ((X, F ), g) is
said to be a free motion with an affine map.
A free motion with an affine map ((X, F ), g) represents the following equa-
tions.
x(t + 1) = Fx(t) + g(ω(t + 1))
Where x(t) ∈ X, ω(t) ∈ U .
For the reachable set {∑

j=1 |ω|F |ω|−jg(ω(j)); ω ∈ Ω}, the smallest linear
space that contains it is equal to X, then ((X, F ), g) is said to be quasi-
reachable.

(6-A.20) Example
For the free motion (A(N × U, K), Sr) considered in Example (6-A.10) and
the map η : U → A(N × U, K); u 2→ e(0,u), (A(N × U, K), Sr), η) is a free
motion with an affine map and quasi-reachable.

(6-A.21) Example
For the free motion (F (N, Y ), Sl ) considered in Example (6-A.11) and a
map χ : U → F (N, Y ); u 2→ χ(u)[; t 2→ (χ(u))(t) = a(ω|u) − a(ω)] for time-
invariant input response map a ∈ F (Ω, Y ) and |ω| = t, ω ∈ Ω.
((F (N, Y ), Sl ), χ) is a free motion with an affine map.

(6-A.22) Definition
For free motions with an affine map ((X1, F1), g1) and ((X2, F2), g2), a free
motion morphism T : (X1, F1) → (X2, F2) which satisfies Tg1 = g2 is said
to be a free motion morphism with an affine map T : ((X1, F1), g1) →
((X2, F2), g2).

(6-A.23) Proposition
For any free motion with an affine map ((X, F ), g), there exists a unique
free motion morphism with an affine map G : (A(N × U, K), Sr), η) →
((X, F ), g), where G(e(0,u)) = g(u) for any u ∈ U .
Conversely, for any free motion morphism G : (A(N × U, K), Sr) → (X, F ),
((X, F ), g) given by g(u) = G(e(0,u)) is a free motion with an affine map.

[proof] Let G(e(0,u)) = g(u). Since GSr = FG, G can be extend to
{e(t,u); t ∈ N, u ∈ U}. {e(t,u); t ∈ N, u ∈ U} being the basis in A(N ×U, K),
G is unique. The latter part is obvious.
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Remark 1: According to Proposition (6-A.23), a linear input map G : (A(N×
U, K), Sr) → (X, F ) corresponds to an affine map g : U → X is determined
uniquely and this correspondence is isomorphism.
Remark 2: If a free motion with an affine map ((X, F ), g) in Proposition
(6-A.23) is replaced with ((F (N, Y ), Sl ), χ) considered in Example (6-A.21),
then a linear input map A : (A(N ×U, K), Sr) → ((F (N, Y ), Sl ), χ) uniquely
corresponds to a time-invariant input response map a ∈ F (Ω, Y ), and this
correspondence is isomorphism.

(6-A.24) Corollary
For any linear input/output map A : (A(N × U, K), Sr) → ((F (N, Y ), Sl ),
there uniquely exists a time-invariant input response map a ∈ F (Ω, Y ) such
that a(ω|u) − a(ω) = A(e(0,u))(t) for any t ∈ N , ω ∈ Ω and |ω| = t. This
correspondence is isomorphism.

[proof] If a free motion with an affine map ((X, F ), g) in Proposition
(6-A.23) is replaced with ((F (N, Y ), Sl ), χ), this corollary is obtained.

Remark: A linear input/output map A : (A(N ×U, K), Sr) → ((F (N, Y ), Sl )
satisfies the following equation by Definition (6-A.7):
ASr = SlA or equivalently, ASt

r = St
l A for any t ∈ N . This equation means

that a linear input/output map A satisfies time-invariance.
By Corollary (6-A.24), an input response map a ∈ F (Ω, Y ) corresponding
to A may be said to be a time-invariant input response map.

(6-A.25) Proposition
A free motion with an affine map ((X, F ), g) is quasi-reachable if and only
if the corresponding linear input map G is surjective.

[proof] The quasi-reachability of ((X, F ), g) means that the liner hull
of the reachable set {∑

j=1 |ω|F |ω|−jg(ω(j)); ω ∈ Ω} is equal to X. On the
other hand, the surjection of G means that 1 {G(λ) =

∑
(n,u) Fng(u); λ =∑

(n,u) e(n,u)} - is equal to X. Therefore, this proposition is obtained.
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6.7.A.4 Free Motions with a Readout Map

In this section, we introduce free motions with a readout map and free
motions with a linear observation map, and show that they are equivalent.
Moreover, we discuss distinguishablity of free motions with a readout map.

(6-A.26) Definition
For a free motion (X, F ) and a linear map h : X → Y , a collection
((X, F ), h) is said to be a free motion with a readout map. A free motion
with a readout map ((X, F ), h) represents the following equations:{

x(t + 1) = Fx(t)
γ(t) = hx(t)

Where X is a linear space over the field K, F is a linear operator on X,
x(t) ∈ X. And h is a linear operator : X → Y
For any n ∈ N , if hFnx1 = hFnx2 implies x1 = x2, then ((X, F ), h) is
called observable.
Let ((X1, F1), h1) and ((X2, F2), h2) be free motions with a readout map,
then a free motion morphism T : (X1, F1) → (X2, F2) which satisfies
h1 = h2T is said to be a free motion morphism with a readout map
T : ((X1, F1), h1)
→ ((X2, F2), h2).

(6-A.27) Example
For the free motion (A(N × U, K), Sr) considered in (6-A.4) and any time-
invariant input response map a ∈ F (Ω, Y ), ((A(N × U, K), Sr), ā) is free
motion with a readout map. Where a linear map ā : A(N × U, K) → Y is
given by ā(e(n,u)) = a(un+1) − a(un) for any u ∈ U .

(6-A.28) Example
Regarding the free motion ((F (N, Y ), Sl ) in Example (6-A.5), by defining a
linear map 0 : (F (N, Y ) → Y ; γ 2→ γ(0), ((F (N, Y ), Sl ), 0) is a free motion
with a readout map and it is observable.

(6-A.29) Proposition
For any free motion with a readout map ((X, F ), h), there exists a unique
linear observation map H : (X, F ) → ((F (N, Y ), Sl ) which satisfies h = 0·H,
where (Hx)(t) = hF tx holds for x ∈ X, t ∈ N .
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[proof] Let ((X, F ), h) be any. Defining (Hx)(t) := hF tx (for any
x ∈ X, t ∈ N), we can obtain a linear observation map H : (X, F ) →
((F (N, Y ), Sl ) and H satisfies h = 0 ·H. Next, we will show uniqueness. Let
H be a linear observation map : (X, F ) → ((F (N, Y ), Sl ) which satisfies
h = 0 · H, then (Hx)(t) = (Sl (t)Hx)(0) = 0(Sl (t)Hx) = 0(HF tx) = hF tx
hold for any x ∈ X, t ∈ N . Therefore, H is unique.

Remark 1: According to Proposition (6-A.29), a linear observation map
H : (X, F ) → ((F (N, Y ), Sl ) corresponds uniquely to a linear map
h : X → Y and this correspondence is isomorphism.
Remark 2: If ((X, F ), h) in Proposition (6-A.29) is replaced with (((F (N, Y ),
Sl ), 0) considered in (6-A.28), a linear observation map : (A(N ×
U, K), Sr) → ((F (N, Y ), Sl ) is a linear input/output map.

A following proposition is obtained easily by noticing the definition of
observability and Proposition (6-A.29).

(6-A.30) Proposition
A free motion with readout map ((X, F ), h) is observable if and only if the
corresponding linear observation map H : (X, F ) → ((F (N, Y ), Sl ) is injec-
tive.

6.7.A.5 Pseudo Linear Systems

In this section, we introduce sophisticated Pseudo Linear Systems, and show
that Pseudo Linear Systems (said to be a naive pseudo linear) introduced
in Definition (6.4) and sophisticated Pseudo Linear Systems are considered
as the same thing.

(6-A.31) Definition
A collection Σ = ((X, F ), G, H, h0) is said to be a sophisticated Pseudo Lin-
ear System, if G is a linear input map : ((A(N × U, K), Sr) → (X, F ) and
H is a linear observation map : (X, F ) → (F (N, Y ), Sl ).
A linear input/output map AΣ = H ·G : (A(N ×U, K), Sr) → (F (N, Y ), Sl )
is said to be a behavior of Σ.
For a linear input/output map A and some a(1 ) ∈ Y , if AΣ = A and
h0 = a(1 ), then sophisticated Pseudo Linear System Σ is called a realiza-
tion of (A, a(1 )).
A sophisticated Pseudo Linear System Σ = ((X, F ), G, H, h0) is said to be
canonical if G is surjective and H is injective.
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For Σ1 = ((X1, F1), G1, H1, h
0) and Σ2 = ((X2, F2), G2, H2, h

0), a free mo-
tion morphism T : (X1, F1) → (X2, F2) which satisfies TG1 = G2 and
H1 = H2T is said to be a sophisticated Pseudo Linear System morphism
: Σ1 → Σ2.
If T is surjective and injective then T : Σ1 → Σ2 is said to be an isomor-
phism.

(6-A.32) Example
Regarding the free motion (A(N × U, K), Sr) in Example (6-A.4), iden-
tity map I on A(N × U, K) and a linear input/output map A : (A(N ×
U, K), Sr) → ((F (N, Y ), Sl ), a collection ((A(N × U, K), Sr), I, A, a(1 )) is a
sophisticated Pseudo Linear System with the behavior (A, a(1 )).

Regarding the free motion ((F (N, Y ), Sl ) in Example (6-A.5), a linear
input/output map A and identity map I on F (N, Y ), then a collection
(((F (N, Y ), Sl ), A, I, a(1 )) is a sophisticated Pseudo Linear System with
the behavior (A, a(1 )).

In this situation, we consider the relation between sophisticated Pseudo
Linear Systems and naive ones.

(6-A.33) Proposition
For any sophisticated Pseudo Linear System Σ = ((X, F ), G, H, h0), there
exists a unique naive Pseudo Linear System σ = ((X, F ), g, h, h0) corre-
sponding to the sophisticated Pseudo Linear System Σ by two equations
(a.1) and (a.2).
G(ω) =

∑|ω|
j=1 F |ω|−jg(ω(j)) for ω ∈ Ω . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (a.1)

Hx(t) = hF tx for any x ∈ X and t ∈ N . . . . . . . . . . . . . . . . . . . . . . . . . . . (a.2)
This correspondence is isomorphic in the category’s sense.

[proof] It is easily obtained from Remark 1 of Proposition (6-A.23) and
Remark 1 of Proposition (6-A.29).

6.7.A.6 Sophisticated Pseudo Linear Systems

In this section, we will prove Realization Theorem (6.8). According to the
Remark 2 in Proposition (6-A.23) (or the Remark 2 in Proposition (6-A.29))
and Proposition (6-A.33), the realization theorem can be replaced with the
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following Theorem (6-A.34). Therefore, proving this theorem implies prov-
ing Realization Theorem (6.8).

(6-A.34) (Sophisticated) Realization Theorem
For any linear input/output map A : (A(N × U, K), Sr) → ((F (N, Y ), Sl )
and some a(1 ) ∈ Y , there exist at least two sophisticated canonical Pseudo
Linear Systems that realize (A, a(1 )) (existence part).

Let Σ1 = ((X1, F1), G1, H1, h
0) and Σ2 = ((X2, F2), G2, H2, h

0) be sophis-
ticated canonical Pseudo Linear Systems that have the same behavior, then
there exists an isomorphism T : Σ1 → Σ2 (uniqueness part).

[proof] The next Corollary (6-A.35) signifies proving the existence part.
Moreover, Remark in Corollary (6-A.39) signifies proving the uniqueness.

(6-A.35) Corollary
For any linear input/output map A : (A(N × U, K), Sr) → ((F (N, Y ), Sl )
and some a(1 ) ∈ Y , the following sophisticated Pseudo Linear Systems (1)
and (2) are canonical realizations of (A, a(1 )).
(1) Σq = ((A(N × U, K)/ker A, S̃r), π, Ai, a(1 )).
Where π is the canonical surjection : A(N × U, K) → A(N × U, K)/ker A
and Ai is given by Ai = j · Ab for Ab : A(N × U, K)/ker A → im A being
isomorphic with A and j being the canonical injection : im A → F (N, Y ).
(2) Σs = ((im A, Sl ), As, j, a(1 )).
Where As = Ab · j.

[proof] This can be obtained easily by Corollary (6-A.16), Example (6-
A.32), the definition of canonicality and the behavior.

Next, to prove the uniqueness part of Theorem (6-A.33), we introduce
the following morphism Mor(Σ1, Σ2) from a sophisticated Pseudo Linear
System Σ1 to another sophisticated Pseudo Linear System Σ2.
Where Σ1 and Σ2 are given by Σ1 = ((X1, F1), G1, H1, h0) and Σ2 =
((X2, F2), G2, H2, h

0) respectively.
Mor(Σ1, Σ2) := { a relation T : X1 → X2; GrTmin

12 ⊆ GrT12 ⊆ GrTmax
12 }.

Where GrTmin
12 , GrT12 and GrTmax

12 denote the graph of Tmin
12 := G2 ·

G−1
1 , T12 and H−1

2 · H1 respectively.
Why this morphism is introduced depends on the next lemma.
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(6-A.36) Lemma
AΣ1 = AΣ2 if and only if Mor(Σ1, Σ2) 5= ∅.

[proof] This can be proved the same as in Matsuo [1981].

(6-A.37) Lemma
Let AΣ1 = AΣ2 hold.
(1) If G1 of Σ1 is surjective, then dom Tmin

12 = X1 holds, where dom Tmin
12

denotes the domain of Tmin
12 .

(2) If H2 of Σ2 is injective, then Tmax
12 is a partial function : X1 → X2.

[proof] This can be proved the same as in Matsuo [1981].

(6-A.38) Lemma
Let AΣ1 = AΣ2 hold, then GrTmax

12 is an invariant sub-product linear U-
action of (X1, F1) and (X2, F2).

[proof] By the definition of Tmax
12 , GrTmax

12 = {(x1, x2) ∈ X1×X2; H1x1 =
H2x2} holds. Let (x1, x2) and (x′

1, x
′
2) ∈ GrTmax

12 , i.e., H1x1 = H2x2 and
H1x

′
1 = H2x

′
2 hold. H1(x1 + x′

1) = H1x1 + H1x
′
1 = H2x2 + H2x

′
2 =

H2(x2 + x′
2) hold. This implies (x1 + x′

1, x2 + x′
2) ∈ GrTmax

12 . For k ∈ K
and (x1, x2) ∈ GrTmax

12 , (kx1, kx2) ∈ GrTmax
12 holds. Moreover, for any

(x1, x2) ∈ GrTmax
12 , H1F1x1 = SlH1x1 = SlH2x2 = H2F2x2 hold. There-

fore, we obtain (F1x1, F2x2) ∈ GrTmax
12 . Therefore, GrTmax

12 ⊆ X1 × X2 is
invariant under F1 × F2. Therefore, (GrTmax

12 , F1 × F2) is a free motion.

(6-A.39) Lemma
Let AΣ1 = AΣ2 hold, G1 be surjective and H2 be injective, then Tmin

12 = Tmax
12

holds and T12 is a Pseudo Linear System morphism : Σ1 → Σ2 by setting
T12 = Tmin

12 .

[proof] If G1 is surjective and H2 is injective, then Lemma (6-A.39) im-
plies that T12 ∈ Mor(Σ1, Σ2) is unique, T12 ·G1 = G2 and H2T12 = H1 hold.
Owing to Lemma (6-A.38), T12 is a free motion morphism : (X1, F1) →
(X2, F2).

Remark: The uniqueness part of (sophisticated) Realization Theorem (6-
A.34) for time-invariant input response maps is proven by sophisticated
Pseudo Linear Systems being canonical and Lemma (6-A.39).
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6.7.B Finite Dimensionality

In this Appendix, we will give proofs for theorems, propositions and corol-
laries stated in section 6.3.

6.7.B.1 Finite Dimensional Free Motions with an Affine Map

In Appendix 6.7.A, the free motions were introduced. In this section, we
consider those whose state space is finite dimensional. Then it is shown that
finite dimensional free motions can be represented by matrix expressions.

(6-B.1) Definition
A free motion (X, F ) whose X is finite (n) dimensional is said to be a finite
dimensional (n dimensional) free motion.

In Appendix 6.7.A.3, we showed that an initial object of any free mo-
tion with an affine map ((X, F ), g) is (A(N × U, K), Sr), η) and the quasi-
reachability of ((X, F ), g) implies a surjection of the corresponding linear in-
put map G. In this section, we will give a criterion for being quasi-reachable
of finite dimensional free motions with an affine map. Introducing the quasi-
reachable standard form, we show that it is a representative of free motion
with an affine map.

Let ((X, F ), g) be a free motion with an affine map and G be the linear
input map corresponding to an affine map g, namely, a free motion mor-
phism G : (A(N × U, K), Sr) → (X, F ) which satisfies G(e(0,u)) = g(u) for
any u ∈ U .

Let LR(i) be the linear hull of reachable set by input whose length is
within i, i.e., LR(i) :=1 {∑|ω|

j=1 F |ω|−jg(ω(j)); ω ∈ Ωi+1} -.
Where Ωi := {ω ∈ Ω; |ω| ≤ i}.
Then the following formula holds.
LR(0) =1 {g(u); u ∈ U} -,
LR(i + 1) = LR(i)+ 1 {Fx + g(u); u ∈ U, x ∈ LR(i)} -.
Therefore, the following sequence can be obtained.
LR(0) ⊆ LR(1) ⊆ · · · ⊆ LR(i) ⊆ · · · ⊆ LR(∞).
And LR(n) = G(A(N × U, K)n) holds.
Where A(N ×U, K)n denotes {∑

(q,u) λ(q, u)e(q,u) ∈ A(N ×U, K), q ≤ n for
n ∈ N}.
Moreover, let Gl := G · Jl, where Jl is the canonical injection
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: A(N × U, K)l → A(N × U, K). Then the above sequence can be rewritten
as the following:
im G0 ⊆ imG1 ⊆ · · · ⊆ im Gi ⊆ · · · ⊆ im G∞.

Then we can obtain next lemma easily.

(6-B.2) Lemma
If im Gj−1 = im Gj for an integer j ∈ N , then im Gj = im Gj+1.

[proof] By the formula, im Gj = im Gj−1+ 1 {Fx + g(u); u ∈
U, x ∈ im Gj−1} - holds. By assumption im Gj−1 = im Gj ,
im Gj+1 = im Gj−1+ 1 {Fx + g(u); u ∈ U, x ∈ im Gj−1} -= im Gj holds.

(6-B.3) Lemma
For any free motion with an affine map ((Kn, F ), g), then im Gn−1 = im G
always holds. Therefore, ((im Gn−1, F ), g) is a quasi-reachable free motion
with an affine map.

[proof] This is a direct consequence of Lemma (6-B.2) and the definition
of quasi-reachability.

(6-B.4) Proposition
Let ((Kn, F ), g) be a free motion with an affine map, then ((Kn, F ), g) is
quasi-reachable if and only if imGn−1 = Kn holds.

[proof] The necessary and sufficient condition for being quasi-reachable
of ((Kn, F ), g) is that im G = Kn. By Lemma (6-B.3), this is equivalent to
im Gn−1 = Kn. Consequently, the proposition holds.

(6-B.5) Proposition
Let ((Kn, F ), g) be a quasi-reachable free motion with an affine map, then
im Gj−1 is more than j dimensional for any integer j (1 ≤ j ≤ n).

[proof] For any integer j, let’s assume that there does not exist j lin-
early independent vectors in im Gj−1. And if im Gj−2 ⊂ im Gj−1 holds, then
the condition contradicts non existence of j vectors. Therefore, im Gj−2 =
im Gj−1 = · · · = im G∞ holds and im G∞ has no more than j vectors. This
contradicts the quasi-reachability of ((Kn, F ), g).
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(6-B.6) Proposition
Let ((Kn, F ), g) be a free motion with an affine map. ((Kn, F ), g) is quasi-
reachable if and only if
rank [g(u1), g(u2), · · · , g(um), Fg(um), Fg(u2), · · · , Fg(um), · · · ,
Fn−2g(um), Fn−1g(u1), · · · , Fn−1g(um)] = n holds.

[proof] This can be obtained by Proposition (6-B.4).

(6-B.7) Definition
Let ((Kn, Fs), gs) be a quasi-reachable free motion. If ((Kn, Fs), gs) satisfies
the following conditions, then it is said to be the quasi-reachable standard
form:
1) ei = F Ii

s gs(uJi) holds for a set {(Ii, uJi) ∈ N × U , 1 ≤ i ≤ n}.
2) (I1, uJ1) < (I2, uJ2) < · · · < (In, uJn) holds.
3) Ii < i
4) F p

s gs(uq) =
∑j

i=1 αiei holds for any (p, uq) ∈ N × U such that (Ij , uJj ) <
(p, uq) < (Ij+1, uJj+1).

Where αi ∈ K and ei = [0, 0, · · · , 0,
i
1, 0, · · · , 0]T .

(6-B.8) Proposition
For any quasi-reachable free motion with an affine map ((Kn, F ), g), there
uniquely exists the quasi-reachable standard form ((Kn, Fs), gs) which is
isomorphic to it.

[proof] We select the set of linearly n independent vectors
{F Iig(uJi); (Ii, uJi) ∈ N × U, 1 ≤ i ≤ n} among {F ig(uj); i, j ∈ N} in the
order of numerical value of N ×U . Then the condition Ii < i for i(1 ≤ i ≤ n)
holds by Proposition (6-B.5). We introduce a linear operator T : Kn → Kn

by setting TF Iig(uJi) = ei for i(1 ≤ i ≤ n), then T is a regular matrix.
Let Fs := TFT−1 and Tg(u) := gs(u) for any u ∈ U , then F ∈ Kn×n

and a collection ((Kn, Fs), gs) is a free motion with an affine map. Since
TF Iig(uJi) = ei for i(1 ≤ i ≤ n), the state ei is a reachable state by a
pair (Ii, Ji), Ii < i − 1. T is a free motion morphism with an affine map
: ((Kn, F ), g) → ((Kn, Fs), gs). T preserves the linear independence and
dependence. Therefore, ((Kn, Fs), gs) is the quasi-reachable standard form.
Moreover, we can show the uniqueness of it comes from the selection of
{(Ii, uJi) ∈ N × U, 1 ≤ i ≤ n}.
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Remark: There are many equivalences in the category of free motions with
an affine map, and this proposition says that the equivalences can be repre-
sented as quasi-reachable standard forms.

6.7.B.2 Finite Dimensional Free Motions with a Readout Map

In Appendix 6.7.A.4, we showed that the final object of any free motions
with a readout map ((X, F ), h) is ((F (N, Y ), Sl ), 0) and the distinguishabil-
ity of ((X, F ), h) implies injection of the corresponding linear observation
map H. In this section, we will give a criterion for being distinguishable of
finite dimensional free motions with a readout map. Introducing the distin-
guishable standard form, we show that it is a representative of free motions
with a readout map.

Let ((X, F ), h) be a free motion with a readout map and H be the linear
observation map corresponding to a readout map h, namely, a free motion
morphism H : (X, F ) → ((F (N, Y ), Sl ) which satisfies 0 · H = h.
Let LO(i) be the linear hull of reachable set by output whose length is
within i, i.e., LO(i) := {∑

λix
∗
j ∈ X∗; x∗

j = hF j , 0 ≤ j ≤ i, λj ∈ K}. Then
the following sequence holds.
LO(0) ⊆ LO(1) ⊆ · · · ⊆ LO(i) ⊆ · · · ⊆ LO(∞).

Let Hl = Pl ·H, where Pl is the canonical surjection : F (N, Y ) → F (Nl, Y )
, F (Nl, Y ) := {a ∈ F (N, Y ); a : Nl → Y } and Nl := {j ∈ N ; j ≤ l}.
Then ker Hl = LO(l)0 holds, i.e., ker Hl = {x ∈ X; hx = 0 for h ∈ LO(l)}.
Moreover, ker H = LO(∞)0 holds.

(6-B.9) Lemma
For any free motion with a readout map ((Kn, F ), h), LO(n−1) =1 hFN -
holds.
Where hFN = {hF i; i ∈ N}.

[proof] This can be obtained the same way as Lemma (6-B.3).

(6-B.10) Proposition
For any free motion with a readout map ((Kn, F ), h), ((ker Hn−1, F ) is a
sub free motion of (Kn, F ) and ((Kn/ker Hn−1, F̄ ), h̄) is a distinguishable
free motion with a readout map.
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[proof] Let H be the corresponding linear observation map to h. By
Lemma (6-B.9), LO(n−1) =1 hFN - holds. Therefore, ker Hn−1 = ker H
holds. Because H is a free motion morphism : (Kn, F ) → (F (N, Y ), Sl ),
(ker Hn−1, F ) is a sub free motion of (Kn, F ). Therefore, ((Kn/ker Hn−1, F̄ ),
h̄) can be introduced, and become an observable free motion with a readout
map.

(6-B.11) Proposition
Let ((Kn, F ), h) be a free motion with a readout map. ((Kn, F ), h) is ob-
servable if and only if LO(n − 1) = Kp×n holds.

[proof] This can be obtained the same as Proposition (6-B.4).

(6-B.12) Proposition
If ((Kn, F ), h) is observable, then LO(j − 1) is more than j dimensional for
any j (1 ≤ j ≤ n).

[proof] This can be obtained the same as Proposition (6-B.5).

(6-B.13) Proposition
Let ((Kn, F ), h) be a free motion with a readout map. ((Kn, F ), h) is ob-
servable if and only if rank [hT , (hF )T , (hF 2)T , · · · , (hFn−1)T ] = n holds.
Where T denotes the transpose.

[proof] This can be obtained the same as Proposition (6-B.6).

(6-B.14) Definition
Let ((Kn, Fo), ho) be an observable free motion with a readout map. If
((Kn, Fo), ho) satisfies the following conditions, then it is said to be the
observable standard form:
1) ei

T = hoF
i−1
o holds for i(1 ≤ i ≤ n).

2) hoF
n
o =

∑n
i=1 αiei holds.

Remark: If ((Kn, F ), h) is the observable standard form, note that h = e1
T .

(6-B.15) Propositon
For any observable free motion with a readout map ((Kn, F ), h), there exists
uniquely the observable standard form ((Kn, Fo), e1

T ) which is isomorphic
to it.
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[proof] We select the set of n linearly independent vectors {hF i−1; 1 ≤
i ≤ n}. We introduce a linear operator T : Kn → Kn by setting hF i−1 = ei

T

for i(1 ≤ i ≤ n), then T is a regular matrix. Let Fo := TFT−1, then Fo ∈
Kn×n and a collection ((Kn, Fo), e1

T ) is a free motion with readout map. T
is a free motion morphism with readout : ((Kn, F ), h) → ((Kn, Fo), e1

T ). T
preserves the linear independence and dependence. Hence ((Kn, Fo), e1

T ) is
the observable standard form.

Remark: There are many equivalences in the category of free motions with
a readout map, and this proposition says that the equivalences can be rep-
resented as the observable standard forms.

6.7.B.3 Finite Dimensional Pseudo Linear Systems

This section is prepared for the proofs of Representation Theorems (6.15)
and (6.17) for finite dimensional canonical Pseudo Linear Systems.

(6-B.16) Proof of Representation Theorem (6.15)
Note that a free motion with an affine map in the quasi-reachable standard
system is the quasi-reachable standard form.
Let σ = ((Kn, F ), g, h, h0) be any finite dimensional canonical Pseudo Lin-
ear System. For the quasi-reachable standard form ((Kn, Fs), gs) and a free
motion morphism with an affine map T : ((Kn, F ), g) → ((Kn, Fs), gs)
introduced in the proof of Theorem (6-B.8), let hs := h · T−1. Then T
is a Pseudo Linear System morphism : σ = ((Kn, F ), g, h, h0) → σs =
((Kn, Fs), gs, hs, h

0). T is bijective and σs is the only quasi-reachable stan-
dard system. By Corollary (6.9), the behaviors of σ and σs are the same.

(6-B.17) Proof of Representation Theorem (6.17)
Note that a linear U -action with a readout map in the observable standard
system is the observable standard form.
Let σ = ((Kn, F ), g, h, h0) be any finite dimensional canonical Pseudo Lin-
ear System. For the observable standard form ((K n, Fo), e1

T ) and a free
motion morphism with a readout map T : ((Kn, F ), h) → ((Kn, Fo), e1

T )
introduced in the proof of Proposition (6-B.15), let go(u) := Tg(u). Then
T is a Pseudo Linear System morphism : σ = ((Kn, F ), g, h, h0) → σo =
((Kn, Fo), go, e1

T , h0). T is bijective and σo is obviously the only observable
standard system. By Corollary (6.9), the behaviors of σ and σo are the same.
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6.7.B.4 Existence Criterion for Pseudo Linear System

This section is prepared for the proofs of the theorem for existence cri-
terion (6.19). Let Gl = G · Jl, where Jl is the canonical injection : A(N ×
U, K)l → A(N ×U, K). Let Hl = Pl ·H, where Pl is the canonical surjection
: F (N, Y ) → F (Nl, Y ).

(6-B.18) Proof of Theorem (6.19)
Let A be the linear input/output map corresponding to a time-invariant
input response map a ∈ F (Ω, Y ). Then A(e(s,u))(t) = a(us+t+1) − a(us+t)
holds. Therefore, a can be represented by the infinite matrix (I/O)a consid-
ered in Definition (6.18).
By setting A(l,m) := Pm · A · Jl, then A(l,m) can be represented by a partial
Input/Output Matrix (I/O)a (l,m) of the Input/Output Matrix (I/O)a con-
sidered in Definition (6.22).
Where (I/O)a (l,m) = [a(us+t+1) − a(us+t)] for t ≤ l and s ≤ m.
First, we show 1) =⇒ 2). By Theorem (6.6) and Corollary (6-A.35), im A
is n dimensional. If im An−1 5= im An then the dimension of im An is n + 1
or more by Lemma (6-B.5), hence im An−1 = im An = · · · = im A hold.
Consequently, there exist n linearly independent vectors in {Si

l (χ(u)); u ∈
U, i ∈ N, 1 ≤ i ≤ n}, but not n + 1 or more linearly independent vectors in
it.
Secondly, we show 2) =⇒ 3). Since im An−1 = im An, im An−1 = im An

= · · · = im A holds. Therefore, the dimension of im Ar is n for r ≤ n − 1.
On the other hand, by Corollary (6-A.35) and Lemma (6-B.9), ker Ps = 0
for s ≤ n − 1. Consequently, the dimension of im Ps · A · Jr is n. There-
fore, the rank of partial Input/Output Matrix (I/O)a (r,s) corresponding to
im Ps · A · Jr is n.
Lastly, we show 3) =⇒ 1). Since the rank of the Input/Output Matrix (I/O)a

is n, the range im A of the linear input/output map A corresponding to
(I/O)a is n dimensional. By im A = {Si

l (χ(u)); u ∈ U, i ∈ N} and Corollary
(6-A.35), 1) is obtained.

6.7.B.5 Realization Procedure for Pseudo Linear Systems

This section is prepared for the proof of theorem for realization procedure
(6.20).
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(6-B.19) Proof of Theorem (6.20)
Let R(χ) = {Si

l (χ(u)); u ∈ U, i ∈ N}. By Theorem (6.6), ((1 SN
l (χ(U)) -

, Sl ), χ, 0, a(1 )) is a canonical Pseudo Linear System that realizes a time-
invariant input response map a ∈ F (Ω, Y ). The linearly independent vec-
tors {Si

l (χ(u)); u ∈ U, i ∈ N, 1 ≤ i ≤ n} satisfy 1 {Si
l (χ(uJi)); u ∈ U, i ∈

N, 1 ≤ i ≤ n; (I1, uJ1) < (I2, uJ2) < · · · < (In, uJn)} -=1 R(χ) -.
Let a linear map T :1 R(χ) -→ Kn be T · Si

l (χ(uJi)) = ei for any
i(1 ≤ i ≤ n). Then, by step 2), Tχ = gs holds and by step 3), hs · T = 0
holds. And by step 4), Fs ·T = T ·Fs holds. Consequently, T is bijective and
a Pseudo Linear System morphism : ((1 SN

l (χ(U)) -, Sl ), χ, 0, a(1 )) →
σs = ((Kn, Fs), gs, hs, a(1 )).
By Corollary (6.9), the behavior of σs is a. It follows from the choice
of {Si

l (χ(uJi)); u ∈ U, i ∈ N, (I1, uJ1) < (I2, uJ2) < · · · < (In, uJn) for
i(1 ≤ i ≤ n} and the determination of map T implies that σs is the quasi-
reachable standard system.

6.7.C Partial Realization

In this Appendix, we give proofs for theorems and propositions stated in
section 6.4. See Appendicies 6.7.A and 6.7.B for details of notions and no-
tations.

6.7.C.1 Free Motions with an Affine Map

Set A(N × U, K)p := {∑
(q,u) λ(q, u)e(q,u) ∈ A(N × U, K), q ≤ p for some

p ∈ N}. Jp is the canonical injection : A(N × U, K)p → A(N × U, K).
Let Hq = Pq ·H, where Pq is the canonical surjection : F (N, Y ) → F (Nq, Y ).

(6-C.1) Definition
If a free motion with an affine map ((X, F ), g) satisfies
X =1 {∑|ω|

j=1 F |ω|−jg(ω(j)); ω ∈ Ωp)} -, then ((X, F ), g) is said to be p-
quasi reachable.

Remark: Note that ((X, F ), g) is p-quasi reachable if and only if Gp :=
GJp : A(N × U, K)p → X is surjective. Where G is the linear input map
: A(N × U, K) → (X, F ) corresponding to ((X, F ), g).
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(6-C.2) Proposition
If a linear sub space S of A(N × U, K)p+1 satisfies the next two conditions,
then there uniquely exists an ideal S ⊆ A(N × U, K) such that S ∩ A(N ×
U, K)p+1 = S and A(N × U, K)p+1/S is isomorphic to A(N × U, K)/S.
Moreover, a free motion with an affine map (A(N × U, K)/S, S̄r), [η]) is p-
quasi-reachable.
Where S̄r is given by S̄r(λ + S) = Srλ + S for λ ∈ A(N × U, K) and [η] is a
map : U → A(N × U, K)/S; u 2→ e(0,u) + S.
condition 1 : λ ∈ A(N × U, K)p ∩ S implies Srλ ∈ S.
condition 2 : There exist coefficients λ(q, u′) ∈ K such that e(p+1,u) −∑

(q,u′) λ(q, u′)e(q,u′) ∈ S for q ≤ p and any u ∈ U .

[proof] Let J(p,p+1) : A(N × U, K)p → A(N × U, K)p+1 be the canon-
ical injection and πS : A(N × U, K)p+1 → A(N × U, K)p+1/S be the
canonical surjection. Then the condition 2 implies that a composition map
πS · J(p,p+1) is surjective, and the condition 1 implies that Srλ ∈ S holds
for any λ ∈ S. Therefore, by setting S̄r(λ + S) = Srλ + S for any λ ∈
A(N ×U, K)p+1, we can uniquely define a map S̄r ∈ L(A(N ×U, K)p+1/S).
((A(N × U, K)p+1/S, S̄r), [η]) is a free motion with an affine map and p-
quasi-reachable.
Where [η] is a map : U → A(N × U, K)p+1/S; u 2→ e(0,u) + S. Then a linear
input map G : (A(N × U, K), Sr) → (A(N × U, K)p+1/S, S̄r) correspond-
ing to ((A(N × U, K)p+1/S, S̄r), [η]) is uniquely determined by Proposition
(6-A.23). Setting Gp+1 := GJp+1, ker Gp+1 = S holds and S := ker G
satisfies S ∩ A(N × U, K)p+1 = S. Since G is a linear input map, S is an
invariant sub space under Sr. Moreover, the surjection of G implies that
((A(N × U, K)p+1/S, S̄r), [η]) is isomorphic to ((A(N × U, K)/S, S̃r), [η]).
Hence, ((A(N × U, K)/S, S̃r), [η]) is p-quasi-reachable. The uniqueness of S
is obtained by the one of S̄r and G.

6.7.C.2 Free Motions with a Readout Map

Set F (Nq, Y ) := {γ ∈ F (N, Y ); γ : Nq → Y }, let Pq be the canonical
surjection : F (N, Y ) → F (Nq, Y ); γ 2→ [; t 2→ γ(t)], and define Sl by setting
Sl : F (Nq, Y ) → F (Nq−1, Y ); γ 2→ Slγ[; t 2→ γ(t + 1)].

(6-C.3) Definition
If a free motion with a readout map ((X, F ), h) satisfies that hF tx = 0 for
any t ∈ Nq implies x = 0, it is said to be q-observable.
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Remark: Note that ((X, F ), h) is q-observable if and only if a linear map
Hq := Pq · H is injective. Where H is a linear observation map correspond-
ing to ((X, F ), h) and Pq is the canonical surjection : F (N, Y ) → F (Nq, Y ).

(6-C.4) Proposition
If a sub space Z of F (Nq+1, Y ) satisfies the next two conditions, then
there uniquely exists a free motion (X, Sl ) such that a map Pq X : X →
Z is isomorphic. Where Pq X is a restriction of the canonical surjection
Pq : F (N, Y ) → F (Nq, Y ) to X, and a free motion with a readout map
((X, Sl ), 0) is q-observable.

condition 3 : A composition map π · j : Z
j→ F (Nq+1, Y ) π→ F (Nq, Y ) is

injective.
condition 4 : im (Sl · j) ⊆ im (j · π) holds in the sense of F (Nq, Y ).
Where π is the canonical surjection.

[proof] By conditions 3 and 4, we can define Fz = (π · j)−1Sl · jz
for any z ∈ Z. Then F ∈ L(Z). Therefore, ((Z, F ), 0) is an observable
free motion with a readout map. Where 0 is a map : Z → Y ; γ 2→ γ(0).
Injection of π · j implies that ((Z, F ), 0) is q-observable. It follows that
the linear observation map H corresponding to ((Z, F ), 0) is injective.
Set X := im H, a map H−1 : X → Z is clearly the restriction of the
map Pq : F (N, Y ) → F (Nq, Y ) to X. An equation 0 = 0H implies that
((X, Sl ), 0) is isomorphic to ((Z, F ), 0) in the sense of free motion with a
readout map. Therefore, ((X, Sl ), 0) is q-observable. A uniqueness of X is
obtained by the uniqueness of F and H.

6.7.C.3 Partial Realization Problem

We can consider a partial linear input/output map A(p,N−p) : A(N ×
U, K)p → F (NN−p, Y ) for a ∈ F (ΩN , Y ) the same as the linear in-
put/output map A : (A(N × U, K), Sr) → (F (N, Y ), Sl ) considered for
a ∈ F (Ω, Y ) in Appendix 6.7.A.
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(6-C.5) Lemma
Let A(p,N−p) be the partial linear input/output map corresponding to a ∈
F (ΩN , Y ). Then the following diagrams commute.

"

"
# #

1)

A(N × U, K)p F (NN−p, Y )

A(N × U, K)p+1 F (NN−p−1, Y )

i π

A(p,N−p)

A(p+1,N−p−1)

Where i is a canonical injection and π is a canonical surjection.

"

"
# #

2)

A(N × U, K)p F (NN−p, Y )

A(N × U, K)p+1 F (NN−p−1, Y )

Sr(u) Sl

A(p,N−p)

A(p+1,N−p−1)

[proof] These can be obtained by direct calculation.

(6-C.6) Proposition
Let A(p1,N−p1) be the partial linear input/output map corresponding to
a ∈ F (ΩN , Y ) and p2 be any integers such that 0 ≤ p2 ≤ p1 < N .
If im A(p2+1,N−p2−1) = im A(p2,N−p2−1), then im A(p1,N−p1) = im A(p2,N−p1)
holds.

[proof] Note that this proposition holds if and only if im A(p2+1,N−p2−1) =
im A(p2,N−p2−1) implies im A(p2+1,N−p2−1−n) = im A(p2,N−p2−1−n) holds for
any non negative integer n. Therefore, we prove the latter by the inductive
method. When n = 0, it holds by assumption.
Let’s assume it holds for n = k, i.e. assume that im A(p2+1+k,N−p2−1−k) =
im A(p2,N−p2−1−k). By assumption, there exist mj ≤ p2 and λ(mj , uj) ∈
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K(1 ≤ j ≤ m) such that a(up2+1+k+t+1) − a(up2+1+k+t) =
∑m

j=1 λ(mj , uj)
× (a(umj+t+1

j ) − a(umj+t
j ) in sense of F (NN−p2−1−k, Y ). Hence

Sl (a(up2+k+t+1) − up2+k+t)) =
∑m

j=1 λ(mj , uj)Sl (a(umj+t
j ) − a(umj+t−1

j ))
hold. Therefore, im A(p2+1+k+1,N−p2−1−k−1) = im A(p2+1,N−p2−1−k−1) holds.
On the other hand, im A(p2+1,N−p2−1) = im A(p2,N−p2−1) is equivalent
to im A(p2 + 1, j) = im A(p2, j) for any j ≤ N − p2 − 1. Therefore,
im A(p2+1+k+1,N−p2−1−k−1) = im A(p2,N−p2−1−k−1) holds. The equation
holds for n = k + 1.

(6-C.7) Proposition
Let A (,) be the partial linear input/output map corresponding to a ∈
F (ΩN , Y ). For p1 and p2 be any integers such that 0 ≤ p2 < p1 < N .
If ker A(p1,N−p1) = ker A(p1,N−p1−1) holds, then ker A(p2,N−p1−1)
= ker A(p2,N−p2) holds.

[proof] Note that this proposition holds if and only if ker A(p1,N−p1) =
ker A(p1,N−p1−1) implies ker A(p1−n,N−p1−1) = ker A(p1−n,N−p1+n) for any
n in 0 ≤ n ≤ p1. Therefore, we prove the latter by the inductive method.
When n = 0, it holds by assumption.
Let’s assume it holds for n = k, i.e., assume that ker A(p1−k,N−p1−1) =
ker A(p1−k,N−p1+k). By assumption, there exist tj ≤ N−p1−1 and λ(sj , uj) ∈
K such that a(uN−p1+k+2) − a(uN−p1+k+1) =

∑m
j=1 λ(sj , uj)

× (a(utj+1
j ) − a(utj

j )).
Then, ker A(p1−k−1,N−p1) = A(p1−k−1,N−p1+k+1)) holds. On the other hand,
if we note that ker A(p1,N−p1) = ker A(p1,N−p1−1) is equivalent to ker A(i,N−p1)
= ker A(i,N−p1−1) for any i in 0 ≤ i ≤ p1, ker A(p1−k−1,N−p1−1)
= ker A(p1−k−1,N−p1+k+1) holds. Therefore, the condition’s equation holds
for n = k + 1.

(6-C.8) Lemma
For a partial linear input/output map A (,) corresponding to a ∈ F (ΩN , Y )
and a Pseudo Linear System σ = ((X, F ), g, h, h0), the next matters hold.
Where Gp := G · Jp, Hq := Pq · H for the linear input map G corresponding
to g and the linear output map H corresponding to h. A(p,q) := Hq · Jp.
1) σ is a partial realization of a if and only if the following figure commutes
for any p such that 0 ≤ p < N .
2) σ is a natural partial realization of a if and only if the following figure
commutes, Gp is surjective and HN−p−1 is injective for some p such that
0 ≤ p < N .
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" "

" "
# # #

A(N × U, K)p X F (NN−p, Y )

A(N × U, K)p+1 X F (NN−p−1, Y )

Sr F Sl

Gp HN−p

Gp+1 HN−p−1

[proof] These can be obtained by definition of the partial and natural
partial realization.

(6-C.9) Proof of Theorem (6.23)
We prove the theorem by rewriting the conditions of partial Input/Output
Matrix in Theorem (6.23) to partial linear input/output map A(,) corre-
sponding to a ∈ F (NN , Y ). By using Propositions (6-C.6) and (6-C.7), the
conditions of Input/Output Matrix can be equivalently changed to the fol-
lowing equations (1) & (2):
(1) im A(p,N−p−1) = im A(p+1,N−p−1).
(2) ker A(p,N−p) = ker A(p,N−p−1).
Therefore, we will prove the theorem by using (1) and (2).
First, we show that the above equations (1) & (2) are necessary. Let σ =
((X, F ), g, h, h0) be a natural partial realization of a ∈ F (NN , Y ), then σ is
p-quasi-reachable and q-observable for some p and q such that p + q < N .
Let G be the linear input map corresponding to g and H be the linear obser-
vation map corresponding to h, and let p ≤ p′ and q ≤ q′, then Gp′ := G ·Jp′

is onto, Hq′ := Pq′ · H is one-to-one. Therefore, A(p′,q′) := Hq′ · Jp′ satisfies
equations (1) and (2).
Next, we show that the equations (1) & (2) are sufficient.
Set S := ker A(p+1,N−p−1) and Z := im A(p,N−p). Then equation (2) im-

plies that a composition map π · j : Z
j→ F (NN−p, Y ) π→ F (NN−p−1, Y )

is injective. Where π and j are the same as in Proposition (6-C.4). There-
fore, Z satisfies condition 3 in Proposition (6-C.4). Equation (1) implies
that there exists e(l,ui) ∈ A(N × U, K)p such that A(p+1,N−p−1)(e(p+1,u)) =
A(p+1,N−p−1)(

∑
i λ(l, ui)e(l,ui) for any u ∈ U .
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By Lemma (6-C.5), we obtain that A(p+1,N−p−1)(e(p+1,u) −∑
i λ(l, ui)e(l,ui))

= 0, and e(p+1,u) − ∑
i λ(l, ui)e(l,ui) ∈ S holds.

This implies that S satisfies the condition 2 in Proposition (6-C.2). Let j be
the canonical injection : A(p,N−p−1) → F (NN−p−1, Y ) and π is the same as in
Proposition (6-C.3), B := (j)−1 ·π·j : Z → im A(p,N−p−1) is a bijective linear
map by (2) in Proposition (6-C.2). When we consider the bijective linear map
Ab := Ab

(p+1,N−p−1) : A(N ×U, K)p+1/S → im A(p+1,N−p−1) associated with
A(p+1,N−p−1) : A(N × U, K)p+1 → F (NN−p−1, Y ), equation (2) implies that
a linear map B−1 ·Ab is a bijective linear map : A(N ×U, K)p+1/S → Z. For
any λ ∈ A(N × U, K)p ∩ S, A(p,N−p)(λ) = 0 holds by injection of B−1 · Ab.
Therefore, A(p+1,N−p−1)(Srλ) = SlA(p,N−p)(λ) = 0 holds by using 2) in
Lemma (6-C.5). This implies that Srλ ∈ S. Therefore, S satisfies the condi-
tion 1 in Proposition (6-C.2). Then Proposition (6-C.2) implies that a free
motion with an affine map (A(N×U, K)p+1/S, S̄r), [η])) is p-quasi-reachable.
Where [η] is a map : U → A(N ×U, K)p+1/S; u 2→ e(0, u)+S. Here, equation
(1) implies that there exists x ∈ im A(p,N−p−1) such that j(x) = Sl · j(z)
for any z ∈ Z. Moreover, by surjection of B, there exists z′ ∈ Z such that
B(z′) = x. Hence, Sl · j(z) = j(x) = j · B(z′) = π · j(z′), which implies that
im (Sl ·j) ⊆ im (π ·j). It follows that Z satisfies condition 4 in Proposition (6-
C.4) and ((Z, F ), 0) is (N −p−1)-observable. We can also show that B−1 ·Ab

is a free motion morphism : A(N × U, K)p+1/S, S̄r) → (Z, F ), and that a
Pseudo Linear System σ1 = (A(N ×U, K)p+1/S, S̄r), [η], 1 ·B−1 ·Ab, a(1 )) is
isomorphic to a Pseudo Linear System σ2 = ((Z, F ), B−1 ·Ab · [η], 0, a(1 )). It
follows that σ1 and σ2 are the natural partial realizations of a ∈ F (NN , Y ).
Hence, the natural partial realization of a ∈ F (NN , Y ) exist.

(6-C.10) Lemma
Two canonical Pseudo Linear Systems are isomorphic if and only if their
behaviors are the same.

[proof] This can be obtained from Theorem (6.8) and Corollary (6.9).

(6-C.11) Proof of Theorem (6.24)
Let A( , ) be the partial linear input/output map corresponding to a ∈
F (ΩN , Y ). To prove necessity, we assume existence of the natural partial
realization of a. Let Theorem (6.23) hold for integers p and p′ that are
different. Namely, (1): im A(p,N−p−1) = im A(p+1,N−p−1) (2): ker A(p,N−p) =
ker A(p,N−p−1)



154 6 Pseudo Linear Systems

(3): im A(p′,N−p′−1) = im A(p′+1,N−p′−1) (4): ker A(p′,N−p′) = ker A(p′,N−p′−1)
Then Propositions (6-C.6) and (6-C.7) imply that the dimension of Z =
im A(p,N−p−1) is equal to one of Z ′ = im A(p′,N−p′−1). Let σ and σ′ be
the natural partial realizations of a whose state space are Z and Z ′ respec-
tively and which can be obtained by the same procedure in (6-C.9). Then
σ is clearly isomorphic to σ′ and the behavior of σ is equal to one of σ′ by
Lemma (6-C.10). This implies that the behavior of the natural partial real-
ization is always the same regardless of different integers p and p′. Therefore,
the natural partial realization of a is unique modulo isomorphism by Lemma
(6-C.10).
Next, we show sufficiency by the contrapositive. We assume that there does
not exist a natural partial realization of a ∈ F (ΩN , Y ). Then minimum di-
mensional partial realization σ of a is p-quasi-reachable and q-observable for
p + q ≥ N . It cannot be quasi-reachable within p − 1 and not be observable
within q − 1. Then, there exists a state x in σ such that x can be at first
reachable by an input ω with length p. The remaining data of F (ΩN−p−1), Y )
can’t determine a new state Fx, because of N − p − 1 < q. Therefore, we
can’t determine the transition matrix F uniquely by q-observability. This
implies that the minimum dimensional realization of a is not unique.

(6-C.12) Proof of Theorem (6.25)
Let’s consider the natural partial realization σ2 = ((Z, F ), B−1·Ab·[η], 0, a(1 ))
of a ∈ F (ΩN , Y ) given in (6-C.9). Then we can obtain the quasi-reachable
standard system σs = ((Kn, Fs), gs, hs, a(1 )) from σ2 in the same manner
as theorem for a realization procedure (6.20).

6.7.D Real-Time Partial Realization Problem

(6-D.1) Proof of Lemma (6.28)
Note that jth component of row vectors Sl

i(χ(u1)) ∈ KL−1 is (Sl
i(χ(u1))(j−

1) = a(ui+j
1 ) − a(ui+j−1

1 ). Then {a(uk
1|ω1); any k ∈ N} can be uniquely de-

termined by linear dependence. Since a is time-invariant, a(uk−1
1 |u2|ω1) −

a(uk
1|ω1) + a(uk

1) − a(uk−1
1 ) = a(uk−1

1 |u2) − a(uk−1
1 ) = (Sl

i(χ(u2)))(j − 1)
can be obtained for i + j = k. Therefore, if we add a further input ω2 =
uL2+L−1

1 |u2, step 2) can be inspected. Since jth component of row vectors
Sl

i(χ(u2)) ∈ KL−1 is (Sl
i(χ(u2))(j − 1) = a(ui+j

1 |u2|ω1) − a(ui+j
1 |ω1) +

a(ui+j
1 )−a(ui+j−1

1 ), {a(uk
1|ω2|ω1); any k ∈ N} can be uniquely determined by

linear dependence. Since a is time-invariant, a(uk−1
1 |u3|ω2|ω1)−a(uk

1|ω2|ω1)+
a(uk

1)−a(uk−1
1 ) = a(uk−1

1 |u3)−a(uk−1
1 ) = (Sl

i(χ(u3)))(j−1) can be obtained
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for i + j = k. Therefore, if we add a further input ω3 = uL3+L−1
1 |u3, step 3)

can be inspected. Since j-th component of row vectors Sl
i(χ(u3)) ∈ KL−1 is

(Sl
i(χ(u3))(j−1) = a(uk−1

1 |u3)−a(uk−1
1 ) = a(uk−1

1 |u3|ω2|ω1)−a(uk
1|ω2|ω1)+

a(uk
1) − a(uk−1

1 ) for i + j = k, {a(uk
1|ω3|ω2|ω1); any k ∈ N} can be uniquely

determined by linear dependence. The same manner as the above can be
done, then a partial Input/Output Matrix (I/O)a (L−1,p) is obtained. Since
the physical object is less than L dimensional, the partial Input/Output
Matrix (I/O)a (L−1,p) contain the whole input/output data by (6-C.9).



7 Almost Linear Systems

Almost Linear Systems are presented with the following main theorem. The
main theorem says that for any input/output map with causality, time-
invariance and affinity, there exist at least two canonical Almost Linear
Systems which realize it and any two canonical Almost Linear Systems with
the same behavior are isomorphic.

Secondly, details of finite dimensional Almost Linear Systems are inves-
tigated. A criterion for being canonical of finite dimensional Almost Linear
Systems is given. Representation theorems of isomorphic classes of canoni-
cal Almost Linear Systems are given. We give a criterion for the behavior of
finite dimensional Almost Linear Systems. We derive a procedure to obtain
a canonical Almost Linear System.

Thirdly, these partial realization problem is discussed according to the
above results. Existence of minimum partial realization is easily presented.
It hardly ever happens for minimum partial realizations to be unique up to
isomorphism. To solve the uniqueness problem, we introduce the notion of
natural partial realizations.

The main results for partial realization are the followings:
1) A necessary and sufficient condition for the existence of the natural par-
tial realizations is given by the rank condition of finite sized Input/Output
Matrix.
2) The existence condition of natural partial realization is equivalent to the
uniqueness condition of minimum partial realizations.
3) An algorithm to obtain a natural partial realization from a partial time-
invariant, affine input response map is given.
Moreover, for a time-invariant, affine input response map, we can discuss
the real time partial realization problem. Namely, by a single experiment,
we find a mathematical model from on-line data. An algorithm to obtain a
partial realization from the data is given, if we know that the physical object
is finite dimensional before hand.

7.1! Time-Invariant,!Affine!Input!Response!Maps
(Input!Response!Maps!with!Time-Invariance
and!Affinity)

In!this!chapter!we!consider!input/output!maps!a!∈!F (Ω, Y !)! which!satisfy
the!following!time-invariant!condition!and!affinity!condition.!They!are!said
to!be!time-invariant,!affine!input!response!maps.!Where!U!is!a!linear!space

T. Matsuo, Y. Hasegawa: Realization Theory of Discrete-Time Dynamical Systems, LNCIS 296, pp. 156--194, 2003.
Springer-Verlag Berlin Heidelberg 2003
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throughout this chapter. We could discuss the case where multi-inputs are
fed, i.e., U = Km, but conveniently, we discuss a case where one-input is
fed, i.e., U = K. And Y is a linear space over the field K.

(7.1) Definition
If an input response map a satisfies the following time-invariant and affinity
condition, then a is said to be a time-invariant, affine input response map.
Time-invariant condition:
a(ω1|ω) − a(ω1) = a(ω̄1|ω) − a(ω̄1)
for any ω, and ω1, ω̄1 such that |ω1| = |ω̄1|.
Affinity condition:
a : Ω → Y is an affine map, i.e.,
a(ω + ω̄) + a(0|ω|) = a(ω) + a(ω̄)
a(λω) = λa(ω) + (1 − λ)a(0|ω|)
for any ω, ω̄ ∈ Ω, |ω| = |ω̄| and λ ∈ K.

(7.2) Definition
For any time-invariant, affine input response map a ∈ F (Ω, Y ), a function
GIa : {0, 1} → F (N,Y ); u 1→ GIa(u)[; t 1→ a(ut+1) − a(ut)] is said to be a
modified impulse response of a.

(7.3) Representation Theorem
For any time-invariant, affine input response map a ∈ F (Ω, Y ), there exists
uniquely the modified impulse response of a by the following equation. This
correspondence is bijective.

a(ω) = a(1 )+
∑|ω|

j=1(ω(j))(GIa(1)(|ω|− j +1))+(1−ω(j))(GIa(0)(|ω|−
j + 1)) for any ω ∈ Ω.

[proof] This theorem is obtained by direct calculation.

7.2 Almost Linear Systems

(7.4) Definition
A system given by the following equations is written as a collection σ =
((X,F ), g0, ḡ, h, h0) and it is said to be an Almost Linear System.
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
x(t + 1) = Fx(t) + g0 + ḡω(t + 1)
x(0) = 0
γ(t) = h0 + hx(t)

Where X is a linear space over the field K, F is a linear operator on X and
ω(t) ∈ U for any t ∈ N . And g0, g ∈ X, h is a linear operator : X → Y and
h0 ∈ Y .
The input response map aσ :→ Y ; ω 1→ h0 + h(

∑|ω|
j=1 F |ω|−j(g0 + ḡω(j)) is

said to be the behavior of σ.
For a time-invariant, affine input response map a ∈ F (Ω, Y ), σ that satisfies
aσ = a is called a realization of a.
Note that the behavior aσ of an Almost Linear System σ is a time-invariant,
affine input response map.
An Almost Linear System σ is said to be quasi-reachable if the linear hull
of the reachable set {∑|ω|

j=1 F |ω|−j(g0 + ḡω(j)); ω ∈ Ω} is equal to X. An
Almost Linear System σ is called observable if hFmx1 = hFmx2 for any
m ∈ N implies x1 = x2.
An Almost Linear System σ is called canonical if σ is quasi-reachable and
observable.

Remark 1: The x(t) in the system equation of σ is the state that produces
output values of aσ at the time t by adding h0, namely the state x(t) and
linear operator h : X → Y generates the output value aσ(t) = h0 + hx(t).
Remark 2: It is meant for σ to be a faithful model for the time-invariant,
affine input response map a ∈ F (Ω, Y ) such that σ realizes a.
Remark 3: Note that a canonical Almost Linear System σ = ((X,F ), g0, ḡ, h,
h0) is a system that has the most reduced state space X among systems that
have the behavior a (see Corollary (7-A.8), Proposition (7-A.14), Corollary
(7-A.15), Propositions (7-A.20) and (7-A.21), Proposition (7-A.24) and The-
orem (7-A.25)).

(7.5) Example
A(N×{0, 1},K) := {λ =

∑
n,u λ(n, u)e(n,u) (finite sum) ; n ∈ N,u ∈ {0, 1}}.

Where e(n,u) is given by the following equations for n, n′ ∈ N and u, u′ ∈
{0, 1}. If n = n′ and u = u′ imply e(n,u)(n′, u′) = 1. If n 4= n′ or u 4= u′ imply
e(n,u)(n′, u′) = 0. Then A(N × {0, 1},K) is clearly a linear space. Let Sr be
Sre(n,u) = e(n+1,u), then Sr ∈ L(A(N × {0, 1},K)) and Sr is irrelevant to
the input value’s set {0, 1}. Sr is a right shift operator. Let η̄ := e(0,1) −e(0,0)
and let a linear map ā : A(N×{0, 1},K) → Y be ā(e(n,u)) = a(un+1)−a(un)
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for any time-invariant, affine input response map a ∈ F (Ω, Y ). Then a col-
lection ((A(N ×{0, 1},K), Sr), e(0,0), η̄, ā, a(1 )) is a quasi-reachable Almost
Linear System that realizes a.
Let F (N,Y ) := { any function f : N → Y }. Let Slγ(t) = γ(t + 1) for any
γ ∈ F (N,Y ) and t ∈ N , then Sl ∈ L(F (N,Y )). Let a map χ0 ∈ F (N,Y ) be
(χ0)(t) := a(ω|0)−a(ω) and χ̄ ∈ F (N,Y ) be (χ̄)(t) := a(ω|1)−a(ω|0) for any
t ∈ N , a time-invariant, affine input response map a ∈ F (Ω, Y ) and ω ∈ Ω
such that |ω| = t. Moreover, let a linear map 0 be F (N,Y ) → Y ; γ 1→ γ(0).
Then a collection ((F (N,Y ), Sl ), χ0, χ̄, 0, a(1 )) is an observable Almost Lin-
ear System that realizes a.

(7.6) Theorem
The following two Almost Linear Systems are canonical realizations of any
time-invariant, affine input response map a ∈ F (Ω, Y ).
1) (A(N × {0, 1},K)/=a, Ŝr), [e(0,0)], ˆ̄η, ˆ̄a, a(1 )).
Where A(N × {0, 1},K)/=a is a quotient space obtained by equivalence re-
lation

∑
(n,u) λ1(n, u)e(n,u) =

∑
(n′,u′) λ2(n′, u′)e(n′,u′) ⇐⇒∑

(n,u) λ(n, u)(a(un+1) − a(un)) =
∑

(n,u) λ(n, u)(a(un+1) − a(un)).
And Ŝr ∈ L(A(N × {0, 1},K)/=a) is given by Ŝr[e(n, u)] = [e(n+1,u)] for
[e(n,u)] ∈ A(N × {0, 1},K)/=a, and ˆ̄η = [e(0,1)] − [e(0,0)], ˆ̄a is given by
ˆ̄a : A(N × {0, 1},K)/=a → Y ; [e(n, u)] 1→ a(un+1) − a(un).
2) ((0 SN

l (χ(U)) ,, Sl ), χ0, χ̄, 0, a(1 )).
Where 0 SN

l (χ(U)) , is the smallest linear space that contains SN
l (χ(U))

:= {Si
l (χ

0 + χ̄u); u ∈ K, i ∈ N , Si
l (χ

0 + χ̄u)(t) = (χ(u)(t + 1) = a(ω|u) −
a(ω), ω ∈ Ω}.

[proof] See Corollary (7-A.15), Propositions (7-A.16), (7-A.21) and (7-
A.24) and Corollary (7-A.26).

(7.7) Definition
Let σ1 = ((X1, F1), g0

1, ḡ1, h1, h
0) and σ2 = ((X2, F2), g0

2, ḡ2, h2, h
0) be Al-

most Linear Systems, then a linear operator T : X1 → X2 is said to be an
Almost Linear System morphism T : σ1 → σ2 if T satisfies TF1 = F2T ,
Tg0

1 = g0
2, T ḡ1 = ḡ2 and h1 = h2T .

If T : X1 → X2 is bijective, then T : σ1 → σ2 is said to be an isomorphism.
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(7.8) Realization Theorem of Almost Linear Systems
For any time-invariant, affine input response map a ∈ F (Ω, Y ), there exist at
least two canonical Almost Linear Systems that realize a. (Existence part)
Let σ1 and σ2 be any two canonical Almost Linear Systems which realize a
time-invariant, affine input response map a ∈ F (Ω, Y ), then there exists an
isomorphism T : σ1 → σ2. (Uniqueness part)

[proof] The first half is obvious from Theorem (7.6). The latter part
is obtained by Corollary (7-A.15), Propositions (7-A.16), (7-A.21) and (7-
A.24) and Remark in Lemma (7-A.30).

7.3 Finite Dimensional Almost Linear Systems

Based on the realization theory (7.8), we study structures of finite-dimen-
sional Almost Linear Systems in this section. Main results can be stated in
the following four steps:

First, we present conditions when finite dimensional Almost Linear Sys-
tem is canonical.

Secondly, we obtain the representation theorem for finite dimensional
canonical Almost Linear Systems, namely, we show that there exist two
standard systems as a representative in their equivalence classes. One is the
quasi-reachable standard system, and the other is the observable standard
system.

Thirdly, we give a criterion for the behavior of finite dimensional Almost
Linear Systems. It is the rank condition of an infinite Input/Output Matrix.

Lastly, we give a procedure to obtain the quasi-reachable standard system
that realizes a given time-invariant, affine input response map.
We will prove the above matters in Appendix 7.7.B.

(7.9) Corollary
Let T be an Almost Linear System morphism : σ1 → σ2, then aσ1 = aσ2

holds.

[proof] This is a direct calculation by the definition of the behavior and
Almost Linear System morphism.

Following is a fact about finite dimensional linear spaces:
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< A n-dimensional linear space over the field K is isomorphic to Kn and
L(Kn,Km) is isomorphic to Km×n (see Halmos [1958]). >

Therefore, without loss of generality, we can consider n-dimensional Almost
Linear System as σ = ((Kn, F ), g0, ḡ, h, h0), where F ∈ Kn×n, g0, ḡ ∈ Kn

and h ∈ Kp×n.

(7.10) So-called Linear Systems
Let a So-called Linear System be a linear system with a non-zero initial
state. 

x(t + 1) = Ax(t) + bω(t)
x(0) = x0

λ(t) = cx(t)

A So-called n-dimemsional Linear System with one-input and one-output
described by the above equations can be changed to a So-called (n+1)-
dimensional Linear System described by the following equations:

x(t + 1) = Fx(t) + ḡω(t + 1)
x(0) = x0

γ(t) = hx(t)

Where . x(t) =

[
x(t)
ω(t)

]
, F =

[
A b
0 0

]
, ḡ =

[
1
0

]
, x0 =

[
x0

ω(0)

]
,

h =
[

c d
]
.

Note that the canonicality (controllable and observable) between two So-
called Linear Systems given in (7.10) is preserved.

(7.11) From So-called Linear Systems to Almost Linear Systems
For any So-called Linear System given by the following equations, there ex-
ists an Almost Linear System σ = ((Kn, F ), g0, ḡ, h, h0).
Where g0 = Fx0 − x0, h0 = hx0.

x(t + 1) = Fx(t) + ḡω(t + 1)
x(0) = x0

γ(t) = hx(t)

Where t ∈ N, x(t) ∈ X.
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(7.12) Proposition
Let σ = ((Kn, F ), g0, ḡ, h, h0) be the observable Almost Linear System.
σ is given by the following system equations if and only if there exists x0 ∈ X
such that [F − I]x0 = g0.

x(t + 1) = Fx(t) + ḡω(t + 1)
x(0) = 0
γ(t) = h0 − hx0 + hx(t)

(7.13) Theorem
An Almost Linear System σ = ((Kn, F ), g0, ḡ, h, h0) is canonical if and only
if the following conditions 1) and 2) hold:
1) rank [g0, Fg0, F 2g0, · · · , Fn−1g0, ḡ, F ḡ, F 2ḡ, · · · , Fn−1ḡ] = n
2) rank [hT , (hF )T , , , (hFn−1)T ] = n.

[proof] See Proposition (7-B.6) and (7-B.13) in Appendix 7.7.B.

(7.14) Definition
Let a map ‖ ‖: N × {0, 1} → N be : (i, v) 1→‖ (i, v) ‖= m × i + v. Then
‖ (i, v) ‖ is said to be a numerical value of (i, v) ∈ N × {0, 1}.
And we define totally ordered relation by this numerical value in N ×{0, 1}.
Namely, (p, up) ≤ (q, uq) ⇐⇒ ‖ (p, up) ‖≤‖ (q, uq) ‖.

(7.15) Definition
A canonical Almost Linear System σs = ((Kn, Fs), , g0

s , ḡs, hs, h
0) is said to

be a quasi-reachable standard system if a set {(Ii, Ji) ∈ N×{0, 1}, 1 ≤ i ≤ n}
given by ei = F Ii

s (g0
s + ḡs · Ji) satisfies the following conditions:

1) (I1, J1) < (I2, J2) < · · · < (In, Jn) holds.
2) Ii < i
3) F p

s (g0
s + ḡs · q) =

∑j
i=1 αiei holds for any (p, q) ∈ N × {0, 1} such that

(Ij , Jj) < (p, q) < (Ij+1, Jj+1).

Where αi ∈ K and ei = [0, 0, · · · , 0, i
1, 0, · · · , 0]T .

See Figure 7.1 for the quasi-reachable standard system.

(7.16) Representation Theorem for equivalence classes
For any finite dimensional canonical Almost Linear System, there exists a
uniquely determined isomorphic quasi-reachable standard system.

[proof] See (7-B.16) in Appendix 7.7.B.
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Fig. 7.1. Fs of the quasi-reachable standard system σs = ((Kn, Fs), , g0
s , ḡs, hs, h

0)

(7.17) Definition
A canonical Almost Linear System σo = ((Kn, Fo), g0

o , go, ho, h
0) is said to

be an observable standard system if ei
T = hoF

i−1
o holds for 1 ≤ i ≤ n.

Where Y is K.

(7.18) Representation Theorem for equivalence classes
For any finite dimensional canonical Almost Linear System, there exists a
uniquely determined isomorphic observable standard system.
Where Y is K.

[ proof] See (7-B.17) in Appendix 7.7.B.

(7.19) Definition
For any time-invariant, affine input response map a ∈ F (Ω, Y ), the corre-
sponding linear input/output map A : (A(N×{0, 1},K), Sr) → (F (N,Y ), Sl )
satisfies A(e(s,u))(t) = a(us+t+1) − a(us+t) for any u ∈ {0, 1}.
Therefore, A can be represented by the next infinite matrix (I/O)a.
This (I/O)a is said to be an Input/Output Matrix of a.
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

(s, u)
...
...

(I/O)a =
...

t · · · · · · a(us+t+1) − a(us+t)



See Corollary (7-A.15) about the corresponding linear input/output map A.

(7.20) Theorem for existence criterion
For a time-invariant, affine input response map a ∈ F (Ω, Y ), the following
conditions are equivalent:
1) The time-invariant, affine input response map a ∈ F (Ω, Y ) has the be-
havior of n-dimensional canonical Almost Linear System.
2) There exist n linearly independent vectors and no more than n linearly
independent vectors in a set {Si

l (χ
0 + χ̄u); u ∈ {0, 1}, i ∈ N, 1 ≤ i ≤ n}.

3) The rank of the Input/Output Matrix (I/O)a of a is n.

[proof] See (7-B.18) in Appendix 7.7.B.

(7.21) Theorem for a Realization Procedure
Let a time-invariant, affine input response map a ∈ F (Ω, Y ) satisfy the
condition of Theorem(7.20), then the quasi-reachable standard system σs =
((Kn, Fs), g0

s , ḡs, hs, h
0) which realizes a can be obtained by the following

procedure:
1) Select the linearly independent vectors {SIi

l (χ0 + χ̄ · Ji)} of the set
{Si

l (χ
0 + χ̄ · Ji); Ji ∈ {0, 1}, Ii ∈ N, 1 ≤ i ≤ n} in order of the numeri-

cal value N × {0, 1}. Let n:= rank (I/O)a.
2) Let the state space be Kn. Let the map g0

s = e1 and gs := e2 −e1. Where
J2 = 0. If J2 4= 0, gs := α · e1, α ∈ K.
3) Let the output map hs = [a(J1)−a(1 ), a(JI2+1

2 )−a(JI2
2 ), · · · , a(JIn+1

n )−
a(JIn

n )]
4) Let fi in Fs := [f1, f2, · · · , fn] ∈ Kn×n be fi := [fi,1fi,2, · · · , fi,n].
Where SIi+1

l (χ0 + χ̄Ji) =
∑n

j=1 fi,jS
Ij

l (χ0 + χ̄Jj), fi,j ∈ K.

[proof] See (7-B.19) in Appendix 7.7.B.
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7.4 Partial Realization Theory of Almost Linear Systems

Here we consider a partial realization problem by multi-experiment. Let a
be an N sized time-invariant, affine input response map (a ∈ F (ΩN , Y )),
where N ∈ N and ΩN := {ω ∈ Ω; |ω| ≤ N}. The a is said to be a partial
time-invariant, affine input response map.

A finite dimensional Almost Linear System σ = ((Kn, F ), g0, ḡ, h, h0) is
said to be a partial realization of a if h0+h(

∑|ω|
j=1 F |ω|−j(g0+ ḡω(j))) = a(ω)

holds for any ω ∈ ΩN .
A partial realization problem of Almost Linear Systems can be stated as

follows:
< For any given partial time-invariant, affine input response a ∈ F (ΩN , Y ),
find a partial realization σ of a such that the dimensions of state space X
of σ is minimum, where the σ is said to be a minimal partial realization of
a. Moreover, show when the minimal realizations are isomorphic.>

In section 7.1, we have obtained the representation theorem for the time-
invariant, affine input response maps. The theorem says that any time-
invariant, affine input response map can be characterized by the modified
impulse response.

Note that the modified impulse response GI : {0, 1} → F (N,Y ) can be
represented by (GI(u)(t)) = a(ut+1) − a(ut) for u ∈ {0, 1}, t ∈ N and the
time-invariant, affine input response map a ∈ F (Ω, Y ).

For any given partial time-invariant, affine input response a ∈ F (ΩN , Y ),
this correspondence can determine a partial modified impulse response GI :
{0, 1} → F (NN , Y ). Where NN := {1, 2, · · · , N ; for some N ∈ N}.

(7.22) Proposition
For any given time-invariant, affine input response map a ∈ F (ΩN , Y ), there
always exists a minimal partial realization of it.

[proof] For any ω 4∈ ΩN , set a(ω) = 0. Then a ∈ F (Ω, Y ), and Theorem
(7.20) implies that there exists a finite dimensional partial realization of a.
Therefore, there exists a minimal partial realization of it.

Minimal partial realizations are in general not unique modulo isomor-
phism. Therefore, we introduce a natural partial realization, and we show
that natural partial realizations exist if and only if they are isomorphic.
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(7.23) Definition
For an Almost Linear System σ = ((X,F ), g0, ḡ, h, h0) and some p ∈ N , if
X =0 {∑|ω|

j=1 F |ω|−j(g0 + ḡω(j)); ω ∈ Ωp} , , then σ is said to be p-quasi-
reachable.
Let q be some integer. If hF q′

x = 0 for any q′ ≤ q implies x = 0, then σ is
said to be q-observable.
For a given time-invariant, affine input response map a ∈ F (ΩN , Y ), if there
exist p and q ∈ N such that p + q < N and σ is p-quasi-reachable and
q-observable then σ is said to be a natural partial realization of a.

For a partial time-invariant, affine input response map a ∈ F (ΩN , Y ), the
following matrix (I/O)a (p,N−p) is said to be a finite-sized Input/Output
Matrix of a.



(s, u)
...
...

(I/O)a (p,N−p) =
...

t · · · · · · a(us+t+1) − a(us+t)



Where 0 ≤ s ≤ p, 0 ≤ t ≤ N − p and u ∈ {0, 1}.

(7.24) Theorem
Let (I/O)a (p,N−p) be the finite Input/Output Matrix of a ∈ F (ΩN , Y ).
Then there exists a natural partial realization of a if and only if the follow-
ing condition holds:
rank (I/O)a (p,N−p)= rank (I/O)a (p,N−p−1) =rank (I/O)a (p+1,N−p−1) for
some p ∈ N .

[proof] See (7-C.9) in Appendix 7.7.C.

(7.25) Theorem
There exists a natural partial realization of a given partial time-invariant,
affine input response map a ∈ F (ΩN , Y ) if and only if the minimal partial
realizations of a are unique modulo isomorphism.
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[proof] See (7-C.11) in Appendix 7.7.C.

(7.26) Theorem
Let a partial time-invariant, affine input response a ∈ F (ΩN , Y ) satisfy
the condition of Theorem (7.24), then the quasi-reachable standard system
σs = ((Kn, Fs), g0

s , gs, hs, h
0) which realizes a can be obtained by the follow-

ing algorithm:
Set n := rank (I/O)a (p,N−p), where (I/O)a (p,N−p) is the finite Input/Out-
put Matrix of a ∈ F (ΩN , Y ).
1) Select the linearly independent vectors {SIi

l (χ0 + χ̄Ji ; Ji ∈ {0, 1}, 1 ≤ i ≤
n} of the set from (I/O)a (p,N−p) in order of the numerical value.
2) Let the state space be Kn. Let the map g0

s = e1 and gs := e2 −e1. Where
J2 = 0. If J2 4= 0, gs := αe1, α ∈ K.
3) Let the output map hs = [a(J1)−a(1 ), a(JI2+1

2 )−a(JI2
2 ), · · · , a(JIn+1

n )−
a(JIn

n )]
4) Let fi in Fs := [f1, f2, ·, fn] ∈ Kn×n be fi := [fi,1fi,2, · · · , fi,n].
Where Sl

Ii+1(χ0 + χ̄ · Ji) =
∑n

j=1 fi,jSl
Ij (χ0 + χ̄Jj), fi,j ∈ K in the sense

of F (NN−p, Y ).
Where Sl : F (Ns, Y ) → F (Ns−1, Y ); a 1→ Sla[; t 1→ a(t + 1)] for some s ∈ N .

[proof] See (7-C.12) in Appendix 7.7.C.

7.5 Real-Time Partial Realization Theory
of Almost Linear System

In general, it is known that non-linear systems can be only determined by
multi-experiments. In fact, in Chapter 3, we gave a condition for a gen-
eral unknown black-box to be determined with a single-experiment. This
condition may be very hard for us to find. However, we can look for special
single-experiments to pretend multi-experiments for any Almost Linear Sys-
tem. In this section, on the results of partial realization theory in section
7.7.C, we will discuss a single-experiment for Almost Linear Systems.
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(7.27) Real time partial realization problem
Let a physical object (equivalently, a ∈ F (ΩN , Y ) be a finite dimensional
Almost Linear System. Then for given finite data {a(ω̄); ω̄ is a finite length
input }, find an Almost Linear System σ = ((Kn, F ), g0, ḡ, h, h0) and an
input ω̄ ∈ Ω such that aσ(ω̄) = a(ω̄) for any ω ∈ Ω.

(7.28) Definition
For finite dimensional Almost Linear System, if there exists a solution of the
real time partial realization problem, then an input ω̄ ∈ Ω of the solution is
said to be a (real time partial) realization signal.

(7.29) Lemma
Let a given time-invariant, affine input response map a ∈ F (Ω, Y ) have the
behavior of an Almost Linear System whose state space is less than L di-
mensional. Then there exists an input of finite length ω̄ ∈ Ω such that the
following algorithm provides a finite Input/Output Matrix.
Where p := max{L1, L2}.

1) Find an integer L1 such that row vectors {Sl
iχ0 ∈ KL; 0 ≤ i ≤ L1−1} are

linearly independent and {Sl
iχ0 ∈ KL; 0 ≤ i ≤ L1} are linearly dependent.

Namely, feed an input ω1 := 0L1+L+1 into the plant.
Where Sl

iχ0 = [a(0n+1)−a(0n), a(0n)−a(0n−1), · · · , a(0L+i+1)−a(0L+i)]T .
2) Find an integer L2 such that row vectors {Sl

iχ0, Sl
i(χ0 + χ̄) ∈ KL; 0 ≤

i ≤ Lj −1, 1 ≤ j ≤ 2} are linearly independent and {Sl
i ·χ0 , Sl

i(χ0 + χ̄ ·u ∈
KL; 0 ≤ i ≤ Lj , 1 ≤ j ≤ 2} are linearly dependent. Namely, feed a further
input ω2 := 0L1+L−1|1 into the plant.
Let ω̄ = ω2|ω1.
Making the row vectors of a matrix from the row vectors {Sl

i(χ0 + χ̄ · u)) ∈
KL; 0 ≤ i ≤ Lj , 1 ≤ j ≤ 2, u ∈ {0, 1}} obtained by the above iterations, we
will obtain a finite Input/Output Matrix (I/O)a (L−1,p).
Where Sl

iχ̄ = [a(0i|1) − a(0i+1), a(0i+1|1) − a(0i+2), · · · , a(0i+L|1) − a
(0i+L+1)]T .
And a(0i|1) is given by a(0j |1) = a(0i+1|1|0t) − a(0t+1) + a(0t) for any
i, t ∈ N .

[proof] See (7-D.1) in Appendix 7.7.D.
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(7.30) Theorem
Let a given time-invariant, affine input response map a ∈ F (Ω, Y ) have the
behavior of an Almost Linear System whose state space is less than L dimen-
sional. Then there exists a realization signal such that the quasi-reachable
standard system σs = ((Kn, Fs), g0

s , gs, hs, h
0) which realizes a can be ob-

tained by the following algorithm:
1) Find a finite Input/Output Matrix (I/O)a (L−1,p) upon the algorithm
given in Lemma (7.29).
2) Apply the algorithm given in Theorem (7.26) to the above finite In-
put/Output Matrix (I/O)a (L−1,p).

[proof] This can be obtained by Lemma (7.29).

7.6 Historical Notes and Concluding Remarks

We introduced Almost Linear Systems that are in a subclass of Pseudo
Linear Systems, which are very close to linear systems. The reason depends
upon the fact that there are So-called Linear Systems as examples of Almost
Linear Systems. The So-called Linear Systems mean the linear systems with
non-zero initial state. This means that the realization problem of Almost
Linear Systems contains the realization problem of linear systems and the
state estimation problem of linear systems simultaneously. For example, if
we resolve the partial realization problem of Almost Linear Systems, then
we naturally obtain both solutions of the partial realization problem and a
state estimation problem for linear systems with an unknown initial state.
Now, we cannot find such dynamical systems in other references.

First we showed that any time-invariant, affine input response map (equiv-
alently, any input/output map with causality, time-invariance and affinity)
can be completely characterized by a modified impulse response, which may
be a slightly revised version of an impulse response in linear systems. We
also showed that any Almost Linear Systems can be characterized by time-
invariant, affine input response maps. This means that So-called Linear Sys-
tems can be completely characterized by modified impulse responses. Note
that linear systems are completely characterized by impulse responses.

The set A(N × {0, 1},K) in Example (7.5) is new. Therefore, Nerode
equivalence for A(N × {0, 1},K) in Theorem (7.6) is new. See Section 3.4
in Chapter 3 for the comments for nerode equivalence. It is shown that
the uniqueness Theorem (7.8) holds in the sense of Almost Linear Systems;
namely the theorem is stronger than in the sense of Pseudo Linear Systems;
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Theorem (7.13) is one for finite dimensional Almost Linear Systems to be
canonical. It can be easily understood that this theorem is an extension
of the theorem for finite dimensional linear systems to be canonical. Also
we gave the quasi-reachable standard system and the observable standard
system that correspond to companion forms of linear systems. We gave a
criterion for the behavior of finite dimensional Almost Linear Systems. The
condition is given by finite rank of Input/Output Matrix, which is a natu-
ral extension of finite rank of Hankel matrix in linear systems. We gave a
realization procedure to obtain the quasi-reachable standard system from a
given time-invariant, affine input response map.

Moreover, we obtained partial Realization Theorems (7.24) and (7.25).
Also we obtained a partial realization algorithm in Theorem (7.26). We dis-
cussed the real-time partial realization problem without any restriction. It
depends upon time-invariance of input/output map.
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7.7 Appendix

This Appendix 7.7 is prepared for the proof of the results about Almost
Linear Systems.

7.7.A Realization Theory

In this section we will prove the main Theorem (7.8). To prove it, we equiv-
alently convert the Almost Linear Systems to sophisticated Almost Linear
Systems owing to results obtained in Appendix 7.7.A to 7.7.C. In Appendix
7.7.E we prove the realization theorem in the sophisticated Almost Linear
Systems. This implies that Theorem (7.8) is proved.

7.7.A.1 Derivation Almost Linear Systems
from Pseudo Linear Systems

We will show how Almost Linear Systems can be derived from Pseudo Lin-
ear Systems. For detail on the Pseudo Linear Systems, see Chapter 6.

(7-A.1) Lemma
If the behavior aσ of an observable Pseudo Linear System σ = ((X,F ), g, h, h0)
satisfies the following affinity condition, then a map g : U → X is an affine
map, i.e. g(u) = g(0) + g(1) · u holds for any u ∈ U .
Affinity condition:
aσ : Ω → Y is an affine map, i.e.,
aσ(ω + ω̄) + aσ(0|ω|) = aσ(ω) + aσ(ω̄)
aσ(λω) = λa(ω) + (1 − λ)aσ(0|ω|)
for any ω, ω̄ ∈ Ω, |ω| = |ω̄| and λ ∈ K.

[proof] This is obtained by direct calculation.

Remark 1: A Pseudo Linear System σ = ((X,F ), g, h, h0) represents the
following equations:

x(t + 1) = Fx(t) + g(ω(t + 1))
x(0) = 0
γ(t) = h0 + hx(t)

for any t ∈ N , x(t) ∈ X, ω(t) ∈ U and γ(t) ∈ Y . And F ∈ L(X), g is a map
: U → X.
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(7-A.2) Definition
A Pseudo Linear System σ = ((X,F ), g, h, h0) given by Lemma (7-A.1) is
said to be an Almost Linear System. Therefore, the Almost Linear System
σ = ((X,F ), g, h, h0) represents the following equations:


x(t + 1) = Fx(t) + g(0) + g(ω(t + 1))
x(0) = 0
γ(t) = h0 + hx(t)

for any t ∈ N , x(t) ∈ X, ω(t) ∈ U and γ(t) ∈ Y . And F ∈ L(X), g(0) ∈ X,
g is a linear operator accompanied with g : U → X.

(7-A.3) Lemma
For any linear operator g : U → X, there uniquely exists ḡ ∈ X such that
ḡ · u = g(u) for any u ∈ U . This correspondence is bijective.

[proof] This can be obtained easily.

Remark 1: Lemma (7-A.3) implies that an Almost Linear System σ =
((X,F ), g, h, h0) may be represented by the following equations:


x(t + 1) = Fx(t) + g0 + ḡω(t + 1)
x(0) = 0
γ(t) = h0 + hx(t)

Therefore, the Almost Linear System σ may be written by σ =
((X,F ), g0, ḡ, h, h0).

for any t ∈ N , x(t) ∈ X, ω(t) ∈ U and γ(t) ∈ Y . And F ∈ L(X),
g0 = g(0), ḡ = g(1) ∈ X.

Remark 2: This definition for an Almost Linear System is the same as Def-
inition (7.4).

7.7.A.2 Free Motions with an Affine Map

In this section we will discuss free motions with an affine map needed for
details of Almost Linear Systems, which are state structure with an input
mechanism of Almost Linear Systems. We have already introduced free mo-
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tions which are state structures of Pseudo Linear Systems. Note that the
free motions are equivalent to state structures of Almost Linear Systems.
For details of them, see section 6.7.B in Appendix 6.7. In that section, we
have introduced free motions with an affine map as the input mechanism of
Pseudo Linear Systems and free motions with an input map. Then we have
shown that they are equivalent. In this section we will introduce free mo-
tions with an affine map and free motions with an input map which are more
suitable for Almost Linear Systems. Specifically, we will clarify differences
between Almost Linear Systems and Pseudo Linear Systems. We will show
that free motions with an affine map and free motions with an input map
are equivalent. Moreover, we will discuss quasi-reachability of free motions
with an affine map.

(7-A.4) Definition
A system given by the following equation is written as a pair (X,F ) and it
is said to be a free motion.
x(t + 1) = Fx(t)
Where X is a linear space over the field K and a linear map F : X → X.
Let (X1, F1) and (X2, F2) be free motions, then a linear map T : X1 → X2
is said to be a free motion morphism : (X1, F1) → (X2, F2) if T satisfies
TF1 = F2T .

(7-A.5) Example
Let A(N × {0, 1},K) and Sr be the same as that considered in Example
(7.5). Then (A(N × {0, 1},K), Sr) is a free motion.

(7-A.6) Example
In the set F (N,Y ) of any map from N to Y , let Sl be the same as in Ex-
ample (7.5). Then (F (N,Y ), Sl ) is a free motion.

(7-A.7) Definition
For free motions (A(N ×{0, 1},K), Sr) and (F (N,Y ), Sl ) considered in Ex-
amples (7-A.5) and (7-A.6), a free motion morphism:
A : (A(N×{0, 1},K), Sr) → (F (N,Y ), Sl ) is said to be a linear input/output
map.
For a free motion (X,F ), a free motion morphism G : (A(N ×{0, 1},K), Sr)
→ (X,F ) is said to be a linear input map, and a free motion morphism
H : (X,F ) → (F (N,Y ), Sl ) is said to be a linear observation map.
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(7-A.8) Corollary
Any free motion morphism T : (X1, F1) → (X2, F2) can be normally de-

composed into X1
π→ X1/ker T

T b→ im T
j→ X2, where π is the canonical

surjection, T b is the isomorphism associated with T , j is the canonical in-
jection and they are free motion morphisms respectively.

(7-A.9) Lemma
(A(N × {0, 1},K))∗ = TF (Ω, Y ).
Where (A(N ×{0, 1},K))∗ is a set of any linear map from A(N ×{0, 1},K)
to Y , and TF (Ω, Y ) := {a ∈ F (Ω, Y ) ; a is a time invariant, affine input
response map}.

[proof] For any a ∈ TF (Ω, Y ), set ˜ : a 1→ ã[;
∑

(n,u) λ(n, u)e(n,u) 1→∑
(n,u) λ(n, u)(a(ut+1) − a(ut))], then ã ∈ A(N × {0, 1},K)∗ holds. For

any ã ∈ A(N × {0, 1},K)∗, set e∗ : ã 1→ ã · e∗[; ω 1→ ã(e(n,ω(1))), then
ã · e∗ ∈ TF (Ω, Y ) holds. Here, e∗ ·˜ = I and ˜ · e∗ = I hold. Hence TF (Ω, Y )
is a concrete expression of A(N ×{0, 1},K)∗, we obtain A(N ×{0, 1},K)∗ =
TF (Ω, Y ).

(7-A.10) Definition
For a free motion (X,F ) and an affine map g : U → X, i.e., g(u) = g0 + ḡ ·u
for any u ∈ U , a collection ((X,F ), g0, ḡ) is said to be a free motion with an
affine map.
Where g0 := g(0).
A free motion with an affine map ((X,F ), g0, ḡ) represents the following
equations:
x(t + 1) = Fx(t) + g0 + ḡ · ω(t + 1).
Where x(t), g0, ḡ ∈ X, ω(t) ∈ U .
For the reachable set {∑|ω|

j=1(g
0 + ḡ · ω(j)); ω ∈ Ω}, the smallest linear space

which contains it is equal to X, then ((X,F ), g0, g) is said to be quasi-
reachable.

(7-A.11) Example
For the free motion (A(N × {0, 1},K), Sr) considered in Example (7-A.5),
e(0,0) and η̄ := e(0,1)−e(0,0) ∈ A(N×{0, 1},K), ((A(N×{0, 1},K), Sr), e(0,0),
η̄) is a free motion with an affine map and quasi-reachable.



7.7 Appendix 175

(7-A.12) Example
For the free motion (F (N,Y ), Sl ) considered in Example (7-A.6) and a time
invariant, affine input response map a ∈ F (Ω, Y ), let χ0 and χ̄ ∈ F (N,Y )
be χ0(t) := a(ω|0) − a(ω), χ̄(t) := a(ω|1) − a(ω|0).
Where ω ∈ Ω and |ω| = t for t ∈ N . Then ((F (N,Y ), Sl ), χ0, χ̄) is a free
motion with an affine map.

(7-A.13) Definition
For free motions with an affine map ((X1, F1), g0

1, ḡ1) and ((X2, F2), g0
2, ḡ2),

a free motion morphism T : (X1, F1) → (X2, F2) which satisfies Tg0
1 = g0

2
and T ḡ1 = ḡ2 is said to be a free motion morphism with an affine map
T : ((X1, F1), g0

1, ḡ
1) → ((X2, F2), g0

2, ḡ
2).

(7-A.14) Proposition
For any free motion with an affine map ((X,F ), g0, ḡ), there exists a unique
free motion morphism with an affine map G : ((A(N×{0, 1},K), Sr), e(0,0), η̄)
→ ((X,F ), g0, g), where G(e(0,0)) = g0 and G(η̄) = ḡ.
Conversely, for any free motion morphism G : (A(N × {0, 1},K), Sr) →
(X,F ), ((X,F ), g0, ḡ) given by g0 = G(e(0,0)) and ḡ = G(η̄) is a free motion
with an affine map.

[proof] Let G(e(0,0)) = g0 and G(η̄) = ḡ. Then G can be defined on
{e(0,0), e(0,1)}. Since GSr = FG, G can be extended to {e(t,u); t ∈ N,u ∈
{0, 1}}. {e(t,u); t ∈ N,u ∈ {0, 1}} being the basis in A(N × {0, 1},K), G is
unique. The latter part is obvious.

Remark 1: According to Proposition (7-A.14), a linear input map G : (A(N×
{0, 1},K), Sr) → (X,F ) corresponds to an affine map g : U → X : u 1→
g0 + ḡ · u is determined uniquely, and this correspondence is isomorphism.
Remark 2: If a free motion with an affine map ((X,F ), g0, ḡ) in Proposi-
tion (7-A.14) is replaced with ((F (N,Y ), Sl ), χ0, χ̄) considered in Exam-
ple (7-A.6), then a linear input/output map A : (A(N × {0, 1},K), Sr) →
(F (N,Y ), Sl ) corresponds to a time-invariant, affine input response map
a ∈ F (Ω, Y ) uniquely, and this correspondence is isomorphism.

(7-A.15) Corollary
For any linear input/output map A : (A(N×{0, 1},K), Sr) → (F (N,Y ), Sl ),
there uniquely corresponds a time-invariant, affine input response map a ∈
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F (Ω, Y ) such that a(ω|u)−a(ω) = A(e(0,u))(t) for any t ∈ N , ω ∈ Ω, |Ω| = t
and u ∈ {0, 1}. This correspondence is isomorphism.

[proof] If a free motion with an affine map ((X,F ), g0, ḡ) in Proposition
(7-A.14) is replaced with ((F (N,Y ), Sl ), χ0, χ̄), this corollary is obtained.

Remark: For a time-invariant, affine input response map a ∈ F (Ω, Y ), there
uniquely exists a linear input/output map A : (A(N × {0, 1},K), Sr) →
(F (N,Y ), Sl ). On the other hand, for a time-invariant input response map
a ∈ F (Ω, Y ), there uniquely exists a linear input/output map A : (A(N ×
U,K), Sr) → (F (N,Y ), Sl ).
Therefore, A(N × U,K) and A(N × {0, 1},K) are different from a time
-invariant input response map and a time-invariant, affine input response
map.

(7-A.16) Proposition
A free motion with an affine map ((X,F ), g0, ḡ) is quasi-reachable if and
only if the corresponding linear input map G is surjective.

[proof] The quasi-reachability of ((X,F ), g0, ḡ) means that the liner hull
of the reachable set X1 := {∑|ω|

j=1 F |ω|−j(g0 + ḡ · ω(j)); ω ∈ Ω} is equal to
X. On the other hand, the surjection of G means that X2 := {G(λ) =∑

(n,u) λ(n, u)Fn(g0 + ḡ ·u); λ =
∑

(n,u) e(n,u) ∈ A(N ×{0, 1},K)} is equal to
X. Here the equations imply that linear hull of X1 is equal to X2. Therefore,
this proposition is obtained.

7.7.A.3 Free Motions with a Readout Map

In this section we will discuss free motions with a readout map. It is ev-
ident from Definitions (7.4) and (6.4) and the free motions with a readout
map in Appendix 6.7 that state structures with a readout map in Almost
Linear Systems are the same as state structures with a readout map in
Pseudo Linear Systems. Hence, for readability, we will only list them.

(7-A.17) Definition
For a free motion (X,F ) and a linear map h : X → Y , a collection ((X,F ), h)
is said to be a free motion with a readout map. A free motion with a readout
map ((X,F ), h) represents the following equations:
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{
x(t + 1) = Fx(t)
γ(t) = hx(t)

for any t ∈ N ,where x(t) ∈ X and γ(t) ∈ Y .
If hFnx1 = hFnx2 for any n ∈ N implies x1 = x2, then ((X,F ), h) is called
observable.
Let ((X1, F1), h1) and ((X2, F2), h2) be free motions with a readout map,
then a free motion morphism T : (X1, F1) → (X2, F2) which satisfies
h1 = h2T is said to be a free motion morphism with a readout map
T : ((X1, F1), h1)
→ ((X2, F2), h2).

( 7-A.18) Example
For the free motion (A(N × {0, 1},K), Sr) considered in (7-A.5)
and any time-invariant, affine input response map a ∈ F (Ω, Y ),
((A(N × {0, 1},K), Sr),
ā) is a free motion with a readout map (see Lemma (7-A.9)).
Where a linear map ā : A(N × {0, 1},K) → Y is given by
ā(e(n,u)) = a(un+1) − a(un) for any n ∈ N and u ∈ {0, 1}.

(7-A.19) Example
Regarding the free motion (F (N,Y ), Sl ) considered in Example (7-A.6), by
defining a linear map 0 : (F (N,Y ) → Y ; γ 1→ γ(0), ((F (N,Y ), Sl ), 0) is a
free motion with a readout map and it is observable.

(7-A.20) Proposition
For any free motion with a readout map ((X,F ), h), there exists a unique
linear observation map H : (X,F ) → (F (N,Y ), Sl ) which satisfies h = 0 ·H,
where (Hx)(t) = hF tx holds for any x ∈ X, t ∈ N .

Remark 1: According to Proposition (7-A.20), a linear observation map
H : (X,F ) → (F (N,Y ), Sl ) uniquely corresponds to a linear map
h : X → Y , and this correspondence is isomorphism.
Remark 2: If ((X,F ), h) in Proposition (7-A.20) is replaced with
((F (N,Y ), Sl ), 0) considered in (7-A.6), a linear observation map
: (A(N × {0, 1},K), Sr) → (F (N,Y ), Sl ) is a linear input/output
map. (See Corollary (7-A.15))

(7-A.21) Proposition
A free motion with a readout map ((X,F ), h) is observable if and only if
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the corresponding linear observation map H : (X,F ) → (F (N,Y ), Sl ) is
injective.

7.7.A.4 Almost Linear Systems

In this section we introduce sophisticated Almost Linear Systems,
and show that Almost Linear Systems (said to be naive Almost Linear
Systems) introduced in Definition (7.4) and sophisticated Almost Linear
Systems are considered the same thing.

(7-A.22) Definition
A collection σ = ((X,F ), G,H, h0) is said to be a sophisticated Pseudo Lin-
ear System if G is a linear input map : (A(N ×{0, 1},K), Sr) → (X,F ) and
H is a linear observation map : (X,F ) → (F (N,Y ), Sl ).
A linear input/output map AΣ = H · G : (A(N × {0, 1},K), Sr) →
(F (N,Y ), Sl ) is said to be the behavior of Σ.
For a linear input/output map A and some a(1 ) ∈ Y , if AΣ = A and
h0 = a(1 ), then a sophisticated Almost Linear System Σ is called a realiza-
tion of (A, a(1 )).
A sophisticated Pseudo Linear System Σ = ((X,F ), G,H, h0) is called can-
onical if G is surjective and H is injective.
For Σ1 = ((X1, F1), G1, H1, h

0) and Σ2 = ((X2, F2), G2, H2, h
0), a free mo-

tion morphism T : (X1, F1) → (X2, F2) which satisfies TG1 = G2 and
H1 = H2T is said to be a sophisticated Almost Linear System morphism
: Σ1 → Σ2.
If T is surjective and injective then T : Σ1 → Σ2 is said to be an isomor-
phism.

(7-A.23) Example
For the free motion (A(N × {0, 1},K), Sr) in Example (7-A.5), iden-
tity map I on A(N × {0, 1},K) and a linear input/output map
A : (A(N × {0, 1},K), Sr) → (F (N,Y ), Sl ), a collection ((A(N ×
{0, 1},K), Sr), I, A, a(1 )) is a sophisticated Almost Linear System with the
behavior (A, a(1 )).
For the free motion (F (N,Y ), Sl ) in Example (7-A.6), a linear input/output
map A and identity map I on F (N,Y ), then a collection
((F (N,Y ), Sl ), A, I, a(1 )) is a sophisticated Almost Linear System with the
behavior (A, a(1 )).

In this situation, we consider the relation between sophisticated Almost
Linear Systems and naive ones.
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(7-A.24) Proposition
For any sophisticated Almost Linear System Σ = ((X,F ), G,H, a(1 )), there
exists a unique naive Almost Linear System σ = ((X,F ), g0, ḡ, h, a(1 )) cor-
responding to the sophisticated Almost Linear System Σ through the two
equations (a.1) and (a.2).

G(ω) =
∑|ω|

j=1 F |ω|−j(g0 + ḡω(j) for any ω ∈ Ω . . . . . . . . . . . . . . . . . . . (a.1)

Hx(t) = hF tx for any x ∈ X and t ∈ N . . . . . . . . . . . . . . . . . . . . . . . . . .(a.2)

This correspondence is isomorphic in the category’s sense (see Pareigis).

[proof] It is easily obtained from Remark 2 of Proposition (7-A.14) and
Remark 2 of Proposition (7-A.20).

7.7.A.5 Sophisticated Almost Linear Systems

In this section we will prove Realization Theorem (7.8).
According to Remark 2 in Proposition (7-A.14) (or Remark 2 in Proposition
(7-A.20)) and Proposition (7-A.24), the realization theorem can be replaced
with the following Theorem (7-A.25). Hence proving this theorem implies
proving Realization Theorem (7.8).

(7-A.25) (Sophisticated) Realization Theorem
For any linear input/output map A : (A(N ×{0, 1},K), Sr) → (F (N,Y ), Sl )
and some a(1 ) ∈ Y , there exist at least two sophisticated canonical Almost
Linear Systems which realize (A, a(1 )) (existence part).
Let Σ1 = ((X1, F1), G1, H1, h

0) and Σ2 = ((X2, F2), G2, H2, h
0) be sophisti-

cated canonical Almost Linear Systems which have the same behavior, then
there exists an isomorphism T : Σ1 → Σ2 (uniqueness part).

[proof] The next Corollary (7-A.26) signifies proving the existence part.
Remark in Corollary (7-A.30) signifies proving the uniqueness.

(7-A.26) Corollary
For any linear input/output map A : (A(N ×{0, 1},K), Sr) → (F (N,Y ), Sl )
and some a(1 ) ∈ Y , the following sophisticated Almost Linear Systems (1)
and (2) are canonical realizations of (A, a(1 )).
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(1) Σq = ((A(N × {0, 1},K)/ker A, S̃r), π, Ai, a(1 )).
Where π is the canonical surjection : A(N × {0, 1},K) →
A(N × {0, 1},K)/ker A and Ai is given by Ai = jAb for Ab :
A(N × {0, 1},K)/ker A → im A being isomorphic with A and j being the
canonical injection : im A → F (N,Y ).
(2) Σs = ((im A,Sl ), As, j, a(1 )).
Where As = Abj.

[proof] This can be obtained easily by Corollary (7-A.8), Example (7-
A.23), the definition of canonicality and behavior.

Next, to prove the uniqueness part of Theorem (7-A.25), we introduce
the following morphism Mor(Σ1, Σ2) from a sophisticated Almost Linear
System Σ1 to another sophisticated Almost Linear System Σ2.
Where Σ1 and Σ2 are given by Σ1 = ((X1, F1), G1, H1, h

0) and Σ2 =
((X2, F2), G2, H2, h

0).
Mor(Σ1, Σ2) := { relation T : X1 → X2; GrTmin

12 ⊆ GrT12 ⊆ GrTmax
12 }.

Where GrTmin
12 , GrT12 and GrTmax

12 denote the graph of Tmin
12 := G2 · G−1

1 ,
T12 and Tmax

12 := H−1
2 H1 respectively.

Why this morphism is introduced depends on the next lemma.

(7-A.27) Lemma
AΣ1 = AΣ2 if and only if Mor(Σ1, Σ2) 4= ∅.

[proof] This can be proved the same as in Matsuo [1981].

(7-A.28) Lemma
Let AΣ1 = AΣ2 hold.
(1) If G1 of Σ1 is surjective, then dom Tmin

12 = X1 holds, where dom Tmin
12

denotes the domain of Tmin
12 .

(2) If H2 of Σ2 is injective, then Tmax
12 is a partial function : X1 → X2.

[proof] This can be proved the same as lemma 4 in Matsuo [1981].

(7-A.29) Lemma
Let AΣ1 = AΣ2 hold, then GrTmax

12 is an invariant sub-product linear U -
action of (X1, F1) and (X2, F2).
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[proof] By the definition of GrTmax
12 , GrTmax

12 = {(x1, x2) ∈ X1×X2; H1x1
= H2x2} holds. Let (x1, x2) and (x1′ , x2′) ∈ GrTmax

12 , i.e., H1x1 = H2x2 and
H1x1′ = H2x2′ hold. H1(x1 + x1′) = H1x1 + H1x1′ = H2x2 + H2x2′ =
H2(x2 + x2′) hold. This implies (x1 + x1′ , x2 + x2′) ∈ GrTmax

12 . For k ∈ K
and (x1, x2) ∈ GrTmax

12 , (kx1, kx2) ∈ GrTmax
12 holds. Moreover, for (x1, x2) ∈

GrTmax
12 , H1F1x1 = SlH1x1 = SlH2x2 = H2F2x2 hold. Hence, we obtain

(F1x1, F2x2) ∈ GrTmax
12 . Therefore, GrTmax

12 ⊆ X1 × X2 is invariant under
F1 × F2. Therefore, (GrTmax

12 , F1 × F2) is a free motion.

(7-A.30) Lemma
Let AΣ1 = AΣ2 hold, G1 be surjective and H2 be injective, then Tmin

12 = Tmax
12

holds and T12 is an Almost Linear System morphism : Σ1 → Σ2 by setting
T12 = Tmin

12 .

[proof] If G1 is surjective and H2 is injective, then Lemma (7-A.28) im-
plies that T12 ∈ Mor(Σ1, Σ2) is unique, T12G1 = G2 and H2T12 = H1 hold.
Owing to Lemma (7-A.29), T12 is a free motion morphism : (X1, F1) →
(X2, F2).

Remark: The uniqueness part of (sophisticated) Realization Theorem (7-
A.25) for time-invariant, affine input response maps is proven by sophisti-
cated Almost Linear Systems being canonical and Lemma (7-A.30).

7.7.B Finite Dimensionality

In this Appendix, we will give proofs for theorems, propositions and corol-
laries stated in section 7.3.

7.7.B.1 Finite Dimensional Free Motions with an Affine Map

In Appendix 7.7.A.2, the free motions with an affine map were introduced.
In this section we consider those whose state space is finite dimensional.
Then it is shown that finite dimensional free motions can be represented by
matrix expressions.

(7-B.1) Definition
A free motion with an affine map ((X,F ), g0, ḡ) whose X is finite (n) dimen-
sional is said to be a finite dimensional (n dimensional) free motion with an
affine map.
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In Appendix 7.7.A, we showed that the initial object of any free motion
with an affine map ((X,F ), g0, ḡ) is ((A(N ×{0, 1},K), Sr), e(0,0), η̄) and the
quasi-reachability of ((X,F ), g0, ḡ) implies a surjection of the corresponding
linear input map G.

In this section we will give a criterion for being quasi-reachable of finite di-
mensional free motions with an affine map. Introducing the quasi-reachable
standard form, we show that it is a representative of free motions with an
affine map. These results will be obtained from the fact that free motions
with an affine map are different from ones in Pseudo Linear Systems. There-
fore, the results will be listed. See Appendix 6.7.B for the results of ones in
Pseudo Linear Systems.

Let ((X,F ), g0, ḡ) be a free motion with an affine map and G be the lin-
ear input map corresponding to an affine map g0, ḡ, namely, a free motion
morphism G : (A(N × {0, 1},K), Sr) → (X,F ) which satisfies G(e(0,0)) =
g0, G(η̄) = ḡ.

Let LR(i) be the linear hull of reachable set by input whose length is
within i, i.e., LR(i) :=0 {∑|ω|

j=1 F |ω|−j(g0 + ḡω(j); ω ∈ Ωi+1} ,.
Where Ωi := {ω ∈ Ω; |ω| ≤ i}.
Then the following formula holds:

LR(0) =0 {g0, ḡ} ,,
LR(i + 1) = LR(i)+ 0 {Fx + g0 + ḡu; u ∈ U, x ∈ LR(i)} ,.
Therefore, the following sequence can be obtained:
LR(0) ⊆ LR(1) ⊆ · · · ⊆ LR(i) ⊆ · · · ⊆ LR(∞).
And LR(n) = G(A(N ×{0, 1},K)n) holds. Where A(N ×{0, 1},K)n denotes
{∑

q,u λ(q, u)e(q,u) ∈ A(N × {0, 1},K), q ≤ n for n ∈ N}.
Moreover, let Gl = G · Jl, where Jl is the canonical injection : A(N ×
{0, 1},K)l → A(N × {0, 1},K). Then the above sequence can be rewritten
as the following:
im G0 ⊆ im G1 ⊆ · · · ⊆ im Gi ⊆ · · · ⊆ im G∞.
Then we can obtain the next lemma easily.

(7-B.2) Lemma
If im Gj−1 = im Gj for an integer j ∈ N , then im Gj = im Gj+1.
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(7-B.3) Lemma
For any free motion with an affine map ((Kn, F ), g0, ḡ), then im Gn−1 =
im G always holds. Therefore, ((im Gn−1, F ), g0, ḡ) is a quasi-reachable free
motion with an affine map.

(7-B.4) Proposition
Let ((Kn, F ), g0, ḡ) be a free motion with an affine map, then ((Kn, F ), g0, ḡ)
is quasi-reachable if and only if im Gn−1 = Kn holds.

(7-B.5) Proposition
Let ((Kn, F ), g0, ḡ) be a quasi-reachable free motion with an affine map,
then im Gj−1 is more than j dimensional for any integer j(1 ≤ j ≤ n).

(7-B.6) Proposition
Let ((Kn, F ), g0, ḡ) be a free motion with an affine map. ((Kn, F ), g0, ḡ) is
quasi-reachable if and only if
rank [g0, ḡ, Fg0, F ḡ, · · · , Fn−1g0, Fn−1ḡ] = n holds.

(7-B.7) Definition
Let ((Kn, Fs), g0

s , ḡs) be a quasi-reachable free motion with an affine map. If
((Kn, Fs), g0

s , ḡs) satisfies the following conditions, then it is said to be the
quasi-reachable standard form:
1) ei = F Ii

s (g0
s + ḡs · Ji) holds for a set {(Ii, Ji) ∈ N × {0, 1}, 1 ≤ i ≤ n}.

2) (I1, J1) < (I2, J2) < · · · < (In, Jn) holds.
3) Ii < i
4) F p

s (g0
s + ḡsuq) =

∑j
i=1 αiei holds for any (p, uq) ∈ N × {0, 1} such that

(Ij , Jj) < (p, uq) < (Ij+1, Jj+1).

Where αi ∈ K and ei = [0, 0, · · · , 0, i
1, 0, · · · , 0]T .

For the order by the numerical value, see Definition (7.14).

(7-B.8) Proposition
For any quasi-reachable free motion with an affine map ((Kn, F ), g0, ḡ), there
uniquely exists the quasi-reachable standard form ((Kn, Fs), g0

s , ḡs), which
is isomorphic to it.

[proof] We select the set of linearly n independent vectors {F Ii(g0 +
ḡJi); (Ii, Ji) ∈ N×{0, 1}, 1 ≤ i ≤ n} among {F i(g0+ḡuj); i ∈ N,uj ∈ {0, 1}}
in the order of numerical value of N × {0, 1}. Then the condition Ii < i for
i(1 ≤ i ≤ n) holds by Proposition (7-B.5). We introduce a linear opera-
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tor T : Kn → Kn by setting TF Ii(g0 + ḡJi) = ei for i(1 ≤ i ≤ n), then
T is a regular matrix. Let Fs := TFT−1 and g0

s := Tg0, ḡs := T ḡ, then
Fs ∈ Kn×n and a collection ((Kn, Fs), g0

s , ḡs) is a free motion with an affine
map. Since TF Ii(g0 + ḡJi) = ei for i(1 ≤ i ≤ n), the state ei is a reach-
able state by a pair (Ii, Ji), Ii < i − 1. T is a free motion morphism with
an affine map : ((Kn, F ), g0, ḡ) → ((Kn, Fs), g0

s , ḡs). T preserves the linear
independence and dependence. Hence, ((Kn, Fs), g0

s , ḡs) is a quasi-reachable
standard form.
Moreover, we can show the uniqueness of it come from the selection of
{(Ii, Ji) ∈ N × {0, 1}, 1 ≤ i ≤ n}.

Remark: There are many equivalence classes in the category of free motions
with an affine map, and this proposition says that the equivalence classes
can be represented as quasi-reachable standard forms.

7.7.B.2 Finite Dimensional Free Motions with a Readout Map

In Appendix 7.7.A.3, we showed that a final object of any free motion with
a readout map ((X,F ), h) is ((F (N,Y ), Sl , 0) and the distinguishability of
((X,F ), h) implies an injection of the corresponding linear observation map
H. In this section we will give a criterion for being observable of finite di-
mensional free motions with a readout map.

Introducing the observable standard form, we show that it is a represen-
tative of free motions with a readout map. Free motions with a readout map
are the same as free motions with a readout map in Pseudo Linear Systems.

For readability, the results about finite dimensional free motions with a
readout map will be listed.

Let ((X,F ), h) be a free motion with a readout map and H be the linear
observation map corresponding to a readout map h, namely, a free motion
morphism H : (X,F ) → (F (N,Y ), Sl ) which satisfies 0H = h.
Let LO(i) be the linear hull of reachable set by outputs whose length is
within i, i.e., LO(i) := {∑

j λjx
′
j ; λj ∈ K,x′

j ∈ X∗; x′
j = hF j , 0 ≤ j ≤ i}.

Then the following sequence holds.
LO(0) ⊆ LO(1) ⊆ · · · ⊆ LO(i) ⊆ · · · ⊆ LO(∞).

Let Hl = PlH, where Pl is the canonical surjection : F (N,Y ) → F (Nl, Y ),
where F (Nl, Y ) := {a ∈ F (N,Y ); a : Nl → Y } and Nl := {j ∈ N ; j ≤ l}.
Then ker Hl = LO(l)0 holds; i.e., ker Hl = {x ∈ X; hx = 0 for h ∈ LO(l)}.
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Moreover, ker H = LO(∞)0 holds.

(7-B.9) Lemma
For any free motion with a readout map ((X,F ), h), LO(n−1) =0 hFN ,
holds.
Where hFN = {hF i; i ∈ N}.

(7-B.10) Proposition
For any free motion with a readout map ((X,F ), h), ((ker Hn−1, F ) is a
sub free motion of (Kn, F ) and ((Kn/ker Hn−1, F̃ ), h̃) is an observable free
motion with a readout map.

(7-B.11) Proposition
Let ((X,F ), h) be a free motion with a readout map. ((X,F ), h) is observ-
able if and only if LO(n − 1) = Kp×n holds.

(7-B.12) Proposition
If ((X,F ), h) is observable, then LO(j − 1) is more than j dimensional for
any j (1 ≤ j ≤ n).

(7-B.13) Proposition
Let ((X,F ), h) be a free motion with a readout map. ((X,F ), h) is observ-
able if and only if
rank [hT , (hF )T , (hF 2)T , · · · , (hFn−1)T ] = n holds.
Where T denotes the transpose of matrix.

(7-B.14) Definition
Conveniently, let Y be K. Let ((Kn, Fo), ho) be an observable free motion
with a readout map. If ((Kn, Fo), ho) satisfies the following conditions, then
it is said to be the observable standard form:
1) eT

i = hoF
i−1
o holds for i(1 ≤ i ≤ n).

2) hoF
n
o =

∑n
i=1 αie

T
i holds.

Remark: If ((X,F ), h) is the observable standard form, note that h = eT
1 .

(7-B.15) Propositon
For any observable free motion with a readout map ((X,F ), h), there exists
uniquely the observable standard form ((Kn, Fo), eT

1 ) which is isomorphic to
it.
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Where Y is K.

[proof] We select the set of n linearly independent vectors {hF i−1; 1 ≤
i ≤ n}. We introduce a linear operator T : Kn → Kn by setting hF i−1 = eT

i

for i(1 ≤ i ≤ n), then T is a regular matrix. Let Fo := TFT−1, then Fo ∈
Kn×n and a collection ((Kn, Fo), eT

1 ) is a free motion with a readout map.
T is a free motion morphism with a readout : ((Kn, F ), h) → ((Kn, Fo), eT

1 ).
T preserves the linear independence and dependence. Hence ((Kn, Fo), eT

1 )
is the observable standard form.

Remark: There are many equivalence classes in the category of free motions
with a readout map, and this proposition says that the equivalence classes
can be represented as the observable standard forms.
Conveniently, we assume that Y is K.

7.7.B.3 Finite Dimensional Almost Linear Systems

This section is prepared for the proofs of Representation Theorems (7.16)
and (7.18) for finite dimensional canonical Almost Linear Systems.

(7-B.16) Proof of Representation Theorem (7.16)
Note that a free motion with an affine map of the quasi-reachable standard
system is the quasi-reachable standard form.
Let σ = ((Kn, F ), g0, ḡ, h, h0) be any finite dimensional canonical Almost
Linear System. For the quasi-reachable standard form ((Kn, Fs), g0

s , ḡs) and
a free motion morphism with an affine map:
T : ((Kn, F ), g0, ḡ) → ((Kn, Fs), g0

s , ḡs) introduced in the proof of Proposi-
tion (7-B.8), let hs := h·T−1. Then T is an Almost Linear System morphism
: σ = ((Kn, F ), g0, ḡ, h, h0) → σs = ((Kn, Fs), g0

s , ḡs, hs, h
0). T is bijective

and σs is the only quasi-reachable standard system. By Corollary (7.9), the
behaviors of σ and σs are the same.

(7-B.17) Proof of Representation Theorem (7.18)
Note that a linear U -action with a readout map of the observable standard
system is the observable standard form. Let σ = ((Kn, F ), g0, ḡ, h, h0) be
any finite dimensional canonical Almost Linear System. For the observable
standard form ((Kn, Fo), eT

1 ) and a free motion morphism with a readout
T : ((Kn, F ), h) → ((Kn, Fo), eT

1 ) introduced in the proof of Proposition
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(7-B.15), let g0
o := Tg0 and ḡo := T ḡ. Then T is an Almost Linear Sys-

tem morphism : σ = ((Kn, F ), g0, ḡ, h, h0) → σo = ((Kn, Fo), g0
o , ḡo, e

T
1 ).

T is bijective and σo is obviously the only observable standard system. By
Corollary (7.9), the behaviors of σ and σo are the same.

7.7.B.4 Existence Criterion for Almost Linear Systems

This section is prepared for the proof of the theorem for existence crite-
rion (7.20).
Let Gl = G · Jl, where Jl is the canonical injection : A(N × {0, 1},K)l →
A(N × {0, 1},K). Let Hl = Pl · H, where Pl is the canonical surjection
: F (N,Y ) → F (Nl, Y ).

(7-B.18) Proof of Theorem (7.20)
Let A be the linear input/output map corresponding to a time-invariant,
affine input response map a ∈ F (Ω, Y ). Then a linear input/output map A
is a free motion morphism A : A(N × {0, 1},K) → (F (N,Y ), Sl ). On the
other hand, for a time-invariant input response map a ∈ F (Ω, Y ), a free mo-
tion morphism A : A(N × {0, 1},K) → (F (N,Y ), Sl ) could be equivalently
introduced in Chapter 6 and the theorem for existence criterion of Pseudo
Linear Systems (6.19) could be obtained (see (6-B.18) in Appendix 6.7.B). If
we compare time-invariant input response maps with time-invariant, affine
input response maps, the difference is in (A(N ×{0, 1},K), Sr) and ((A(N ×
U,K), Sr). Namely, the difference comes from {0, 1} or U . Therefore, this
theorem is obtained as a special case of Theorem (6.19) (see (6-B.18) in
Appendix 6.7).

7.7.B.5 Realization Procedure for Almost Linear Systems

This section is prepared for the proof of theorem for Realization Proce-
dure (7.21).

(7-B.19) Proof of Theorem (7.21)
Let R(χ) = {Si

l (χ
0 + χ̄ · u); u ∈ {0, 1}, i ∈ N}. By Theorem (7.6), ((0

R(χ) ,, Sl ), χ0, χ̄, 0, a(1 )) is a canonical Almost Linear System which real-
izes a time-invariant, affine input response map a ∈ F (Ω, Y ). The linearly
independent vectors {Si

l (χ
0 + χ̄ · u); u ∈ {0, 1}, i ∈ N, 1 ≤ i ≤ n} sat-

isfies 0 {Si
l (χ

0 + χ̄ · Ji); i ∈ N, 1 ≤ i ≤ n, (I1, J1) < (I2, J2) < · · · <
(In, Jn)} ,=0 R(χ) ,. Let a linear map T :0 R(χ) ,→ Kn be T ·
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Si
l (χ

0 + χ̄ · Ji) = ei for any i(1 ≤ i ≤ n). Then, by step 2), Tχ0 = g0
s and

T χ̄ = gs hold and by step 3), hs · T = 0 holds. By step 4), Fs · T = T · Sl
holds. Consequently, T is bijective and an Almost Linear System mor-
phism : ((0 R(χ) ,, Sl ), χ0, χ̄, 0, a(1 )) → σs = ((Kn, Fs), g0

s , ḡs, hs, a(1 )).
By Corollary (7.9), the behavior of σs is a. It follows from the choice of
{Si

l (χ
0 + ḡ · Ji), (I1, J1) < (I2, J2) < · · · < (In, Jn)} for i ∈ N , 1 ≤ i ≤ n,

Ji ∈ {0, 1}} and the determination of map T that σs is the quasi-reachable
standard system.

7.7.C Partial Realization

In this Appendix, we give proofs for theorems and propositions stated in
section 7.4. See Appendix 7.7.A and B for details of notions and notations.

7.7.C.1 Free Motions with an Affine Map

Set A(N × {0, 1},K)p := {∑
q,u λ(q, u)e(q,u) ∈ A(N × {0, 1},K), q ≤ p

for p ∈ N}.
Jp is the canonical injection : A(N × {0, 1},K)p → A(N × {0, 1},K). Let
Hq = Pq · H, where Pq is the canonical surjection : F (N,Y ) → F (Nq, Y ).

(7-C.1) Definition
If a free motion with an affine map ((X,F ), g0, ḡ) satisfies:
X =0 {∑|ω|

j=1 F |ω|−j(g0 + ḡ · ω(j)); ω ∈ Ωp} ,, then ((X,F ), g0, ḡ) is said
to be p-quasi reachable.

Remark: Note that ((X,F ), g0, ḡ) is p-quasi reachable if and only if Gp :=
G · Jp : A(N × {0, 1},K)p → X is surjective.
Where G is the linear input map G : A(N × {0, 1},K), Sr) → (X,F ) corre-
sponding to ((X,F ), g0, ḡ).

(7-C.2) Proposition
If a linear sub space S of A(N × {0, 1},K)p+1 satisfies the next two con-
ditions, then there uniquely exists an ideal S ⊂ A(N × {0, 1},K) such
that S ∩ A(N × {0, 1},K)p+1 = S and A(N × {0, 1},K)p+1/S is isomor-
phic to A(N × {0, 1},K)/S. Moreover, a free motion with an affine map
((A(N × {0, 1},K)/S, S̃r), [e(0,0)], [η̄]) is p-quasi-reachable.
Where S̃r is given by S̃r(λ + S) = Srλ + S for λ ∈ A(N × {0, 1},K) and
[η̄] = [e(0,0) − e(0,1)].
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condition 1: λ ∈ A(N × {0, 1},K)p ∩ S implies Srλ ∈ S.
condition 2: There exist coefficients λ(q, u′) ∈ K such that e(p+1,u′) −∑

q,u′ λ(q, u′)e(q,u′) ∈ S for q ≤ p.

[proof] Let U = {0, 1} in Proposition (6-C.2) of Appendix 6.7. This
proposition corresponds to it. Hence, this will be obtained.

7.7.C.2 Free Motions with a Readout Map

Set F (Nq, Y ) := {γ ∈ F (N,Y ); a function γ : Nq → Y }, let Pq be the
canonical surjection : F (N,Y ) → F (Nq, Y ); γ 1→ [; t 1→ γ(t)], and define Sl
by setting Sl : F (Nq, Y ) → F (Nq−1, Y ); γ 1→ Slγ[; t 1→ γ(t + 1)].

(7-C.3) Definition
If a free motion with a readout map ((X,F ), h) satisfies that hF tx = 0 for
any t ∈ Nq implies x = 0, it is said to be q-observable.

Remark: Note that ((X,F ), h) is q-observable if and only if a linear map
Hq := Pq · H is injective. Where H is a linear output map corresponding to
((X,F ), h).

(7-C.4) Proposition
If a sub space Z of F (Nq+1, Y ) satisfies the next two conditions, then there
exists uniquely a free motion (X,Sl ) such that a map Pq|X : X → Z is
isomorphic.
Where Pq|X is a restriction of the canonical surjection Pq : F (N,Y ) →
F (Nq, Y ) to X. A free motion with a readout map ((X,Sl ), 0) is q-observable.

condition 3: A composition map π · j : Z
j→ F (Nq+1, Y ) π→ F (Nq, Y ) is in-

jective.
condition 4: im (Sl · j) ⊆ im (j · π) holds in the sense of F (Nq, Y ).
Where π is the canonical surjection .

[proof] This is the same as Proposition (6-C.4) in Appendix 6.7.C.
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7.7.C.3 Partial Realization Problem

We can consider a partial linear input/output map A(p,N−p) :
A(N × {0, 1},K)p → F (NN−p, Y ) for a ∈ F (ΩN , Y ) the same as the linear
input/output map A : (A(N × {0, 1},K), Sr) → (F (N,Y ), Sl ) considered
for a ∈ F (Ω, Y ) in Appendix 7.7.A.

(7-C.5) Lemma
Let A(p,N−p) be the partial linear input/output map corresponding to a ∈
F (ΩN , Y ). Then the following diagrams commute.

"

"
# #

1)

A(N × {0, 1},K)p F (NN−p, Y )

A(N × {0, 1},K)p+1 F (NN−p−1, Y )

i π

A(p,N−p)

A(p+1,N−p−1)

Where i is a canonical injection and π is a canonical surjection.

"

"
# #

2)

A(N × {0, 1},K)p F (NN−p, Y )

A(N × {0, 1},K)p+1 F (NN−p−1, Y )

Sr(u) Sl

A(p,N−p)

A(p+1,N−p−1)

[proof] These can be obtained by direct calculation.

(7-C.6) Proposition
Let A(p1,N−p1) be the partial linear input/output map corresponding to
a ∈ F (ΩN , Y ) and p2 be any integers such that 0 ≤ p2 ≤ p1 < N .
If im A(p2+1,N−p2−1) = im A(p2,N−p2−1) then im A(p1,N−p1) = im A(p2,N−p1)
holds.
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[proof] Let U = {0, 1} in Proposition (6-C.6) of Appendix 6.7.C. This
proposition corresponds to it. Hence, this will be obtained.

(7-C.7) Proposition
Let A( , ) be the partial linear input/output map corresponding to a ∈
F (ΩN , Y ). Let p1 and p2 be any integers such that 0 ≤ p2 < p1 < N .
If ker A(p1,N−p1) = ker A(p1,N−p1−1) hold, then ker A(p2,N−p1−1)
= ker A(p2,N−p2) holds.

[proof] This is the same as Proposition (6-C.7) in Appendix 6.7.C.

(7-C.8) Lemma
For a partial linear input/output map A( , ) corresponding to a ∈ F (ΩN , Y )
and an Almost Linear System σ = ((X,F ), g0, ḡ, h, h0), the next matters
hold.
Where Gp := G · Jp, Hq := Pq · H for the linear input map G corresponding
to g0, ḡ and the linear output map H corresponding to h. A(p,q) := Hq · Jp.
1) σ is a partial realization of a if and only if the following figure commutes
for any p such that 0 ≤ p < N .
2) σ is a natural partial realization of a if and only if the following figure
commutes, Gp is surjective and HN−p−1 is injective for some p such that
0 ≤ p < N .

" "

" "
# # #

A(N × {0, 1},K)p X F (NN−p, Y )

A(N × {0, 1},K)p+1 X F (NN−p−1, Y )

Sr F Sl

Gp HN−p

Gp+1 HN−p−1

[proof] These can be obtained by definition of the partial and natural
partial realization.



192 7 Almost Linear Systems

(7-C.9) Proof of Theorem (7.24)
We prove the theorem by rewriting the conditions of partial Input/Output
Matrix in Theorem (7.24) to partial linear input/output map A( , ) corre-
sponding to a ∈ F (ΩN , Y ). By using Propositions (7-C.6) and (7-C.7), the
conditions of Input/Output Matrix can be equivalently changed to the fol-
lowing equations (1) & (2):
(1) im A(p,N−p−1) = im A(p+1,N−p−1).
(2) ker A(p,N−p) = ker A(p,N−p−1).
Therefore, we will prove the theorem by using (1) and (2).
Firstly, we show that the above equations (1) & (2) are necessary. Let
σ = ((X,F ), g0, ḡ, h, h0) be a natural partial realization of a ∈ F (ΩN , Y ),
then σ is p-quasi-reachable and q-observable for some p and q such that
p + q < N .
Let G be the linear input map corresponding to g0, ḡ and H be the linear
observation map corresponding to h, and let p ≤ p′ and q ≤ q′, then Gp′ :=
G · Jp′ is onto, Hq′ := Pq′ · H is one-to-one. Therefore, A(p′,q′) := Hq′ · Jp′

satisfies conditions 1 and condition 2 in Proposition (7-A.2).
Next, we show that the equations (1) & (2) are sufficient.
Set S := ker A(p+1,N−p−1) and Z := im A(p,N−p). Then equation (2) implies

that a composition map π · j : Z
j→ F (NN−p, Y ) π→ F (NN−p−1, Y ) is injec-

tive. Where π and j are the same as in Proposition (7-C.4). Hence Z satisfies
condition 3 in the Proposition. Equation (1) implies that there exist e(l,ui) ∈
A(N ×{0, 1},K)p such that A(p+1,N−p−1)(e(p+1,u)) = A(p,N−p−1)(

∑
i λ(l, ui)

× e(l,ui)) for any u ∈ {0, 1}.
By Lemma (7-C.5), we obtain that A(p+1,N−p−1)(e(p+1,u) −∑

i λ(l, ui)e(l,ui))
= 0, and e(p+1,u) − ∑

i λ(l, ui)e(l,ui) ∈ S holds.

This implies that S satisfies condition 2 in Proposition (7-C.2). Let j be
the canonical injection : A(p,N−p−1) → F (NN−p−1, Y ) and π be the same
as in Proposition (7-C.4), B := (j)−1 · π · j : Z → im A(p,N−p−1) is
a bijective linear map by (2) in Proposition (7-C.2). When we consider
the bijective linear map Ab := Ab

(p+1,N−p−1) : A(N × {0, 1},K)p+1/S →
im A(p+1,N−p−1) associated with A(p+1,N−p−1) : A(N × {0, 1},K)p+1 →
F (NN−p−1, Y ), equation (2) implies that a linear map B−1 ·Ab is a bijective
linear map : A(N ×{0, 1},K)p+1/S → Z. For any λ ∈ A(N ×{0, 1},K)p∩S,
A(p,N−p)(λ) = 0 holds by injection of B−1Ab. Hence A(p+1,N−p−1)(Srλ) =
SlA(p,N−p)(λ) = 0 holds by using 2) in Lemma (7-C.5). This implies that
Srλ ∈ S. Therefore, S satisfies the condition 1 in Proposition (7-C.2).
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Then Proposition (7-C.2) implies that a free motion with an affine map
(A(N × {0, 1},K)p+1/S, S̃r), [e(0,0)], [η̄]) is p-quasi-reachable. Where [η̄] =
e(0,1) − e(0,0) + S.

Here, equation (1) implies that there exists x ∈ im A(p,N−p−1) such that
j(x) = Sl · j(z) for any z ∈ Z. Moreover, by surjection of B, there exists
z′ ∈ Z such that B(z′) = x. Hence, Sl · j(z) = j(x) = j · B(z′) = π · j(z′),
which implies that im (Sl · j) ⊆ im (π · j).
It follows that Z satisfies condition 4 in Proposition (7-C.4) and ((Z,F ), 0) is
(N−p−1)-observable. Where F is given by the equation Fz = (π·j)−1Sl ·j(z)
for any z ∈ Z. We can also show that B−1 · Ab is a free motion morphism
: A(N × {0, 1},K)p+1/S, S̃r) → (Z,F ), and that an Almost Linear System
σ1 = (A(N × {0, 1},K)p+1/S, S̃r), [e(0, 0)], [η̄], 0 · B−1 · Ab, a(1 )) is isomor-
phic to an Almost Linear System σ2 = ((Z,F ), B−1 · Ab([e(0, 0)]), B−1 ·
Ab([η̄]), 0, a(1 )). It follows that σ1 and σ2 are the natural partial realiza-
tions of a ∈ F (ΩN , Y ). Hence, there exist natural partial realizations of
a ∈ F (ΩN , Y ).

(7-C.10) Lemma
Two canonical Almost Linear Systems are isomorphic if and only if their
behaviors are the same.

[proof] This can be obtained from Theorem (7.8) and Corollary (7.9).

(7-C.11) proof of Theorem (7.25)
Let A( , ) be the partial linear input/output map corresponding to a ∈
F (ΩN , Y ). In order to prove necessity, we assume existence of the natural
partial realization of a.
Let Theorem (7.24) hold for integers p and p′ that are different. Namely,
(1) im A(p,N−p−1) = im A(p+1,N−p−1)
(2) ker A(p,N−p) = ker A(p,N−p−1)
(3) im A(p′,N−p′−1) = im A(p′+1,N−p′−1)
(4) ker A(p′,N−p′) = ker A(p′,N−p′−1)
Then Propositions (7-C.6) and (7-C.7) imply that the dimension of Z =
im A(p,N−p−1) is equal to one of Z ′ = im A(p′,N−p′−1). Let σ and σ′ be the
natural partial realizations of a whose state spaces is Z and Z ′ respectively
and which can be obtained by the same procedure as in (7-C.9). Then σ1
is clearly isomorphic to σ′ and the behavior of σ is equal to one of σ′ by
Lemma (7-C.10). This implies that the behavior of the natural partial real-
ization is always the same regardless of different integers p and p′. Therefore,
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the natural partial realization of a is unique modulo isomorphism by Lemma
(7-C.10).
Next, we show sufficiency by the contrapositive. We assume that there does
not exist a natural partial realization of a ∈ F (ΩN , Y ). Then minimum di-
mensional partial realization σ of a is p-quasi-reachable and q-observable for
p + q ≥ N . It cannot be quasi-reachable within p − 1 and not be observ-
able within q − 1. Then there exists a state x in σ such that x can be firstly
reachable by an input ω with length p. The remaining data of F (ΩN−p−1, Y )
can’t determine a new state Fx because of N − p − 1 < q. Therefore, we
can’t determine the transition matrix F uniquely by q-observability. This
implies that the minimum dimensional realization of a is not unique.

(7-C.12) proof of Theorem (7.26)
Let’s consider the natural partial realization σ2 = ((Z,F ), B−1 ·Ab([e(0, 0)]),
B−1 ·Ab([η̄]), 0, a(1 )) of a ∈ F (ΩN , Y ) given in (7-C.9). Then we can obtain
the quasi-reachable standard system σs = ((Kn, Fs), g0

s , ḡs, hs, a(1 )) from σ2
in the same manner as the theorem for a Realization Procedure (7.21) (also
see (7-B.19)).

7.7.D Real Time Partial Realization of Almost Linear Systems

(7-D.1) proof of Lemma (7.29)
Note that jth component of column vectors Sl

i(χ0) ∈ KL−1 is (Sl
i(χ0)(j −

1) = a(0i+j) − a(0i+j−1). Then {a(0k|ω1); any k ∈ N} can be uniquely
determined by linear dependence. Since a is time-invariant, a(0k−1|1|ω1) −
a(0k|ω1)+a(0k)−a(0k−1) = a(0k−1|1)−a(0k−1) = (Sl

i(χ0+χ̄))(j−1) can be
obtained for i + j = k. Therefore, if we add a further input ω2 = 0L2+L−1|1,
step 2) can be inspected. Since jth component of row vectors Sl

i(χ0 + χ̄) ∈
KL−1 is (Sl

i(χ0+χ̄))(j−1) = a(0i+j |1|ω1)−a(0i+j |ω1)+a(0i+j)−a(0i+j−1),
{a(0k|ω2|ω1); any k ∈ N} can be uniquely determined by linear dependence.
Then a partial Input/Output Matrix (I/O)a (L−1,p) is obtained. Since the
physical object is less than L dimensional, the partial Input/Output Matrix
(I/O)a (L−1,p) contains the whole input/output data by (7-C.9).



8 So-Called Linear Systems

Almost Linear Systems having been introduced in Chapter 7, the facts about
the systems were cleared, and it was also shown that the systems contain
So-called Linear Systems as a sub-class.
Where So-called Linear Systems are linear systems with a non-zero initial
state.

In this chapter, based on the these results of the systems, we discuss the
finite dimensionality, the partial realization and real-time partial realization
of So-called Linear Systems. It is well known that a usual method to obtain
So-called Linear Systems is solved through two problems.
One is the realization problem to obtain linear systems with a zero initial
state and the other is the state estimation problem for the systems with a
non-zero initial state. Based upon the prejudice that So-called Linear Sys-
tems are completely the same as linear systems, So-called Linear Systems
have not been treated seperately.

This chapter presents a new method to obtain them directly from in-
put/output data on real-time. This can be done because of the following
two reasons. One is that Almost Linear Systems are obtained by real-time
data (equivalently, by a single-experiment) and it also will be shown that
So-called Linear Systems are in sub-class of Almost Linear Systems. The
second reason is that it will be made clear what the behaviour of So-called
Linear Systems is. Thus, So-called Linear Systems are obtained by real time
data.

It is generally known that partial realization problems are very important
for simulation and control, and it is known that a solution of the problems
for non-linear systems requires multi-experiments. The experiment must be
only done with many objects of consideration. However, this situation is
not practical. Therefore, a partial realization problem by single-experiment
(equivalently, a real-time partial realization problem) is very useful and prac-
tical. Hence, this new method is more useful and practical than usual.

The partial realization problem of the systems can be stated as follows:
[ Let I/O be the special sub set of any input/output map which satisfies
causality, time-invariance and affinity and CD be the category of canonical
(controllable & observable) So-called Linear Systems, then obtain the fol-
lowing real-time partial realization theorem.]

Real-time partial Realization Theorem: < For data of any given input/
output map a ∈ I/O obtained on real-time (equivalently, by single experi-
ment), there exists a minimal dimensional dynamical system which has the
same real-time partial behavior a. For any minimal dimensional systems σ1

T. Matsuo, Y. Hasegawa: Realization Theory of Discrete-Time Dynamical Systems, LNCIS 296, pp. 195--217, 2003.
Springer-Verlag Berlin Heidelberg 2003
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and σ2 which have the same partial behavior a, σ1 is isomorphic to σ2 in
the sense of category CD. Moreover, there exists an algorithm to obtain a
So-called Linear System which partially realizes (describes) a.>

8.1 Input Output Relations for So-Called Linear Systems

First we will clarify when I/O is equal to the set of behaviors for So-called
Linear Systems. Then we will solve the real time partial realization problem.

Let the output value’s set Y be any linear space over the field K. Espe-
cially, let Y = Kp.

(8.1) Definition
Let an input response map a ∈ F (U∗, Y ) satisfy the following time-invar-
iance and affinity condition, then a is said to be a time-invariant, affine input
response map.
1) Time-invariant condition:
a(ω1|ω) − a(ω1) = a(ω̄1|ω) − a(ω̄1)
for any ω, and ω1, ω̄1 such that |ω1| = |ω̄1|.

2) Affinity condition:
a : Ω → Y is an affine map, i.e.,
a(ω + ω̄) + a(0|ω|) = a(ω) + a(ω̄)
a(λω) = λa(ω) + (1 − λ)a(0|ω|)
for any ω, ω̄ ∈ Ω, |ω| = |ω̄| and λ ∈ K.
Where 0t denotes 0t(s) = 0 for any s(0 ≤ s ≤ t).

(8.2) Definition
For a time-invariant, affine input response map a ∈ F (U∗, Y ), the following
function GIa is said to be a modified impulse response of a.
GIa : {0, 1} → F (N,Y ); u +→ GIa(u)[; t +→ a(ut+1) − a(ut)]

(8.3) Theorem
For any time-invariant, affine input response map a ∈ F (U∗, Y ), there
uniquely exists the modified impulse response GIa : {0, 1} → F (N,Y ).
This correspondence is bijective.
Where the inverse correspondence is given by the following equation:
a(ω) = a(1 )+

∑|ω|
j=1 ω(j)(GIa(1)(n−j))+(1−ω(j))(GIa(0)(n−j)), ω ∈ U∗.
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[proof] This is the same as Theorem (7.3) in Chapter 7.

This equation between a and GIa is as same as the equation between in-
put/output map and impulse map in linear systems. The equation in linear
systems is represented by the convolution.

8.2 So-Called Linear Systems and Almost Linear Systems

To be concluded in this chapter, we will briefly introduce Almost Linear
Systems which realize (faithfully describe) any time-invariant, affine input
response map a ∈ F (U∗, Y ). Where the systems have been discussed in
Chapter 7 in details.

(8.4) Definition
A system given by the following equations is written as a collection σ =
((X,F ), g0, ḡ, h, h0) and it is said to be an Almost Linear System.

x(t + 1) = Fx(t) + g0 + ḡω(t + 1)
x(0) = 0
γ(t) = h0 + hx(t)

Where X is a linear space over the field K, F ∈ L(X) and ω(t) ∈ U for any
t ∈ N . And g0, g ∈ X, h is a linear operator : X → Y and h0 ∈ Y .
For an Almost Linear System σ = ((X,F ), g0, ḡ, h, h0),
a function aσ : U∗ → Y ; ω +→ h0 + h(

∑|ω|
j=1 F |ω|−j(g0 + ḡω(j))) is said to be

a behavior of the Almost Linear System σ.
σ can be represented by the following diagram Fig. 8.1.
If aσ = a holds, then a system σ is called a realization of a.
A system σ is said to be quasi-reachable if X is equal to * {∑|ω|

j=1 F |ω|−j(g0+
ḡω(j)) : ω ∈ U∗} (.
A system σ is called reachable if X is equal to {∑|ω|

j=1 F |ω|−j(g0 + ḡω(j)) :
ω ∈ U∗}.
A system σ is called observable if hF jx = 0 for any j ∈ N implies x = 0.
A system σ is called canonical if σ is quasi-reachable and observable.
A system σ is said to be intrinsically canonical if σ is reachable and observ-
able.
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Fig. 8.1. A block diagram of an Almost Linear System σ = ((Kn, F ), , g0, ḡ, h, h0)

Remark: Notice that a canonical Almost Linear System σ is a system which
has the most reduced state space X among Almost Linear Systems that
have the behavior aσ.

(8.5) Definition
A system given by the following system equation is said to be a So-called
Linear System σ̃ = ((X,F ), x0, g, h). This system is a linear system with a
non-zero initial state.

x(t + 1) = Fx(t) + gω(t + 1)
x(0) = x0

γ(t) = hx(t)

Where F ∈ L(X), ω(t+1) ∈ U , g ∈ X. And h is a linear operator : X → Y .

(8.6) Proposition
An Almost Linear System σ = ((Kn, F ), g0, ḡ, h, h0) is intrinsically canoni-
cal if and only if the following two conditions hold.
rank [ḡ, F ḡ, F 2ḡ, · · · , Fn−1ḡ] = n
rank [hT , (hF )T , · · · , (hFn−1)T ] = n.

[proof] This can be easily obtained from the Definition (8.4).
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(8.7) Proposition
For any So-called Linear System σ̃ = ((X,F ), x0, g, h), there exists an Al-
most Linear System σ = ((X,F ), g0, g, h, h0) with the same input/output
relation which satisfies g0 = Fx0 − x0 and h0 = hx0.

[proof] This can be proved by direct calculations.

(8.8) Lemma
Let σ̃ = ((X,F ), x0, g, h) be a canonical (controllable and observable) So-
called Linear System, then the Almost Linear System σ obtained by Propo-
sition (8.7) is intrinsically canonical.
Conversely, let σ = ((X,F ), g0, g, h, h0) be an intrinsically canonical Almost
Linear System, then So-called Linear System σ̃ obtained by Proposition (8.7)
is canonical.

[proof] By definition of intrinsic canonicality and canonicality, this is
easily obtained.

(8.9) Proposition
Let σ = ((X,F ), g0, g, h, h0) be an intrinsically canonical Almost Linear Sys-
tem. A canonical So-called Linear System σ̃ = ((X,F ), x0, g, h) is given by
σ if and only if there exists x0 ∈ X such that g0 = Fx0 − x0.

[proof] By Proposition (8.7) and Lemma(8.8), we can obtain this propo-
sition.

(8.10) Example (An Almost Linear System which is not a So-called Lin-
ear System)
Let’s consider an intrinsically canonical Almost Linear System σ =

((R3, F ), g0, g, h, h0). Where g0 = g =
[

1 0 0
]T

, h =
[

1 −1 1
]
,

F =

 0 0 −2
1 0 2
0 1 1

 .

Then there does not exist x0 ∈ X such that g0 = Fx0 − x0. Hence, by
Proposition (8.9), this system is an Almost Linear System which is not a
So-called Linear System.
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(8.11) Definition
Let σs = ((Kn, Fs), g0

s , gs, hs, h
0) be a canonical Almost Linear System which

is given by the followings. Then σs is said to be a reachable standard system.
g0
s = [× × · · · × · · · ×]T , gs = [100 · · · 00]T , hs = [× × · · · × · · · ×].

Fs =



0 0 · · · · · · 0 α1

1 0
... α2

0 1
. . .

... α3
...

. . .
...

...
...

. . .
...

0 0 · · · 0 1 αn


.

Note that Fs in the reachable standard system σs is equal to the transition
matrix of a canonical linear system, and the system σs is reachable.

(8.12) Definition
Let σs = ((Kn, Fs), x0

s, gs, hs) be a So-called Linear System which is given
by the following. Then σs is said to be a reachable standard system. x0

s =
[× × · · · × · · · ×]T , gs = [100 · · · 00]T , hs = [× × · · · × ×]. And Fs is the same
as Fs in Definition (8.11).

(8.13) Theorem
For any intrinsically canonical Almost Linear System σ = ((Kn, F ), g0, g, h,
h0), there exists a unique reachable standard system σs = ((Kn, Fs), g0

s , gs,
hs, h

0) with the same behaviour which is isomorphic to it.

[proof] See (8-A.1) in Appendix 8.6.

(8.14) Theorem
Let σs = ((Kn, Fs), g0

s , gs, hs, h
0) be the reachable standard system. Then

the canonical So-called Linear System σ̃ can be obtained by σs if and only
if there exist xi ∈ K(1 ≤ i ≤ n) such that g0

s = [−x1 + α1xn, x1 − x2 +
α2xn, x2 − x3 + α3xn, · · · , xn−1 − xn + αn · xn]T .
Where αi ∈ K, see Definition (8.11).

[proof] See (8-A.2) in Appendix 8.6.
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In Chapter 7, we introduced the following Input/Output Matrix for Al-
most Linear Systems, which is said to be the Input/Output Matrix.
Where u ∈ {0, 1} and s, t ∈ N .



(s, u)
...
...

(I/O)a =
...

t · · · · · · a(us+t+1) − a(us+t)


Remark: Note that the column vectors in (I/O)a denote Ss

l χ(u) ∈ F (N,Y ),
(Ss

l χ(u))(t) = a(us+t+1) − a(us+t).
Here we will introduce a new input/output matrix to be suitable for So-

called Linear Systems.

(8.15) Definition
For any time-invariant, affine input response map a ∈ F (U∗, Y ), the fol-
lowing infinite matrix HS

a is said to be a Hankel matrix. Where u ∈ {0, 1},
s, t ∈ N .



s
...
...

H S
a =

...
t · · · · · · a(us+t|1) − a(us+t|0)


Remark: Note that the column vectors in HS

a denote GIa(1)(s)−GIa(0)(s).
Simultaneously, it also denotes Ss

l χ̄ ∈ F (N,Y ), where Ss
l χ̄(t) = a(ω|1) −

a(ω|0), t = |ω|.

(8.16) Theorem
For a time-invariant, affine input response map a ∈ F (U∗, Y ), the following
conditions are equivalent:
(1) a is a behavior of an intrinsically canonical n dimensional Almost Linear
System.
(2) There exist n linearly independent vectors and no more than n vectors
in {Si

l (χ
0 + χ̄ · u) : i ∈ N,u ∈ {0, 1}}.

Especially, there exist n independent vectors in {Si
l χ̄ : i ∈ N}. For χ̄ and

χ0, see Example (7.5) in Chapter 7 .



202 8 So-Called Linear Systems

(3) The rank of the Input/Output Matrix (I/O)a of a is n. Especially, the
rank of Hankel matrix HS

a of a is n.

[proof] See (8-A.3) in Appendix 8.6.

The following theorem will clearly denote a relation between time-invar-
iant, affine input response maps and the behaviors of So-called Linear Sys-
tems.

(8.17) Theorem
For a time-invariant, affine input response map a ∈ F (U∗, Y ), the following
conditions are equivalent:
(1) a is a behavior of a canonical n dimensional So-called Linear System.
(2) rank (I/O)a = rank HS

a = n holds. And there exist coefficients {xi ∈
K : 1 ≤ i ≤ n} such that the following equation holds:
[a(0) − a(1 ), a(02) − a(0), , a(0n−1) − a(0n−2)]T =

∑n
i=1 xi(Si

l χ̄ − Si−1
l χ̄).

Where Si
l χ̄ denotes the vector

[a(0i|1) − a(0i+1), a(0i+1|1) − a(0i+2), · · · , a(0i+n−1|1) − a(0i+n)]T ∈ Kn.

[proof] See (8-A.4) in Appendix 8.6.

(8.18) Definition
If a time-invariant, affine input response map a ∈ F (U∗, Y ) satisfies the
condition of Theorem (8.17), then a is said to be a So-called linear input
response map.

(8.19) Theorem for a Realization Procedure
Let a time-invariant, affine input response map a ∈ F (U∗, Y ) satisfy the
conditions of Theorem (8.17), then the reachable standard system
σs = ((Kn, Fs), g0

s , gs, hs, h
0) which realizes a can be obtained by the follow-

ing procedure:
1) Select the n linearly independent vectors {Si

l χ : 0 ≤ i ≤ n − 1}.
Where n := rank HR

a .
2) Let the state space be Kn. Let g0

s ∈ Kn be
g0
s = [g1, g2, · · · gn]T and gs = e1 ∈ Kn.

Where χ0 =
∑n

i=1 giS
i
l , gi ∈ K.(1 ≤ i ≤ n).

3) Let the output map hs be the following:
hs = [a(1) − a(0), a(0|1) − a(02), · · · , a(0n−1|1) − a(0n)].
4) Let Fs be the matrix in Definition (8.11).
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Where Sn
l χ̄ =

∑n
i=1 αiS

i−1
l χ̄, αi ∈ K.

[proof] See (8-A.5) in Appendix 8.6.

Checking condition (2) in Theorem (8.17), we will clarify whether the
reachable standard system σs obtained by Theorem (8.19) is the canonical
So-called Linear System. We will obtain the following lemma.

(8.20) Lemma
For a So-called linear input response map a ∈ F (U∗, Y ), the reachable stan-
dard system obtained by Theorem (8.19) is a So-called Linear System.

[proof] This is obvious from Theorem (8.19).

8.3 Partial Realization Theory of So-Called Linear Systems

Based on the foregoing results of So-called Linear Systems, we will consider
a partial realization problem by multi-experiment for the systems.
Let a be an N sized So-called linear input response map (∈ F (ΩN , Y )),
where N ∈ N and ΩN := {ω ∈ Ω; |ω| ≤ N}. Then a is said to be a partial
So-called linear input response map. Note that the partial So-called linear
input response map a is a special partial time-invariant, affine input response
map.

For a partial So-called linear input response map a ∈ F (ΩN , Y ), a finite
dimensional So-called Linear System σ = ((X,F ), x0, g, h) is said to be a par-
tial realization of a if aσ : Ω → Y ; ω +→ h0 + h(F |ω| +

∑|ω|
j=1(F

|ω|−jgω(j)) =
a(ω) holds for any ω ∈ Ω, |ω| ≤ N .

A partial realization problem of So-called Linear Systems can be stated
as follows:
< For any given partial So-called linear input response map a ∈ F (ΩN , Y ),
find a partial realization σ of a such that the dimensions of state space X
of σ is minimum, where the σ is said to be a minimal partial realization of
a. Moreover, show when the minimal realizations are isomorphic.>

In Section 1 of Chapter 7, we have obtained the representation theo-
rem for the time-invariant, affine input response maps. The theorem says
that any time-invariant, affine input response map can be characterized by
the modified impulse response. Note that the modified impulse response
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GI : {0, 1} → F (N,Y ) can be represented by (GIa(u)(t)) = a(ut+1) − a(ut)
for u ∈ {0, 1}, t ∈ N and the time-invariant, affine input response map
a ∈ F (U∗, Y ) (equivalently, a ∈ F (Ω, Y )). Moreover, for any given par-
tial time-invariant, affine input response a ∈ F (ΩN , Y ), this correspondence
can uniquely produce a partial modified impulse response GIa : {0, 1} →
F (NN , Y ).
Where NN := {1, 2, · · · , N ; for some N ∈ N}.
Hence, by Theorem (8.3), for any partial So-called linear input response map
a ∈ F (ΩN , Y ), there will exist a unique partial modified impulse response
GIa : {0, 1} → F (NN , Y ).

(8.21) Proposition
For any given So-called linear input response map a ∈ F (ΩN , Y ), there al-
ways exists a minimal partial realization of it.

[proof] This proof can be obtained the same as Proposition (7.22) in
Chapter 7.

Minimal partial realizations are in general not unique modulo isomor-
phism. Therefore, we will introduce a natural partial realization, and we will
show that natural partial realizations exist if and only if they are isomorphic.

(8.22) Definition
Let σ = ((X,F ), x0, g, h) be a So-called Linear System and p ∈ N be some
integer. If X = {∑|ω|

j=1(F
|ω|−jgω(j); ω ∈ Ωp} holds, then σ is said to be

p-reachable.
Let q be some integer. If hF q′

x = 0 for any q′ ≤ q implies x = 0, then σ is
said to be q-observable.
Let a ∈ F (ΩN , Y ) be a given partial So-called linear input response map. If
there exists σ which is p-reachable and q-observable such that p + q < N ,
for some p, q ∈ N then σ is said to be a natural partial realization of a.
For a partial time-invariant, affine input response map a ∈ F (ΩN , Y ), the
following matrix (I/O)a (p,N−p) is said to be a finite-sized Input/Output
Matrix of a.
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

(s, u)
...
...

(I/O)a (p,N−p) =
...

t · · · · · · a(us+t+1) − a(us+t)


Where 0 ≤ s ≤ p, 0 ≤ t ≤ N − p and u ∈ {0, 1}.

(8.23) Definition
For any time-invariant, affine input response map a ∈ F (U∗, Y ) (equiva-
lently, a ∈ F (Ω, Y )), the following bounded matrix is said to be a bounded
Hankel matrix HS

a (p,M−p).
The matrix can be obtained by multi-experiment on a ∈ F (U∗, Y ). Namely,
this matrix can be derived by GIa(u) ∈ F (M, Y ), where M = {0, 1, ,M} for
M ∈ N . Where u = 0 or u = 1. And 0 ≤ s ≤ p, 0 ≤ t ≤ M − p.
GIa(u) is said to be a partial modified impulse response of a ∈ F (U∗, Y ).



s
...
...

H S
a(p,M−p) =

...
t · · · · · · a(us+t|1) − a(us+t|0)


Note that column vectors of HS

a(p,M−p) may be represented by Ss
l χ̄, or equiv-

alently, GIa(1)(s) − GIa(0)(s).

(8.24) Theorem
Let a ∈ F (ΩN , Y ) be a partial time-invariant, affine input response map.
Then there exists a natural partial realization of a which is intrinsically
canonical if and only if the following conditions hold.
rank (I/O)a(p,N−p) = rank (I/O)a(p,N−p−1) = rank (I/O)a(p+1,N−p−1)

= rank HS
a(p,N−p) = rank HS

a(p,N−p−1) = rank HS
a(p+1,N−p−1) for some p ∈ N .

[proof] See (8-B.6) in Appendix 8.6.
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(8.25) Theorem
For a partial So-called linear input response map a ∈ F (ΩN , Y ), the follow-
ing conditions are equivalent:
(1) a is a behavior of a natural partial realization which is a So-called Linear
System.
(2) rank (I/O)a(p,N−p) = rank (I/O)a(p,N−p−1) = rank (I/O)a(p+1,N−p−1)

= rank HS
a(p,N−p) = rank HS

a(p,N−p−1) = rank HS
a(p+1,N−p−1) for some p ∈ N

holds. And there exist coefficients {xi ∈ K : 1 ≤ i ≤ n} such that the fol-
lowing equation holds:
[a(0) − a(1), a(02) − a(0), · · · , a(0p) − a(0p−1)]T =

∑n
i=1 xi(Sl

iχ̄ − Sl
i−1χ̄).

Where Sl
iχ̄ denotes the vector

[a(0i|1) − a(0i+1), a(0i+1|1) − a(0i+2), · · · , a(0i+p−1|1) − a(0i+p)]T .

[proof] See (8-B.7) in Appendix 8.6.

(8.26) Theorem
There exists a natural partial realization of a given partial So-called linear
input response map a ∈ F (ΩN , Y ) if and only if the minimal partial realiza-
tions of a are unique modulo isomorphism.

[proof] See (8-B.8) in Appendix 8.6.

(8.27) Theorem
Let a partial time-invariant, affine input response a ∈ F (ΩN , Y ) satisfy
the condition of Theorem (8.25), then the reachable standard system σ =
((X,Fs), x0

s, gs, hs) which realizes a can be obtained by the following algo-
rithm.
Set n := rank Ha(p,N−p), where Ha(p,N−p) is the finite Hankel matrix of
a ∈ F (ΩN , Y ).
1) Select the linearly independent vectors {Sl

iχ̄; 1 ≤ i ≤ n)} from the col-
umn vectors of Ha(p,N−p).
2) Let the state space be Kn. Let the map gs = e1.
3) Let the output map hs = [a(1)−a(0), a(0|1)−a(02), · · · , a(0n−1|1)−a(0n)]
4) Let Fs be the matrix in Definition (8.11).
Where Sl

nχ̄ =
∑n

i=1 αiSl
i−1χ̄, αi ∈ K.

And Sl : F (Ns, Y ) → F (Ns−1, Y ); a +→ Sla[; t +→ a(t + 1)] for some s ∈ N .

[proof] See (8-B.9) in Appendix 8.6.
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8.4 Real-Time Partial Realization
of So-Called Linear Systems

In general, it is known that non-linear systems can be only determined by
multi-experiments. In fact, in Chapter 3, a condition for a general unknown
black-box to be determined with single-experiment was given. This condi-
tion may be very hard for us to find in practice. However, we could look
for special single-experiments to pretend multi-experiments for any Almost
Linear System. So-called Linear Systems being the special class of Almost
Linear Systems, we will be able to solve the real-time partial realization
problem for So-called Linear Systems.

In this section, on the results of the partial realization theory in section
8.3, we will discuss a single-experiment for So-called Linear Systems.

(8.28) Real-time partial realization problem
Let a physical object (equivalently, a ∈ F (Ω, Y )) be a finite dimensional So-
called Linear System. Then for given finite data {a(ω); ω is an input with a
finite length }, find the So-called Linear System σ = ((X,F ), x0, g, h) and
an input ω̄ such that aσ(ω) = a(ω) for any ω ∈ Ω.

(8.29) Definition
For a finite dimensional So-called Linear System, if there exists a solution
of the real time partial realization problem, then an input ω̄ of the solution
is said to be a (real time partial) realization signal.

(8.30) Lemma
Let a So-called linear input response map a ∈ F (Ω, Y ) have the behavior
of a So-called Linear System whose state space is less than L-dimensional.
Then there exists an input of finite length ω̄ ∈ Ω such that the following
algorithm provides a finite Input/Output Matrix.
Where p := max{L1, L2}.
1) Find an integer L1 such that row vectors {Sl

iχ0 ∈ KL; 0 ≤ i ≤ L1−1} are
linearly independent and {Sl

iχ0 ∈ KL; 0 ≤ i ≤ L1} are linearly dependent.
Namely, feed an input ω1 := 0L1+L+1 into the plant.
Where Sl

iχ0 = [a(0i+1)−a(0i), a(0i+2)−a(0i+1), · · · , a(0L+i+1)−a(0L+i)]T .
2) Find an integer L2 such that row vectors {Sl

iχ ∈ KL; 0 ≤ i ≤ L2 −1} are
linearly independent and {Sl

iχ ∈ KL; 0 ≤ i ≤ L2} are linearly dependent.
Namely, feed a further input ω2 := 0L2+L−1|1 into the plant. Let ω̄ = ω2|ω1.
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Where Sl
iχ = [a(0i|1) − a(0i+1), a(0i+1|1) − a(0i+2), · · · , a(0i+L|1)

− a(0i+L+1)]T ∈ KL.
And a(0i|1) is given by a(0j |1) = a(0i+1|1|0t) − a(0t+1) + a(0t) for any
i, t ∈ N .
Making the row vectors of a matrix from the row vectors {χ0, Sl

iχ ∈ KL−1;
0 ≤ i ≤ L2} obtained by the above iterations, we will obtain a finite In-
put/Output Matrix HS

a(L−1,p).

[proof] See (8-C.1) in Appendix 8.6.

(8.31) Theorem
Let a So-called linear input response map a ∈ F (Ω, Y ) have the behavior of a
So-called Linear System whose state space is less than L dimensional. Then
there exists a realization signal such that the reachable standard system
σ = ((X,Fs), g0

s , gs, hs) which realizes a can be obtained by the following
algorithm:
1) Find a finite Input/Output Matrix HS

a(L−1,p) upon the algorithm given
in Lemma (8.30).
2) Apply the algorithm given in Theorem (8.27) to the above finite In-
put/Output Matrix (I/O)a(L−1,p).

[proof] This can be obtained by Lemma (8.30).

8.5 Historical Notes and Concluding Remarks

Based on the results of Almost Linear Systems which contain So-called Lin-
ear Systems as a subclass, we understood a clear relation between the two
systems and solved the real-time partial realization problem for So-called
Linear Systems. We have presented a new method of obtaining them on
real-time (equivalently, by single experiment). This method is more practi-
cal and useful than the previous one. Note that a usual realization problem
must be solved by two problems. One is the realization problem of linear
systems, and the other is the state estimation problem of linear systems with
a non-zero initial state. The usual method is only used in a very convenient
situation, but not in an actual situation for solving a partial realization
problem.
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This solution can be derived from the fact that So-called Linear Systems
are non-linear systems, not linear systems and the systems are in the sub-
class of Almost Linear Systems. Moreover, the special class of Almost Linear
Systems was made clear.
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8.6 Appendix

8.6.A So-Called Linear Systems and Almost Linear Systems

In this Appendix, we will give proofs for theorems, propositions and corol-
laries stated in section 8.2.

(8-A.1) Proof of Theorem (8.13)
Let’s consider an Almost Linear System morphism:
T : σ = ((Kn, F ), g0, g, h, h0) → σs = ((Kn, Fs), g0

s , gs, hs, h
0) in proof of

Theorem (7.16). Then T is bijective and σs is the only quasi-reachable stan-
dard system. Since bijection of T preserves independence and dependence
in σ to ones in σs. By definition of reachablity and reachable standard sys-
tem in Definitions (8.4) and (8.11), σs is a unique reachable standard system.

(8-A.2) Proof of Theorem (8.14)
According to Theorem (8.13), without loss of generality, any intrinsically
canonical Almost Linear System can be considered as the reachable stan-
dard system. In the reachable standard system, we will prove this theorem.
Let σs = ((Kn, Fs), g0

s , gs, hs, h
0) be the reachable standard system. Then by

Proposition (8.9), σs is a So-called Linear System if and only if there exists an
initial state x0 ∈ Kn such that [Fs−I]x0 = g0

s . Hence, this condition is equal
to rank [Fs−I] = rank [Fs−I, g0

s ]. This rank condition means g0
s ∈ im [Fs−I].

Therefore, it follows that there exist coefficients {xi ∈ K : 1 ≤ i ≤ n} such
that g0

s = [−x1+α1xn, x1−x2+α2xn, x2−x3+α3xn, · · · , xn−1−xn+αnxn]T .

(8-A.3) Proof of Theorem (8.16)
Let’s consider the linear input/output map A : (A(N × {0, 1},K), Sr) →
(F (N,Y ), Sl ) corresponding to a ∈ F (Ω, Y ) discussed in Corollary (7-A.15)
in Chapter 7. im A = {Si

l (χ
0 + χ̄ ·u); u ∈ K, i ∈ N} holds. Then an equality

of (1) and (2) can be easily obtained by Theorem (7.20).
1) =⇒ 3). Since im A is n dimensional, definition of intrinsically canonical-
ity and Proposition (8.6) imply that {Si

l χ̄ · u); u ∈ K, i ∈ N} is specially n
dimensional. Hence, the rank of the Hankel matrix corresponding to it is n.
3) =⇒ 2). For i, j ∈ N such that 1 ≤ i, j ≤ n, let [a(ui+j |1) − a(ui+j |0)]
be n × n regular matrix. Since vectors {[a(uj+1|1) − a(uj+1|0)a(uj+2|1) −
a(uj+2|0) · · · a(uj+n|1) − a(uj+n|0)]T : 1 ≤ j ≤ n} are linearly indepen-
dent, χ̄ , Sl χ̄ , S2

l χ̄, Sn−1
l χ̄ are linearly independent. For any s ∈ N , let
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λ = [λ1, λ2, λ3, · · · , λn]T be determined such as the following. [a(ui+j |1) −
a(ui+j |0)]λ = [a(us|1) − a(us|0)a(us+1|1) − a(us+1|0) · · ·
a(us+n−1|1) − a(us+n−1|0)]T .
Then for any j ∈ N , the equation Ss

l χ̄(j) =
∑n

i=1 λiS
i−1
l χ̄(j) holds. Hence,

Ss
l χ̄ =

∑n
i=1 λiS

i−1
l χ̄ can be obtained. Thus, the condition 2) is obtained.

(8-A.4) Proof of Theorem (8.17)
In Theorem (8.16), if we add a specialty of So-called Linear System to the
theorem, then we will finish proving Theorem (8.17). Since the Almost Lin-
ear System ((* SN

l (χ(U)) (, Sl ), χ0, χ̄, 0, a(1 )) in Theorem (7.6) realizes
the time-invariant, affine input response map a ∈ F (Ω, Y ), we may seek for
the condition of Proposition (8.9) in this system. This equivalent condition
is the condition (2) of this theorem.

(8-A.5) Proof of Theorem (8.19)
For {Si−1

l χ : 1 ≤ i ≤ n} selected in the procedure (1), let a linear operator
T :* {Si−1

l χ : 1 ≤ i ≤ n} (→ Kn be TSi−1
l χ = ei. For Fs determined by

the procedure (4), we can obtain a relation TSl = FsT . By procedure (2),
Tχ0 = g0

s holds. By procedure (3), 0 = hsT holds. Hence, a linear operator
T :* {Si−1

l χ : 1 ≤ i ≤ n} (→ Kn is an Almost Linear System morphism
: ((* SN

l (χ(U)) (, Sl ), χ0, χ̄, 0, a(1 )) → σs = ((Kn, Fs), g0
s , gs, hs, a(1 )).

By Corollary (7.9), both behaviours are the same. Since the Almost Linear
System ((* SN

l (χ(U)) (, Sl ), χ0, χ, 0, a(1 )) realizes a, σs realizes a. The
fact that σs is the reachable standard system comes from its definition.

8.6.B Partial Realization

This appendix will be prepared for the proof of theorems and proposition
stated in section 8.3. See Appendix 7.7 for details of notions and notations.

8.6.B.1 Free Motions with an Affine Map

We can consider a partial linear input/output map A(p,N−p)
: A(N × {0, 1},K)p → F (NN−p, Y ) for a ∈ F (N,Y ) the same as the linear
input/output map A : (A(N × {0, 1},K), Sr) → (F (N,Y ), Sl ) considered
for any time-invariant, affine input response map a ∈ F (Ω, Y ) in Corollary
(7-A.15) of Chapter 7.
Where A(N ×{0, 1},K)p := {∑

q,u λ(q, u)e(q,u) ∈ A(N ×{0, 1},K), q ≤ p for
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p ∈ N}, F (Nq, Y ) := {γ ∈ F (N,Y ); a function γ : Nq → Y }, and Jp is the
canonical injection : A(N ×{0, 1},K)p → A(N ×{0, 1},K). Let Hq = Pq ·H,
where Pq is the canonical surjection : F (N,Y ) → F (Nq, Y ); γ +→ [; t +→ γ(t)],
and Sl is given by setting Sl : F (Nq, Y ) → F (Nq−1, Y ); γ +→ Slγ[; t +→
γ(t + 1)].
Moreover, we can introduce a linear input/output map AS

(p,N−p)

: A(N × {0, 1},K)S
p → F (NN−p, Y ) for AS

(p,N−p) = A(p,N−p) · ip.
The AS

(p,N−p) is said to be a partial reachable linear input/output map.

Where A(N × {0, 1},K)S
p := {∑|ω|

j=1 S
|ω|−j
r η̄ · ω(j) ∈ A(N × {0, 1},K) :

|ω| ≤ q ≤ p for p ∈ N , η̄ = e(0,1) − e(0,0)}. then A(N × {0, 1},K)S
p ⊂

A(N×{0, 1},K)p holds. And ip is a canonical injection ip : A(N×{0, 1},K)S
p

→ A(N × {0, 1},K)p.

(8-B.1) Definition
If a free motion with an affine map ((X,F ), g0, g) satisfies X

=* {∑|ω|
j=1 F |ω|−j(g0 + g · ω(j)); ω ∈ Ωp} (, then ((X,F ), g0, g) is said to

be p quasi-reachable.
If a free motion with an affine map ((X,F ), g0, g) satisfies X

= {∑|ω|
j=1 F |ω|−j(g0 + g · ω(j)); ω ∈ Ωp}, then ((X,F ), g0, g) is said to be p

reachable.

Remark 1: Note that ((X,F ), g0, g) is p-quasi reachable if and only if Gp :=
G · Jp : A(N × {0, 1},K)p → X is surjective.
Where G is the linear input map : (A(N × {0, 1},K), Sr) → (X,F ) corre-
sponding to ((X,F ), g0, g).
Remark 2: Note that ((X,F ), g0, g) is p-reachable if and only if GR

p :=
G · Jp · ip : A(N × {0, 1},K)S

p → X is surjective.

(8-B.2) Lemma
Let AS

(p,N−p) be the partial reachable linear input/output map correspond-
ing to a ∈ F (ΩN , Y ). Then the following diagrams commute.
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"

"
# #

1)

A(N × {0, 1},K)S
p F (NN−p, Y )

A(N × {0, 1},K)S
p+1 F (NN−p−1, Y )

i π

AS
(p,N−p)

AS
(p+1,N−p−1)

Where i is a canonical injection and π is a canonical surjection.

"

"
# #

2)

A(N × {0, 1},K)S
p F (NN−p, Y )

A(N × {0, 1},K)S
p+1 F (NN−p−1, Y )

Sr Sl

AS
(p,N−p)

AS
(p+1,N−p−1)

[proof] These can be obtained by direct calculation.

(8-B.3) Proposition
Let AS

(p1,N−p1) be the partial reachable linear input/output map correspond-
ing to a ∈ F (N,Y ) and p2 be any integers such that 0 ≤ p2 ≤ p1 < N .
If im AS

(p2+1,N−p2)−1 = im AS
(p2,N−p2−1) holds, then im AS

(p1,N−p1)

= im AS
(p2,N−p1) holds.

[proof] Let U = {0, 1} in Proposition (7-C.6) of Appendix 7.7. This
proposition corresponds to it. Hence, this will be obtained.

(8-B.4) Proposition
Let AS

( , ) be the partial reachable linear input/output map corresponding
to a ∈ F (N,Y ). For p1 and p2 be any integers such that 0 ≤ p2 < p1 < N .
If ker AS

(p1,N−p1) = ker AS
(p1,N−p1−1) holds, then ker AS

(p2,N−p1)

= ker AS
(p2,N−p2) holds.

[proof] This is the same as Proposition (7-C.7) in Appendix 7.7.
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(8-B.5) Lemma
For a partial linear input/output map AS

( , ) corresponding to a ∈ F (N,Y )
and an Almost Linear System σ = ((X,F ), g0, g, h, h0), the next matters
hold.
Where Gp := G·Jp, Hq := Pq ·H for the linear input map G corresponding to
g0, g and the linear output map H corresponding to h. And A(p,q) := Hq ·Jp.
1) σ is a partial realization of a if and only if the following figure commutes
for any p such that 0 ≤ p < N .
2) σ is a natural partial realization of a if and only if the following figure
commutes, Gp is surjective and HN−p−1 is injective for some p such that
0 ≤ p < N .

" "

" "
# # #

A(N × {0, 1},K)S
p X F (NN−p, Y )

A(N × {0, 1},K)S
p+1 X F (NN−p−1, Y )

Sr F Sl

GS
p HN−p

GS
p+1 HN−p−1

[proof] These can be obtained by definition of the partial and natural
partial realization.

(8-B.6) Proof of Theorem (8.24)
In Chapter 7, we obtained Theorem (7.24) for Almost Linear Systems as
same as this. Based on the theorem, we will prove this theorem. In the same
way as the theorem, we will prove this theorem by rewriting the conditions
of partial Input/Output Matrix and Hankel matrix in Theorem (8.24) to
partial linear input/output map A( , ) and reachable linear input/output
map AS

( , ) corresponding to a ∈ F (N,Y ). By using Propositions (7-C.6)
and (7-C.7), the conditions of the matrices can be equivalently changed to
the following equations (1) to (4):
(1) im A(p,N−p−1) = im A(p,N−p−1)
(2) ker A(p,N−p) = ker A(p,N−p−1)

(3) im AS
(p,N−p−1) = im AS

(p+1,N−p−1)

(4) ker AS
(p,N−p) = ker AS

(p,N−p−1)
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Therefore we will prove the theorem by using (1) to (4).
Firstly, we show that the above equations (1) to (4) are necessary.
Let σ = ((X,F ), g0, g, h, h0) be a natural partial realization of a ∈ F (N,Y ),
then σ is p-quasi-reachable and q-observable for some p and q such that
p + q < N . Let G be the linear input map corresponding to g0, g and H be
the linear observation map corresponding to h, and let p ≤ p′ and q ≤ q′,
then Gp′ := G·Jp′ and GS

p′ := G·Jp′ ·ip′ are onto, Hq′ := Pq′ ·H is one-to-one.
Therefore A(p′,q′) := Hq′ · Jp′ and AS

(p′,q′) := Hq′ · JS
p′ satisfy conditions (1)

to (4).
Next, we show that the equations (1) to (4) are sufficient.
Set S := ker A(p+1,N−p−1) and Z := im A(p,N−p). Then equation (2) implies

that a composition map π · j : Z
j→ F (NN−p, Y ) π→ F (NN−p−1, Y ) is in-

jective. Where π and j are the same as in Proposition (7-C.4) in Chapter
7. Hence Z satisfies the condition 3 in Proposition (7-C.4) of Chapter 7.
Equation (1) implies that there exist e(l,ui) ∈ A(N × {0, 1},K)p such that
A(p+1,N−p−1)(e(p+1,u)) = A(p,N−p−1)(

∑
l,ui

λ(l, ui)e(l,ui)) for any u ∈ {0, 1}.
By Lemma (7-C.5) of Chapter 7, we obtain that A(p+1,N−p−1)(e(p+1,u) −∑

l,ui
λ(l, ui)e(l,ui)) = 0, and e(p+1,u) − ∑

l,ui
λ(l, ui)e(l,ui) ∈ S holds. This

implies that S satisfies the condition 2 in Proposition (7-C.2) of Chapter
7. Let j be the canonical injection : A(p,N−p−1) → F (NN−p−1, Y ) and π is
the same as in Proposition (7-C.4) of Chapter 7, B := (j)−1 · π · j : Z →
im A(p,N−p−1) is a bijective linear map by (2) in Proposition (7-C.2) of Chap-
ter 7. When we consider the bijective linear map Ab := Ab

(p+1,N−p−1) : A(N×
{0, 1},K)p+1/S → im A(p+1,N−p−1) associated with A(p+1,N−p−1) : A(N ×
{0, 1},K)p+1 → F (NN−p−1, Y ), equation (2) implies that a linear map
B−1 ·Ab is a bijective linear map : A(N ×{0, 1},K)p+1/S → Z. For any λ ∈
A(N ×{0, 1},K)p → S, A(p,N−p)(λ) = 0 holds by injection of B−1Ab. Hence
A(p+1,N−p−1)(Srλ) = SlA(p,N−p)(λ) = 0 holds by using 2) in Lemma (7-C.5)
of Chapter 7. This implies that Srλ ∈ S. Therefore S satisfies condition 1
in Proposition (7-C.2) of Chapter 7. Then Proposition (7-C.2) implies that
a free motion with an affine map (A(N × {0, 1},K)p+1/S, Sr), [e(0, 0)], [η])
is p-quasi-reachable. Where [η] = e(0,1) − e(0,0) + S.
Here equation (1) implies that there exists x ∈ im A(p,N−p−1) such that
j(x) = Sl · j(z) for any z ∈ Z. Moreover, by surjection of B, there exists
z′ ∈ Z such that B(z′) = x. Hence, Sl · j(z) = j(x) = j · B(z′) = π · j(z′),
which implies that im (Sl · j) ⊆ im (π · j). It follows that Z satisfies con-
dition 4 in Proposition (7-C.4) of Chapter 7 and ((Z,F ), 0) is (N − p − 1)-
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observable. Where F is given by the equation Fz = (π · j)−1 · Sl · j(z) for
any z ∈ Z. We can also show that B−1 · Ab is a free motion morphism
: (A(N × {0, 1},K)p+1/S, Sr) → (Z,F ), and that an Almost Linear System
σ1 = (A(N × {0, 1},K)p+1/S, Sr), [e(0, 0)], [η], 0 · B −1 · Ab, a(1 )) is isomor-
phic to an Almost Linear System σ2 = ((Z,F ), B−1 · Ab · [e(0, 0)], B−1 · Ab ·
[η], 0, a(1 )). It follows that σ1 and σ2 are the natural partial realizations of
a ∈ F (N,Y ). Hence, the natural partial realizations of a ∈ F (N,Y ) exist.
By the equation (3), σ1 is clearly p-reachable.

(8-B.7) Proof of Theorem (8.25)
Let σ2 = ((Z,F ), B−1 · Ab · [e(0, 0)], B−1 · Ab · [η], 0, a(1 )) be an intrinsically
Almost Linear System introduced in (8-B.6) which is a proof of Theorem
(8.24). And let σs = ((Kn, Fs), g0

s , gs, hs, h
0) be the reachable standard sys-

tem which is isormorphic to σ2. Moreover, let T be an Almost Linear System
morphism T : σs → σ2. Then Tei = Sl

i−1η for i(1 ≤ i ≤ n) and Tg0
s = η0

hold. Then the condition which implies that there exists x0 ∈ Kn such that
[Fs − I]x0 = g0

s is equivalent to there exists x = [x1, x2, · · · , xn]T such that
[a(0)−a(1 ), a(02)−a(0), , a(0p)−a(0p−1)]T = (

∑n
i=1 xi(Sl

iη −Sl
i−1η) in Z.

Adding to the result of Theorem (8.24), we obtain this theorem.

(8-B.8) Proof of Theorem (8.26)
In Theorem (7.25) of Chapter 7, we proved the same for Almost Linear
Systems. We have already shown that So-called Linear Systems are in a
subclass of Almost Linear Systems. We have obtained cleared relations be-
tween So-called Linear Systems and Almost Linear Systems in Proposition
(8.9). Therefore, this theorem is obtained from the these facts.

(8-B.9) Proof of Theorem (8.27)
Let’s consider the natural partial realization σ2 = ((Z,F ), B−1 ·Ab · [e(0, 0)],
B−1 · Ab · [η], 0, a(1 )) of a ∈ F (N,Y ) given in (8-B.6). Then we can obtain
the reachable standard system σs = ((Kn, Fs), g0

s , gs, hs, a(1 )) from σ2 in
the same manner as Theorem for a Realization Procedure (7.21) (also see
(7-B.19)).
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8.6.C Real-Time Partial Realization of So-Called Linear Systems

(8-C.1) Proof of Lemma (8.30)
Note that jth component of column vectors Sl

i(χ0) ∈ KL satisfies (Sl
i(χ0)(j−

1) = a(0i+j) − a(0i+j−1) for any j ∈ 1, 2, · · · , L − i. Then {a(0k|ω1); any
k ∈ N} can be uniquely determined by linearly dependence. Since a is time-
invariant, a(0k−1|1ω1) − a(0k|ω1) + a(0k) − a(0k−1) = a(0k−1|1) − a(0k−1) =
(Sl

i(χ0 + χ))(j − 1) can be obtained for i + j = k. Therefore, if we add
a further input ω2 = 0L2+L−1|1, step 2) can be inspected. Since jth com-
ponent of column vectors Sl

i(χ0 + χ) ∈ KL−1 is (Sl
i(χ0 + χ)(j − 1) =

a(0i+j |1|ω1) − a(0i+j |ω1) + a(0i+j) − a(0i+j−1), {a(0k|ω2|ω1); any k ∈ N}
can be uniquely determined by linear dependence.
Then a partial Input/Output Matrix (I/O)a (L−1,p) is obtained. Since the
physical object is less than L dimensional, the partial Input/Output Matrix
(I/O)a (L−1,p) contains the whole input/output data as in (8.24).
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